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Tychonoft’s Theorem, often cited as one of the cornerstone results in general topol-
ogy, states that an arbitrary product of compact topological spaces is compact. In the
1930’s, Tychonoff published a proof of this result in the special case of [0,1]4, also stating
that the general case could be proved by similar methods. The first proof in the gen-
eral case was published by Cech in 1937. All proofs rely on the Axiom of Choice in one
of its equivalent forms (such as Zorn’s Lemma or the Well-Ordering Principle). In fact there
are several proofs available of the equiv-
alence of Tychonoff’s Theorem and the
Axiom of Choice—from either one we can
obtain the other. Here we provide one of
the most popular proofs available for Ty-
chonoft’s Theorem, using ultrafilters. We N
see this approach as an opportunity to
learn also about the larger role of ultra- .
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filters in topology and in the foundations

of mathematics, including non-standard analysis. In Section 7, we also include an outline
of an alternative proof of Tychonoft’s Theorem using transfinite induction, ass suggested
by the exercises in the Munkres textbook. A third proof, using Zorn’s Lemma, is the main
proof given by Munkres.

The proof of existence of nonprincipal ultrafilters was first published by Tarski in
1930; but the concept of ultrafilters is attributed to H. Cartan.

1. Compactness and the Finite Intersection Property
Before proceeding, let us recall that a collection of sets & has the finite intersection

property if S;N---NS, # @ for all S1,...,5, € &, n > 0. We point out the following
characterization of compact sets by the finite intersection property.

1.1 Lemma. Let X be a topological space. The following two conditions are equiv-
alent:
(i) X is compact.
(ii) If & is any collection of closed subsets of X with the finite intersection property,
then N6 # .




Proof. Let & be any collection of closed sets in X with (6 = @, i.e. Jpeag(X~C) =
X~NeesC = X. If X is compact then there exist C,...,C, € & such that X =

(X~C)U---U(X~Cp),ie. C1N---NC,, = & and & does not have the finite intersection
property. This gives (i)=-(ii); and the converse follows by reversing the steps. ]

A collection of basic closed sets is a collection € of closed sets such that every closed
subset of X is an intersection of sets in €; that is, { X ~C': C € €} is a collection of basic
open sets. In class we proved (i)<(ii) of the following; and the third equivalence follows
by arguments similar to Lemma 1.1.

1.2 Lemma. Let X be a topological space, and let € be a collection of basic closed
sets for X. The following three conditions are equivalent:
(i) X is compact.
(ii) Every basic open cover of X has a finite subcover.
(iii) Every collection & C € with the finite intersection property has nonempty inter-

section: (S # @. []

2. Convergence of ultrafilters

Let X be a topological space, and 4l an ultrafilter on X. We say that 4 converges to a
point x € X, denoted 4 N\, x, if every open neighborhood U of x satisfies U € . If X
is discrete, then every convergent ultrafilter is principal: if & \, x and {z} is open, then
{z} € Uso=F ={U C X :2eU}. In this case, of course, = is the unique point to
which 4l convereges.

2.1 Theorem. Let X be a topological space. Then

(a) X is Hausdorff iff every ultrafilter on X converges to at most one point.
(b) X is compact iff every ultrafilter on X converges to at least one point.

Proof. (a) Let X be a Hausdorff space, and suppose 4 N\, z and i \, y for some points
x # y. Let U,V C X be disjoint open neighborhoods of x and y respectively. Then
UV etland so @ =UNV €4, a contradiction.

Conversely, suppose every ultrafilter on X converges to at most one point; and let x #
y be points in X. Suppose that every open neighborhood of x has nontrivial intersection
with every open neighborhood of y. Then the collection

GZ{OpenUQX:xGUoryGU}
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has the finite intersection property, so & C il for some ultrafilter L. If U,V C X are open
neighborhoods of z and y respectively, then U,V € 4 so UNV # @.

(b) Let X be a compact space, and suppose il is an ultrafilter on X which does not
converge to any point of X. Then for every point x € X, we can find an open neighborhood
U, of x such that U, ¢ il i.e. the complement X~U, € ${. We obtain a collection of closed
sets {X~U, : x € X} with empty intersection since x ¢ X ~U,. By Lemma 0.1, there
exist z1,9,...,x, € X such that i.e. (X~U,,)N---N(X~U,, )= @. This is impossible
since each X ~U,, € .

