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When are two covering maps of X equivalent ? Say YX ,
Y'* ex are

covering maps.

Graph i
.e .
combinatorial graph with vertices 31 ,

2
,

3
,47

eg. X= a

and edges 991
,
23

,
91 ,
33, ..., 93

, 433
.

X is the geometric realization of this graph formed as a

disjoint union of copies of 10
, 13 with endpoints identified as

required by the picture.

& and % have the same geometric realization although they are different graphs. I
f I

A homomorphism of gohs -t is a map V(T) -VIN') preserving adjacencyray -

i
.
e, xry

in => f(x)- Fly) in 5
.

A covering map of is a homomorpEise
(x

,y = X(T) inducing a bijection on theneighbor gras of each vertex of i

Ex,y3 = E(T)) land the preimage of the neighbours of each vertis yet are copies
e

&

of the neighbors 3. i&&double
↓ is the skeleton cube Y = I4"-

I
·4

,

Y- >X 2
,

2" +- 2!

I 10
"/ -10 ..Eg. a cover of X =

.. Y&> & 3
,
3" + 3

The covering space is Y->X (or informally just Y) . = 44" - 4

Some other double corers of X : . -

I &

131 -

I>Trivial double cover T-
I ·↓

43
2 2-XI 1 Ix 3

· In
If

:
& - I ->1 i

,
in

>/ -
" 4',4+ -4



When are two covers of X equivalent (isomorphic ,
i

.
e. essentially the same) ?

Let p: X,
-X

, 2 : X-X be covering spaces of X .

We say A : X
,
> Xc is am

equivalence or isomorphism of the two covers ifA is a honeomorphism and P200 = P
, i

.

2.

- -

x X
this diagram commutes.

p .to Po

&Eg . , s 2
P %.

4 Wi X
T & is not equivalent to -X .

But what about T-
·

·

·2 2-X & i1 I We I I->,
"

· In I,im
&

: 2
,

2 2·

4
" 4',4+ -4

& 1
·2

3-
Is this equivalentto

II- 33 3-
2-

Another picture of these coreas :

44-4

i · ·X

W



toconstructan
refold cover of X created one copy of (r] = 31

,2-r for each vetex of X
.

Theoo
7

match
up the corresponding fibres in the coven using a chosen permutation.

trual 123A triple cover -X is cons
-d 93

· a- /-/-&Su 123

-↳
·

0
3

--& /......& S-&& 03-

--12
3 123-

P 8 o

&
123

X

Why is a more special than other positive integers (the oddest prime of all 3 ?
>

Maas
-
& & ①& &-v 9Consider X= has many triple covers including Y: J
S

*
~ S

a
?

b
a ↳ S

=J
·

7Ye
b
V

~↑ b
T va

SoThe covering maps Y-X and -X are not equivalent. -b

N

An equivalence between Y-X and itself (automorphism of the coven)

is a dec transformation This is the same as a homeomorphism Y-Y which preserves fibres·

In the example above
,

Y-X has 3 automorphisms (desk transformations E
7 T>

vJoBut Y,-> X has only one "Iririal) deck transformation. -3 xo* Y ·-2

·

aIn a connected refold cover
,
there are at most r deck transformations

. [*
> a

- - bIfequality holds, thecorling sacei normalorGlos
a

Yz = Q bujoraDD &

< a

Double covers are always normal,



In group theory , subgroups of index 2 are normal

(separable)
In the case of extensions of Fields, the extension is normal.

For a field extension EIF
,

the degree of the extension is (E : F) : dimension of E as

tomorphisms of E (ie. 0 :E-E automorphism fixing
a vector space over F

.

The number of Frac
or Galois

otal = 9 for all a -> #) is at most (EIF) &

If this number is equal ,

it's a normal

extension. Extensions of degree 2 (quadratic extensions) are always normal,

Double covers : examples sa-> PR
T-0
IT* dodecahedralgraph -> Petersen-

-
real proj plane: ) d &

-

I
- ·

-

&

S

-> 17 e& & - & CYI·
.

↓ · Ens -
-/ ·bD- M D

·

ES" is not a top , group unless n + 31
,
33 .

S = Szz : Al = 13 .

j = 97 H : (7) = 13 H = Eatbitjdk : ab, 2,de =jijk = -

= SU
,
(k) = A ] : <B,USE ,

=A A=I
,
detA = 13

SO() = SAER" : AAAA = I
,
det A = 13

O (R
= SAIRE : AAT= AA =13 has two connected components

2(S3) = 911 homesmorphism
3Fact : ESP() -> SOIR) is a double cover .

