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Counting Walks (Handout April 22, 2013)

We count the number of walks of length n between any two vertices in a graph.

Consider the following map with four land masses (labeled 1, 2, 3 and 4) and five bridges
(not labeled). For each i,j € [4], denote by wy,(i,j) the number of walks of length from
land mass ¢ to land mass j, where the length of a walk is the number of bridges crossed
during the walk. A table of values of ws (3, j), the number of walks of length 2 from vertex

1 to vertex 7, is shown:

4 .w2(i:j)
N|1234

112121

: 211601
31204 2

411122

We represent this map using the graph G whose vertices represent land masses, and whose

edges represent bridges: A

so that wy,(i,7) is the number of walks of length n from vertex i to vertex j in G. The
number of walks of length n in a graph G is simply expressed using matrix arithmetic, as
we know explain.

Let G be a graph on n vertices. We may assume that the vertices are indexed using
the elements of [n] = {1,2,3,...,n}. The adjacency matriz of G is the n x n matrix whose
(i,j)-entry is

a;; = number of edges from vertex 7 to vertex j.

In a simple graph, where no loops or multiple edges are allowed, we have a;; = 0 or 1, and
a;; = 0; but for our present purposes, such a restriction is not needed. A walk of length n
in G from vertex v to vertex w, is a sequence of n edges, starting with an edge from vertex
vo = v to some vertex v, followed by an edge from v; to a vertex vs, etc., and ending with
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an edge from vertex v,_1 to vertex v, = w. In a walk, repeated vertices and repeated

edges are permitted (compare with a trail, where vertices may be repeated but not edges).

Theorem 1. The number w,(i,j) of walks of length n from vertex ¢ to vertex j in
a graph G, is the (i, j)-entry of A™ where A is the incidence matrix of G.

The following MAPLE code demonstrates using our graph G above, where we first enter

the adjacency matrix A and then computes A% and A3:
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(_C mapletrput ) ( Courier Hew ) (2 ¥) U E = B =iz
;> with (LinearAlgebra) : =
> A:=Matrix([[0,1,0,1],[1,0,2,1],[0,2,0,0],[1,1,0,01]);
0101
1ozl ®
0200
1100
[> nr2;
s
1601 @
2042
11212
> a%z;
2. 2 3
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Note that the matrix A? yields our table of values of w2 (i,j) above; and the number of

walks of length 3 from vertex 1 to vertex 4, say, is w3(2,4) = 7, the (2, 4)-entry of A3.

To see why this works, consider first the case n = 2. The number of walks of length

2 from vertex i to vertex j is

. number of edgesy ,umber of edges
wa (i, j) = Z < from i to k )( from k to j )

ken]

= E Qi Q5
]

ken
= the (i, j)-entry of A2

by the definition of matrix multiplication. Similarly for arbitrary n, the number of walks
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of length n from vertex i to vertex j is

number of edges\ ,number of edges

wn (i, ) = Z ( from i to vy )( fI'OHlUltO’UQ)“'

V1,V2,...,Un_1€[N]
= E Qjvy Quyvg Qugug =" Ao, g
v1,v2,€([n]

= the (i, j)-entry of A"

<number of edges )

from v,_1 to j

which proves Theorem 1. L]

For each pair of vertices (i,7), we can compute as many terms as desired of the
sequence wy(i,7), wi(i, j), wa(i, j), ws(i,j), ... by ‘simply’ taking successive powers of the
adjacency matrix A, then reading off the (i,j) entry. Better yet, we can explicitly obtain
the (ordinary) generating function for this sequence,

W(QS') = Wz](x) = an(iaj)xn - ’U)()(Z,j) + ’U)l(Z,j)fL’ + wQ(ivj):L’Q + ’U}3(7l,j)f1§'3 + - )
n>0

sometimes known as the walk generating function.

Theorem 2. The generating function Wj;(x) for wy, (i, j) equals the (7, j)-entry of
(I —zA)~L.

Proof. By direct expansion we see that
(I —xA)I 4+ xA+22A% + 2343 + 224 + ..
=] —2A+xA—22A% + 22 A% — 28343 — 2t A 4 2tA —

= I’
so that
(I —aA) ' =T+ 0A+2?A% + 2343 2040+ ...
The (i, j)-entry of this matrix is >0 5 2" wn (4, j) = Wij(z). L]

In our original example, the generating function for the number of walks of length n
from vertex i to vertex j is the (i, j)-entry of

1 — 522 z(1+ ) 22%(1 + ) (1 +z — 42?)
(1 - A)—l _ 1 z(1+ x) 1—2? 22(1 — 22) (1 + x)
v Td@) | 2021 42)  22(1-2%) (14221 -22)  22%(1+z)
o(l+x—42%) 2(1+2) 222(1 + ) 1 — 5a?

where the common denominator d(z) = (1 + z)(1 — z — 622 + 42®). In particular



Whs(z) = 222 + 22° + 142 + 1825 4 9425 4 14627 + 6382° + 113827 + 4382210 + - - -,
so the number of walks of length n from vertex 1 to vertex 3 is given by
0,0,2,2,14,18,94, 146, 638, 1138, 4382, . . .

forn =0,1,2,3,.... All these computations are demonstrated in the MAPLE session
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(: L Maple Input ¥ | | Courier Hew x) “.\11 ';J iu E = Ly = %E
;> with(LinearAlgebra) : =
> A:=Matrix([[0,1,0,1],[1,0,2,1],[0,2,0,0],[1,1,0,01]);
0101
o= loaz1 1
lezoao &
1100
:> M:=(IdentityMatrix(4)-x*A)*(-1):
> M[1,31;
9
@

4° — 6P —x+1

[> series(%,==0,20);

27 427 + 1457 + 1827 + 9425 + 14627 + 638 + 113857 + 4382410 + 8658t + 303982 + 645184 (3
+ 21257422 + 479890 + 149606210 + 352510647 + 10581918:4% + 25748306 % + 0(:2°)

The following polynomial dis the common denominater of all entries in AL

> d:=factor (Determinant (IdentityMatrix(4) -x*A)) ;

| d=(1+x) (42 62 —x+1) @
> simplify (d*M) ;
{58 x(14%) 22 (1+x) -x(4d—x—1)
x(14x) gl 72x(71+f‘] x(1+x)
22 (1+x)  -2x(-145) -0 +x0?@2x—1) 2201+x) o
x4 —x—1)  x(1+3) 24 (1 +x) 1—54
>

b
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This concludes the solution of the 4-part problem Will solved in the 1997 film Good
Will Hunting.