Conversely, suppose every ultrafilter on X converges; and suppose that X has an open
cover O without any finite subcover. This says that the collection of closed sets

S ={X~U:U€0}
has the finite intersection property. Extend this to an ultrafilter { O &. By hypothesis,

there exists a point z € X such that 4 N\, x. The point x is covered by some set U € O;
and so U € 4. But also X~U € & C 4, so i contains (X~U)NU = @, a contradiction. []

We have the following characterization of the topology by ultrafilters:

2.2 Theorem. Let X be a topological space, and let U C X. Then U is open iff
U € U for every ultrafilter {l converging to some point of U.

Proof. If U C X is open and 4l is an ultrafilter converging to a point u € U, then we must
have U € 4 by definition of the convergence 4 \ w.

Conversely, let U C X and suppose U € U for every ultrafilter U converging to
some point of U. If U is not open, then there exists a point u € U such that every open
neighborhood of u contains at least one point of X~U. This would mean that the collection
of sets

S = {X~U} U {all open neighborhoods of u}

has the finite intersection property. Extend this family of sets to an ultrafilter 3 O &.
By construction, 4 contains every open neighborhood of v and so 4 \, u. By hypothesis,
U € 4; but then @ = (X~U)NU € 4, a contradiction. So U must in fact be open as
claimed. ]

3. Pushing forward ultrafilters

Let f: X — Y be any map of sets, and suppose 4l is an ultrafilter on X. Define f, (i) to
be the collection of all subsets V C Y such that f~1(V) € 4.
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3.1 Proposition. f,(4l) is an ultrafilter on Y.

Proof. Since f71(@) =@ ¢ and f71(Y) = X € U, we have & ¢ f.(U) and Y € f.(4).
If Vi, Vo € fo(8) then (Vi N Va) = f~1 (Vi) N f~1(Va) € Sk so Vi N Vs € fu(81). Also if
Vie fu@) and Vi CV C Y, then f~1(V) D f~1(Vi) € dhso fL(V) € hand V € f.(L1).
So f« (L) is a filter on Y.

Finally, if Y = Y1 UY5 (our notation for a disjoint union: ¥ = YUY, with Y1NY; = &)
then X = f~1(Y1) U f~1(Ya) so f~1(Y;) € U for exactly one choice of i € {1,2}, giving
Y; € f.(4). Thus f.(4) is in fact an ultrafilter on Y. L]

The ultrafilter f, () is called the push-forward of the ultrafilter {{. Note that if
f:X ->Yand g:Y — Z then (go f).() = gu(fe(&N)) is an ultrafilter on Z. The
rule (g o f)x = g« o f« is indicative of ‘push-forward’ maps; in the case of pull-backs,
where superscript *’s are used, the rule is instead (g o f)* = f* o ¢*. [Remark: Denote
by Set the category of sets, where morphisms are maps between sets. The map X —
{ultrafilters on X}, f — f, is a covariant functor Set — Set.]

3.2 Theorem. Let X and Y be topological spaces, and consider an arbitrary map
f:X — Y. Then f is continuous iff f.(&) \, f(z) in Y for every ultrafilter 8 \, =
in X.

Proof. First suppose f is continuous, and let i be an ultrafilter on X with 4 \, . For
every open neighborhood V' C Y of f(z), the set f~}(V) C X is an open neighborhood
of x. We have f~1(V) € U and therefore V € f,(4). By definition, f.(4) \, f(x).
Conversely, suppose f.(4) N\, f(z) in Y whenever i is an ultrafilter converging to a
point z in X; and let V C Y be open. To show that the preimage f~!(V) C X is open, we
will use Theorem 2.2. Accordingly, let £l be any ultrafilter in X converging to some point
x € f~Y(V). By hypothesis, f.(4) \, f(z) in Y; and since V C Y is an open neighborhood
of f(z), we have V € f,(4), i.e. f~1(V) € 4. By Theorem 2.2, f~1(V) is open. Thus f is
continuous. ]

The latter result begs for a comparison between ultrafilters and sequences. Recall that
for a continuous function f : X — Y, we have f(x,) — f(z) in Y whenever z,, — x in X.
The converse does not hold without some additional hypotheses (e.g. X is a metric space).
Sequences of the form xi,xo,x3,... are limited in that they are countable by defintion.
Ultrafilters, which do not suffer from this constraint, suffice to characterize topologies and
continuity in general.