PSU221) = 5/21) = SOIR) EPR .



SS --.. I&- -↑

I

93/ -> SO
,
(R)

In general for >3 ,
P

, (SO, (RL) = 12. simply connected

Spin (R) -> SOn(R> is
it's universal cover ; a double cover

constructed from Clifford Algebras (generalizing Y .

ca -- f: 10
, 13->X

In any covering space p : Y-> X and givenS S S S

- disal ensurA A e A ↑ A- OSto FrD
↑ Yo · path in X any path &: 10,1-> X starting at f(0)= Xo

,Y,

·

o

S 3 > >

·

.

20X,

from 710) =
X0 the path If can be lifted to YAA

>

↑· X =72 to f(D = X,

> f
,
i 10,1>X

i.e. there is a path g : (0
, 13 Y such

Y = T2 f : (0
, 1>X is another path in X that 7

= pos
i

.
e.

qfi 10
,
13-X from "

to to - ↓ P
and this lift is

&

C

Assuming X is path-connected and 90
,

13 EsX ming if we

saywhicheof the points in

p : Y -> X is a path-connected covering space, to take as the tartingS

X = Y/o where two points yo ,yet satisfy yory ,
if point for g.

p(yo) = p(y ,)



⑳ Every pathf in X fromYo to x
, gives a

x

s bijection between fibres p"(xo) -> p(x) ·in In particular it p is bitol at xo ie.* -&
G

Zo & ↑
&

p(x0) = 5 yo , y1 , yz ,

... 3 (p(0)) = ↳ them it is kito-1 everywhere

p (x ,) = 370
,

1
,

2
,
.. 3

i
.e. (p(x)) = k for all xeX.

More generally ,
ifI is a homotopy in X and we are given to

,

then every lifting
2

offo to ↑ extends to a lifting of F to Y. R--

R is the universal cover ofTh

R
:

+
=

= R/ ↓ !
↓

↓ E ↓ ↓/ +
2

↓

QO -D
-

+
2

Q T
L I

+
2

- 2

&↓ dX- Q Q
-

V -
Q +

2 TE sxs-



a commentewhich top spaces have a universal cover ? (equivalently simply
-& cover)

- and
Let y be a path-conciled -
universal cover iff X i

space. Then X has
E

path- Connecte

-d
· path-connecte
· locally path connected 88
· semilocally simply connected

Example of a top, space without a universal cover : Hawaiian earning
<I

·O # Susiest (ible
wedge(not a CW complex) CCW comp

#-6x]
Universal cover of/ : trivalent tree

&

&
&

↑
I also the universal cover -...
of any trivalent

connected graph
i
.
e, regular ofdegrees connected



Universal cover of any
connected regular graph of degree 4 is

&

-
IYaY S.--

> S,
-ot

X
7by·&->S-I: ... &*

- bab
& 7 &ffo -

3-f-
Cayley graph of FreeEa,b3 = G

Vertices correspond to elements of G.
-

XEvery vorle We G has

edges to wa
,

wat
,

ub
,
wh aG

- Y = /GUniversal coverof ooo
& d-

Sg-P
V......

PR has gas itsmiversal cover
.

s- P
&

R G = [1
, -17 acts on 92

= S/G 1x = X

quotient of 52 (1)x = - x (antipode of x)

by the antipodal
relation.



X/n = partition ofX into equivalence classes of the equir , relation
".

"

/G = partition of X into the orbits of G

(x ~xgorg())
for all geG .

X- > Yo

R/ E SI
.,

/2) = T = sxs

A -..
2

non-discrete action of 2 on 1 eg.
27=32 : he

< I" = -103
G acts discretelyon X if for every x*X there is an open

abld U of + such that

the only GEG mapping nexeU is g = 1.
.

G = Exmx+) : K
, IE] is nondiscrete

syIf X is "nice" (path-connected, locally path-connected, SLS2) then X has a siny
connected (and path-connected) cover which is a universal cover .

It is unique up
to

isomorphism of covering spaces.



x universal cover. Fix X
,

+ p(xo) - X .

Every other covering space Y -> X
-d)(path-connecte

G=

P ↓ Xy
~

#
, (X ,

Yo)
. has the form Y= /, G.

