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Corrected copies of transparencies for this sem-
inar series should soon be available at
http://math.uwyo.edu/ " moorhous/quantum/
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The No-Cloning Theorem
Unlike conventional bits, qubits cannot be cloned.

T herefore ‘repetition codes’ have no analogue
in quantum computation. Nevertheless quan-
tum information can be spread throughout
many qubits so that a small number of indi-
vidual qubit errors do not obliterate the data.



Discretized Errors

For simplicity we assume that any qubit error
consists in the application of one of the Pauli
operators
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oy = [ , OZ] = i0,0, (combination of bit
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flip and phase errors)

and that the three errors oy, oy, o, are all
equally likely. Moreover errors in different qubits
are statistically independent.

Codes which correct these three errors can
also correct more general errors [Bennett, Di-
Vincenzo, Smolin and Wooters (1996); Ekert
and Macchiavello (1996); Knill and LaFlamme
(1997)].



We'll see how a single qubit can be encoded

(A) as 3 qubits, to allow correction of at
most one bit flip error oy; or

(B) as 7 qubits, to allow correction of at
most one arbitrary error oz, oy, 02 .



Controlled-Not (CNOT) Gate
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(A) Encoding One Qubit as Three Qubits

|0) — |000), 1) — |111)
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Ancilla: additional qubits, initialized in state |O)

T his code corrects up to one bit flip o .



Decoding the Three-Qubit Code (A)

A
Lapuf E— & 5 Tk Otput
/ -’ﬂ e
A . l0>' _’_'éa {I M#‘f/
ﬂCt“aI 1oy — 4 easu e -
oy : o error

oty switch Gtula't'ti
liop:  switch. cﬁuL;ch
18y 2 Switch cLULLtt 2

IW"QDM'- | Measwfw% e amcilla bits
reveals, e exror  hut noel He iformation
ctu\o'r'c.



(B) Encoding One Qubit as Seven Qubits

1
0) — —— ( |0000000)+4|0001111)4|1100110)
V'8

+(0111100)+]1010101)+4|1101001)
+|0110011>+|1011010>>

(the sum of all even-weight words in the bi-
nary Hamming code of length 7)

1
1) 75 <|1111111>+|1110000>+|0011001>

+/1000111)4]0101010)+|0010110)
+|1001100>+|0100101>>

(the sum of all odd-weight words in the binary
Hamming code of length 7)

T his code corrects up to one arbitrary bit error

O, O’y or oy.



Decoding Bit Flip Errors
in the Seven-Qubit Code (B)
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Decoding Phase Errors
in the Seven-Qubit Code (B)
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Applying R = Sl 1 to an individual qubit
transforms phase errors to bit flip errors:
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Application of Quantum Logic Gates
to Encoded Qubits

To apply a CNOT gate to two encoded qubits,
for example, to first decode each of the qubits
and then apply the single CNOT gate leaves
the qubits vulnerable to error.

Instead use seven individual CNOT gates on
the seven individual pairs of qubits:

Input { » Output




Correcting Many Qubit Errors

A quantum logic circuit of size t requires gates
with error rate at most O(1/(logt)€). (Shor,
1996)

To achieve fault tolerance with gates of con-
stant error rate, use concatenated codes. (Pres-
Kill, 1998)