4. Product spaces

Let X, be a family of topological spaces indexed by @ € A. The product space X =
[Ioca Xa has points of the form 2 = (24)aca Where z, € X,, for all « € A. We describe
below the natural topology on this set, imposed by the individual topologies on the spaces
X4. But first, let us be clear what is meant by a point (z4)q.

In the case |[A| = n < oo, we might as well take A = {0,1,2,...,n—1}. To simplify
notation, we use ordinal notation where the finite ordinals are defined recursively by n =
{0,1,2,...,n—1}, and then

X = Xox X1 x--xXno1 = {(xo,21,...,0p-1) : 7; € X, for all i € n}.

In the special case where Xg = X; = --- = X,,_1, we obtain

XZX()XXQX'--XXO:XS.

n times

Every point x = (zg,%1,...,2,—1) € X can be viewed as a function f : n — Xg; simply
identify each function f :n — X, with its sequence of values (f(0), f(1),..., f(n—1)). To
accommodate arbitrary finite products [],.,, Xi, we again view every point as a function
f:n — U, Xi, but with the restriction that f(i) € X; for each i. If we omit the ‘f’, the
function mapping i — x; is identified simply by its list of values (zq,z1,x2,...,Tp_1).

Next we proceed to countable products, using w = {0,1,2,...} as index set. Here the
Greek letter w is the smallest infinite ordinal: it is the set of all finite ordinals, i.e. the
set of all non-negative integers. (One could use positive integers instead.) Now we have a
countable product of sets given by

X = HXZ = Xogx X1 XxXgx-- = {(.’130,5131,ﬂ32,...) cx; € X foralliew}.

1EW

Here every point x € X is an infinite sequence, which we identify with the map i — x;.
As special cases (where all component spaces X; are equal), we have

RY=RXxRxRx---,
the set of all (countably) infinite sequences of real numbers, and
2 ={0,1}* ={0,1} x {0, 1} x {0, 1} x -+,

the set of all (countably) infinite binary sequences. (As a set, this last example is the
Cantor set.)

Now for an index set A of arbitrary cardinality, the general product X = ] .4 Xa
may be regarded as the set of all functions defined on A, which map a — x, € X, for
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each a € A. Points may be denoted x = (24)aca. In the special case where all X,’s are
equal to some fixed space X, we have

X = Xg' = {functions A — X}.

For example, the set R¥ is simply the set of all functions R — R.
Every product space X =[] c4
the various factors; these are the surjections given by

X, comes naturally equipped with projections onto

m: X = X, T x,.

Thinking of a point z € X as a function, the ath coordinate m,(z) = x,, is just the value
of that function at the input value o € A.

Now the product topology on X is the coarsest topology for which each of the
projections m, : X — X, is continuous. Equivalently, a basis for the topology on X is the
collection of all basic open sets of the form

e

a€EA

where each U, C X, is open, and U, = X, for all but finitely many «.

By contrast, the box topology on X is the topology having as basis all sets of the
form Hae 4 Uqy where U, C X, for all & € A, and no additional restriction. Of course if
|A| < oo, then this coincides with the product topology; but in general, the box topology is
a refinement of the product topology—much too fine to be useful for most purposes. Unless
otherwise specified, it is the product topology that we will take for a general product of
topological spaces X =[], Xa.

For example, consider the sequence of points vy, ve,vs,... € [0,1]* given by
v =(0,1,1,1,1,1,...),
v = (0,0,1,1,1,1,...),
vs = (0,0,0,1,1,1,...),
vi = (0,0,0,0,1,1,...),

etc. You might hope that v,, converges to the point (0,0,0,0,0,0,...) in [0,1]*, and this
is certainly true—if we denote 0 = (0, 0,0, ...) then a basic open neighborhood of 0 in the
product topology has the form