↳
V

= /G
2it G= 2

~, 2it/k p : t> e

eg. R = S tre HEG has the form H = k
,
= ·

-> IR =S
k

+L- ↑ Pp : = z

S

Pk
S'

construction of the universal cover *- X ? : Spaths in X starting at the
O 5/3 chosen base point %3/u
-

i
.
e

.

homoall IR paths up to topy
L with fixed starting and ending

If FEX then point

p(f) = f(l)/(the endpoint of f)

O.
El



Chonology Consider a sequence
of vector spaces overF given by

24 &
2

G
,

V
80

... - - - - - 0 2
;,
dilinear transformations2 I D

O O d
3

Or 0- - -...
(more generally Vi,
vi are modules overV"

or Vi has i just an index for purposes
of reference.

a wing R and Fi
,

&
,

If Go fit I

= 0 them 2 is a boundary map and the sequence are R-homomorphisms
of Vis is a complex i.

e. d(av+ bw) = adv+ bdw
-

(similarly if dod = 0
,

is a coboundary map .)
9

,
be Fi v

,
wel

Notable example : differential forms
(smooth In a ubhd of each point x* X ,

xxUX
,

we have
Let X be a real n-manifold

& I
local coordinates (x1

. ....
X n) = X ·

U I

GO:E
,R= C(U) = Esmooth real valued functions on U3.

O

V = R
.

di -> = E differential forms on 13 = [fodx + fidxz + fodys +... + Enden : fixR]
V is a vector space over R 100-dimensional)
but a dimensional as module over R



O d d d
Eg .

X = R2- 510
,0) 3. 0 - - -> - - 0

= Esmooth functions X- R3 = M = "O forms"

X = 5 1 forms on X3 i.e . smooth differential I forms w is closed
but not exact

V
=

= 92-forms on X3
X ' = 5 fdx + goy : f

,g-R3
Eg. w= W = W

S

t+ [0
,
2π] (0;07 ),

0)Integratew over the path ((t) = (cost
,
sint ( O

2T

sw= SCdt
+ sintot

= 82
*

It = 24
.

X = cost

y V
O

I
E dx = -sint of

y
= sint

x,y
: global coordinates in X Lx

,y ,
r

,
8 -> R= Yo dy = cost at

r
,

0 : local coordinates (not global coordinate functions X-> R

=2π
or on UC X

X= rCostSw = .
W = cosf y = vsinD

dx = cost dr Sin If Uct) : rit)= 1

dysinfdr + cost do Act) = t



d d 2

°- VI -> Y If X is an n-manifold them

f --> of X" = & boforms on X3 is an R-module

x- > dx of dimension (2).

y -> dy We need X to be orientable
r --> dr

etc.
d is Rulinear but not R-linear

difg) + Edg

= 5fdyndy : - & R3
If X has local coordinates " Yn then

1
= 3 f, dx . + . . . + Andyn : Fix R3

dxindxi = 0 "= Edendez + fiedx, nde, + ...: Fijt R3
dx; rdxj = - dejndxi

Wedge products are R-multilinear eg.
If w +giy = Eway +given f

,GER
2
,2

dx(dyndz) = (dendy) Xdz = dxndyndz diff. forms

= (-dyndx) (dz) = -dy 1 (dxndz) =
- dyn (-dndx) = dyndz 1 dy

dxn (dyndz) = (dynd) de If w is an inform and y is a j.form then
S

wen = =new is an itj- form.



X is spanned by terms like - drindin ... nexin =: EY WLOGi in ... in -n

d - yk+V- ye+ 1 dw = d(i... din) = dande, ... dir
a

of = dx, + ... +
In R3 with (global) coordinates x

,y ,
z

d : V-> y+ 1

is

R = X ° = 5 smooth functions R"-> R3 R-linear but not R-linear

Pick Fel ie . f : R-> R is a smooth function

H = x + dy + dzEV This is a very special for
because it is exact

. (d)

d(df) = d(dx + Edy + dz)
-

= d() dx + d() dy + d) xdz
Cof

Y
sy X= de

x+ + dide
= 0 / ie. d:delde



Imagine a surface SCR .

We integrate an arbitrary 2-form we I over s.

If w = Flag ,
2) dyndy + gloy,) dendz + 21

, y ,
z) dy ndz -> X then S,

= I fixy ,z dendy + ...

S

If A = X (n,
v) - 11 de = dux↳localy = y(n, v) -

local dy = du + du
cords X,y

words u
,
v

-he
e destdy = (du + du)

1= ( du + lu
Iv = (E ) dundr
/E ---poS②ES J-Q

,

/#
-

·Q-i
inteWeV'

,

we define the path grah Jo .

g

If w = If (an exact -form)
-

by the Endamental Theorem of Cathol Syn
= Jdf = F(Q)-fCP)

Best for

But ifUnU in X ther Spi = S = f(Q)-F(P) whenever widf.



bes'Theorem (general Fundamental Theorem of Calclas)
Let X be an orientable n-manifold with boundary IX which is also

n- 1

Georientable (n-1)-manifold .