U=UyxU; xUz x -+ xUp—1 x[0,1] x [0,1] x [0,1] x ---

where each U; is an open neighborhood of 0. Since v,, € U whenever n > m, we have
v, — 0. In the box topology, the sequence v, does not converge at all; for example
consider the neighborhood



a basic open neighborhood of 0 in the box topology. The sequence v,, never gets inside U’
no matter how large n is; so v, fails to converge to 0 in the box topology. You might think
this has to do with the coordinates of v,, converging ‘pointwise’ (and not ‘uniformly’) to
0; but actually the problem is much worse than that. Consider the sequence

w; = (0,1,1,1,1,1,...),
wy = (0,0,3, 5,3, %,.-.),

1) 9999999

— 111
w3_(0>0707451317' )>

11
w4_(07070707§7§7' )7

etc. which converges to 0 (in the product topology). The coordinates do converge ‘uni-
formly’ to 0, and reasonably fast, yet the sequence w,, never gets inside

[0, 1] > [0, 5] < [o,
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X
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' 9 )
so w, 7 0 in the product topology. The box topology contains far too many open sets—it
is too close to the discrete topology to be very useful for us.

Generalizing the examples above, we see that a sequence of points in X =[], Xa
converges, iff it converges ‘coordinatewise’:

4.1 Theorem. Let z, = (Tn,a)a be asequence of points in X =[], Xo. (Note that
two subscripts are used: n = 1,2,3,... indexes the points of the sequence, and @ € A
indexes the coordinates of each point.) Also let a = (aq)o € X. Then z,, — a in X,
ift z,, o — a, for each o, as n — oo.

Proof. Suppose first that x,, — a. Since 7, : X — X, is continuous, this implies that
Tn,o = T(xp) = To(a) = a, for all a.

To prove the converse, it suffices to consider a basic open neighborhood U of a € X.
This is a set of the foorm U = [[_, U, where each U, C X, is an open neighborhood
of an; and U, = X, for all o # ay,a2,...,an. Under the hypothesis that z, o — aq
for all @ € A, there exist constants Nip,..., Ny, such that for all i € {1,2,...,m}, we
have z, o, € Uy, whenever n > N;. Let N = max{Ny,...,Np}; then for all n > N

and all « € A, we have z, , € U, whenever n > N. For a € {aq,...,a,}, this fol-
lows by the choice of n > N > N;; and for a ¢ {aq,...,an}, it follows simply because
Ty € Xo =U,. ]

Analogously, the product topology can be characterized using ultrafilters:

4.2 Theorem. Let 4 be an ultrafilter on X = []
Then U N\, z iff (74)«(Y) \ o in each X,.

wea Xa, and let © = (24)0 € X.




Proof. If 4\, z then by Theorem 3.2, for each a € A we have (74 )« () N\ Zo.
Conversely, suppose that for each o € A, we have (7)) \y Zo. Let U C X be
an open neighborhood of x; we must show that U € il. As usual, it suffices to consider
subbasic open sets of the form U = 7 !(U,) where U, C X, is an open neighborhood of
To . In this case U, € (74)«(U) and so U = 7, 1(U,) € U as required. Since 4 is closed
under finite intersections and taking supersets, the result carries over for a general open
neighborhood U of z, giving 4 \, x. ]

5. Tychonoff’s Theorem

5.1 Theorem (Tychonoff). If each of the topological spaces X, is compact, then
so is the product space X =[], Xa.

For example, [0, 1]™ is compact. Also since closed subsets of a compact space are compact,
we see that a subset K C R"™ is compact iff it is closed and bounded (with respect to the
usual metric)... the details of this argument were given in class. Note that the product
topology is assumed here—if we substitute the box topology, the result fails, yet another
example that the box topology is usually not a good choice. For example, consider the
subsets of [0, 1]* of the form

U()XU1XU2X"-

where each U; is either [0,2) or (3,1]. There are 2% such sets, and they cover [0,1]*.
They are all open in the box topology; but no finite subcollection of these sets suffice to
cover [0, 1]%.