Let we X
,

so that dwe A. T

Sw = S
,

do

&X

Special case : X = (a
,b

,
8X =

a
. 63

,

w = 7 - B (smooth function )b

S' = fitdt = fibl - flay dw : F'(x) dx
2

X Vr8 in X 8A = 1-81
I

If We (X) then dWE #(X)Gw = Sw = Jaw
j CA A

It in particular dw = 0 (w a closed for then RHS = 0 giving Sw = So,
Exact Forms are automatically closed (if we If then dw = f = 0).
Not conversely ! unless X is simply connected.



The "gap" between closed Forms] and exact form] is measured by
cohomology .

du
-

du n+ 1

ya-- X-> V

(n-1) forms n-forms (n+1) - forms

image of dr : X"-> X" is B" = &exact informs
kennel of d" : X-X

*

is I = <closed informs
H" 2/B = itcohonology group (or rector space over 1

dim H" is the number of individ holes" in X
.

C stands for cochains ;
I is the coboundary

X = R-503 punctured plane map
d d d d

0 -> i- - - 0 " = 5 diff
.
Kiforms on X3 = (4(X ; 1) = CY(X)

Co = & smooth functions X-R3
W = dy is closed (i

.
e

. dwio)
C' = 5 fix,yidx + giyidy : 7

,ge (O)
but w is not exact i

.e . W If
for any ftCo.

E = Ehyldyndy : hE CO3
H = Eclosed 1 firms]/[exact informs3 = H(XiR)/deEditeded(gdy) = dgndydim H' = 1 . Proof of this follows.



Proof that dim H' =
f.

Leti be any
closed -form out ie

. 4+, d = 0.

2π

U
, (

,
o

Let
1

= 1) IdA and set i = 7 - z

O S
si d = 0-0 = 0 so i is closed

and we claim it is exact

i .
e

. y
= y + 2

-

exact
To show i is exact use :

Iwith common

For any two paths VV
in X which are homotopic in X,

endpoints) , (n = Syl Qo
I

As
/

set
essy -op

0
= San = (2 = J- S 81

A

Stokes' Theorem ·(1)
&

Here is our candidate- Co for which of = 7 .

X

For each Q-X
,
define F(Q) =

& = Si where r is any path in X from 11
, 0) top

S J
[To see that thisf is well-defined finst fix one· Finally,

N from (1
,07 to Q

. T [ poth so
· (1

,
0)

-Gen
any path J in X from (1

,0) to Q 8 df =

y-

Le N ~
&

-d k ~

+ 8is homotopic to V convalence with ↑, so Sr = S.
+ k = So-



For X= R= - 903
,

(punctured plane) ,
#

,

(X)EL since X is is contractible to

and dim R) = 1
.

These two facts are related by the theorem of
S'

Harewiz
.

R If we define our cohomology groups in a more universal way

then H(X) = #(X ; 2) is an additive abelian
group

i
.
e .
-module.

(ER in the case of X= R2 - 503)
.

Huremic gave a homomorphism ↑, (X) - H, (x) = H
,
(X ; 2)

which is surjective ; its benel is the commutator subgroup (+, (X) , , (X)]

so H
,
(X) is the abelianization of

.
(X).

simplicial complex
O-simplex Isimplex -simple 3-simplex

I
&

B ①
-F

--

.& I
A

B

· 1. O - &A A- A& /
D

C-
C

ABC D ABC
AB ABC& / I & / - I>ABCB AB AC BC ABD ACD BCD AB AC BC CD DE

1 Y I --11EF-- & &-> - IA * T K- A DEF
A B C AB AC AD BC BD CD B L E
//-- - E-I/ A B2 D 1-- --O / ①

n simplex : the lattice of
O

subsets of an (n+ 1) - set.



eg. X = 2-skeleton of a 3-simplex We have a chain complex
2 G 2 I

(i
.

e. surface of a solidtetrahedron) 0- - - Co -> 0
b C b

D Da & & > 9D -

ob & d· B C where C = <k-chains in X3
f = bounding

X *
Cy

=
9 N T

S
& L c map- jie/↓ -: &

d · - A k-chain is a -linear combination ofA

is f &
B

- - krfaces of X (k-simplices (

Every -simplex (d> 1)

or
n C = 2x,

d + x 28 + x30 + x+8 : x1 2
,
3

, x4 =2]
is orientable

.