Proof of Theorem 5.1. We use Theorem 2.1(b). Let & be an ultrafilter on X. For each «,
the push-forward (7m,).(4) is an ultrafilter on X,. By Theorem 2.1, (74 )«(4) N\ x4 for
some point z, € X,. By Theorem 4.2, 3l \, z where z = (z,)o € X. Since every ultrafil-
ter on X converges, Theorem 2.1 shows that X is compact. ]

6. Application: Weak-* Topology

Let V' be a real vector space with a norm | - || : V' — R satisfying

e ||v]| = 0, and equality holds iff v = 0;

o |[v+ w| < ||v|| + ||w| for all v,w € V; and

o |cv| = |c|||v] for all ce R, v € V.
We call V a normed vector space. A bounded linear functional on V is a map
f:V — R such that

e fislinear: f(av+ bw) =af(v)+bf(w) for all a,b € R, v,w € V;

e there exists a real constant C' > 0 such that |f(v)| < C|v|| for all v € V.



The set of all bounded linear functionals on V' is a vector space, denoted V*. Consider the
closed unit ball in V' defined by

B={veV :|v| <1}
Let f € V*. Since the values of f on B are bounded, we may define

1Al = sup{[f(v)| : v € B}.

This makes V* also a normed vector space, hence a metric space with distance function
d(f,g) = ||f — g||.- The unit ball in V* is

B ={feV": |fl<1) = {feV*: |[f(v)| <] for all v e V).

Note that |f(v)| < 1 for all f € B* and v € B. Using linearity, every f € B* is uniquely
determined by its restriction to B; so after identifying f with this restriction, B* is the set
of all functions f : B — [—1, 1] such that f is the restriction of a linear functional V" — R.

There are two reasonable topologies to take on V*. One is the metric topology given
by its norm. This topology is often too strong to be useful; for example the unit ball B*
is not compact in this topology, except in the finite-dimensional case. To see this, observe
that B* is covered by open balls of radius % and no finite number of these balls suffice to
cover B* (except in the finite-dimensional case).

To rectify this problem, consider V* as a subset of the product space RY. Suppose
fsfi, foy f3,... € V*. By Theorem 4.1, f,, — f in this topology iff we have pointwise
convergence f,(v) — f(v) for every v € V. This topology is called the weak-* topology
(or the topology of pointwise convergence) on V*. It is coarser (weaker) than the
norm topology (strong topology) defined above. Note that pointwise convergence does not
imply ||, — f|| = 0, so the convergence f, — f does not hold in the norm topology.

6.1 Theorem. The subset B* C V* is closed and compact in the weak-* topology.

To prove this, recall (as above, identifying each f € B* with its restriction to B) that B*
is a closed subset of [—1,1]% which itself is compact, by Tychonoftf’s Theorem.

7. Alternative Proof of Tychonoff’s Theorem

The following proof of Tychonoff’s Theorem uses transfinite induction. Let X = [],., X;
where each X; is compact. (We assume each X; is nonempty; otherwise X is also empty
and the result follows trivially.) Informally we view each point x € X as an infinite tuple
T = (2;)ica where z; € X;. (Formally, z is a function whose value at i € « is an element
x; € X;.) The index set o may be taken to be well-ordered. (The ordering of « has no
effect on the structure of X as a topological space; its only purpose is to allow us to use
induction.) And because the canonical choices of well-ordered sets are ordinals, we may in
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fact take o to be an ordinal; thus X = [[,., Xi = [[,., Xi. (Recall that for ordinals o
and [, the definition of the order relation may be written as § < a iff 5 € a.)
The recursion at step 3 depends on the type of the ordinal 5. Every ordinal has
exactly one of three types, as follows:
(i) zero,ie. 0= @;
(ii) a successor ordinal, i.e. an ordinal of the form v+ 1 = yU{v} for some ordinal .
Examples include 1,2,3,...;w+ 1,w+2,...; or
(iii) a limit ordinal (an infinite ordinal which is the union of all smaller ordinals).
Examples include w,w?2, .. ..

If an ordinal is not a successor ordinal, then it is the union of all smaller ordinals; this
property characterizes both case (i) (since we can view zero as the union of all smaller
ordinals, i.e. an empty union) and case (iii).

We also make use of the following version of the

7.1 Tube Lemma. Let Y and Z be topological spaces, with Y compact. Suppose
that 2 is a cover of Y x Z by basic open sets of the form U x V', where U C Y is open
and V C Z is open. Suppose further that no finite subcollection of 2l covers Y x Z.
Then there exists y € Y such that no finite subcollection of 2 covers the subspace

{yy x 2.

Proof. Suppose that every such ‘cross section’ {y} x Z is covered by finitely many members
of A. If {y} x Z is covered by the basic open sets U; x V; € 2 for i = 1,2,...,n, then these
sets actually cover a ‘tube’ of the form U, x Z where U, = U, NUz2 N ---NU, is an open
neighbourhood of y in Y. Do this for each such cross section {y} x Z. Since Y is compact,

we have
Y=U,,0U,U---UlU,,

for some y1,¥2,...,ym € Y. Now each of the tubes U,, x Z is covered by finitely many
members of 2, so Y x Z is also covered by finitely many members of 2, a contradiction. []

7.2 Theorem (Tychonoff). Assuming each X; is compact, the product space X =

;< Xi is compact.

Proof. Suppose, on the contrary, that X is not compact. Then there exists a cover 2 of X
consisting of basic open sets, but having no finite subcover. We will obtain a contradiction.
Each point p = (p;)ica € X gives rise to a decreasing chain of subspaces

Zp = (H{Pi}> X ( 11 Xz'),

i<p3 B<i<a
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for all 8 < «; this means that Zg 2 Z, whenever 3 < v < a. Note also that Zp = X and
Zo = {p}. We will construct a point p by choosing the coordinates p; recursively, in such
a way that none of the subspaces Z3 is covered by any finite subcollection of 2. Taking
B = « gives the desired contradiction, since it only takes one member of 2 to cover the
singleton Z, = {p}.

At stage [ of the recursion, we specify Zz by choosing all coordinates p; for ¢ < 3.

Case (i): =0

In this case there is nothing to do since there are no indices ¢ < 0. Note that by hypothesis,
no finite subcollection of 2 covers Zy = X.

Case (ii): Swuccessor Ordinal f =7+ 1< «

We assume that p; has already been chosen for ¢ < v in such a way that the subspace

Zy = (H{pz}) X ( H Xi)
1<y y<i<a
is not covered by any finite subcollection of 2(. Next we must choose p, € X, such that the

cross section Z41 = ( Higy{pi}> X < [l cica Xi> is not covered by any finite subcollection
of 2. This follows by the Tube Lemma, applied in the case Y = (HK,y{pi}) X X, ~ X,
and Z =[], ;o Xi-

Case (iii): Limit Ordinal 5 < «
In this case the coordinates p, have already been chosen for v < (3, in such a way that
none of the resulting cross sections Z,, can be covered by finitely many members of 2. We
must however verify that no finite subcollection of 2 covers the subspace

Zg = (H{pi}> X ( 11 X)

i<f BLi<a

Suppose, on the contrary, that Zg is covered by A;, As,..., A, € /. Each A; has the form

Aj:<HUS>><(HXS>

s€S; S¢S

for some finite subset S; C a. Here Uy C X is open. Each S; has only finitely many
elements less than f3; so let v; be the largest element of A; less than 5. Write v =
max{vy1,72,...,7n}, so that v+ 1 < . We will show that 44 UA,U---UA, D Z,41 a
contradiction as desired. Let z € Z,11, so that z; = p; for all i < . There exists 2 € Zg

such that _
pi = z;, foralli<~;

Zi =< Di, whenever v < ¢ < f3; and
Zi, for all ¢ > (.
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Since Zg = Aj UAyU---U A, we have z € A; for some j. But then z € A; since in
the definition of A; there is no restriction on the i-th coordinate for v < ¢ < 5. We have
obtained the desired contradiction A; UAs U---UA,, D Z 4.

In Case (iii) we conclude that, as claimed, no finite subcollection of 2 covers Zg. The
proof follows. ]

The main proof of Tychonoff’s Theorem presented in Munkres’ book, pages 230-235,
uses Zorn’s Lemma instead of transfinite induction. This alternative proof is suggested by
an exercise on pages 236-237. I have simplified Munkres’ notation somewhat. [Note that
his Y3 is the same thing as Zgy1, and it seems silly to have two ways of writing the same
thing. Moreover, Munkres has insisted that the index set a have a largest element; this
is not necessary for our argument, and it doesn’t really shorten the proof. All it does is
guarantee that the last step of the recursion lies in Case (ii), rather than Case (iii); but
this is not important to the proof. Note that since we are taking o to be an ordinal, to
say that « has a largest element means that it is a successor ordinal.}
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