Orient ( = Ex,
a + x2 b + xxc + ... + xp7 : X

,
. .

: xy + &S
the faces arbitrarily Co = 3x

,
A + x2B + xy2 + x+D : x

, .
.

.. 44 -23
X = S2 Chomomorphic top , spaces is an additive abelian group ie.

~ R-503 (homotopp equivalent) -module
.

so we get the same algebraic invariants
a rs & : -> S-,

is additive ie.

including homology groups ( 2(u+ v) = du = 2v
-

as we'll point out later ↳ Foldi soa
29 = D-A 2x = - b - c - e

=> G(rn + sr) = rdu +st

& b = D- C GB = - a + b+ d for all r
,
s

8 C
= B-D GU = a+ c - f i.e. 8 is a -module homono

Je = C- B 28 = -d+ e + f=_ C is a fee -module
~ rphism

Of = B - A
Id = C -A 52 = 6(2x)= 2(b-c-e)



Y A O A A & & S

-3 - 2 - I O I 2 3 4
R/- -y > (= y or get C
Eexmanples I not the same 7

homose
= -A

Lone is a groupR/ = S quotient of top. groups. the other not)
For any

chair complex ... .. i.e. 81
.. 08p = 0

6 = 18 (n homomorphisms of
,By In subgroups of = 5k-chains additive abdlian groups

B = + = image of Em : C
+ -
> = <k-boundaries

=
k

= bes ( : <-> [.) = < k-cycles 3
Bu= 2p=

The 6th homology group H= 26/Bn Two elements =
,
2- 2

,
are homologous if

z+ By = z+ By => z -z = B .



eg. X = 2-skeleton of a 3-simplex 0=(
,

- -> 0

(i
.

e. surface of a solidtetrahedron)
b CD Da & & >

b
D

H
,

= F ,/B
,

=

9
ob & d

↑ Cy 9 N T e & L c

X /↓ B I C 2
,

= bes 2,: - Co- ↑*
--

= Sd ·
·

& -: -
A

is A f &
B = = z

,
a + =2b + zzc + =pd + ze +z7t *

na
0 = 2z= z , (D- A) + z2(D-() + => (B-D) + zx(2-A) + z5((-B) + zy(B-A)

Every -simplex (d> 1)

an

o = (- z -24- =3) A + (73- 25+zy)B + (zn+zp + 5) ( + (z,
+zz -zs)D

a b< d e f
-I

is orientable
.

Orient "will space" of I 00 %..- S

the faces arbitrarily
over & ) ↳=50j esI O 0 1 0I

I O

- O 10 +1 0 10 +1 0F 7 I·⑦ O 10 I N ⑦ OX = S2 Chomomorphic top , spaces lo I - + -1) O
I

~ R-503 (homotopp equivalent) o d 38

-deheO I O I

so we get the same algebraic invariants
0 1 0 1 0I

↳ Food i⑦ I

including homology groups (
-

as we'll point out later B
,
= <Co ad

& b = D- C GB = - a + b+ d ~29 = D-A 2x = - b - c - e
- 2

,

8 C
= B-D GU = a+ c - f

Je = C- B 28 = -d+ e + f 2
,

= <!) ) ,F =
=2,

Of = B - A
Id = C -A



Ho = 20/Bo 2 Ho= 2/B. = 5kA + Bo : b = 2 3 .

Bo < ArB
,

Ac
,

A-D
,

B-C
,
B-d

, C-X = Ex ,A ++D: E,
Here

4

2 = <A
,
B

,

C
,DY

x,
A +

↑

x2B + x32 + xpD = (A + EXXDA + x 2B + x3C + xxD
k -

x (i) A
=

<x+p+ H+8) = - comes from (the ablianization)Hz= 22/Ba / of 2(X) Bo
H

,

= 0

Ho

If we had included the interior of the tetrahedron /X = 3 simplex) then

0- -
- - +0

and then Hz(3- simplex) -0
and that's no

surprise since the 3-simplex is

contractible.

Ho(X)E &" where I is the number of path-connected components of X .



Reduced homology groups of X #(X) are computed using the modified chain
- --

complex
... - G- 2- 4- (2) 1 - 0

C = 30-chains = &. ExiAi : xiE 3 = <Ai vertices
z

8) [xiAi) = Ex: E
i

#
, (X)

= <Hi(X) ,
is

1zk"
,

i= 0
where k = no . of path-connected components in X.

We could have used
any triangulation of S" and we'd get the same honology

9groups eg.77 ( = (0
,

+>It&
->

& c = (e
,
f

,g)
G = <A

,
B)

z



-Homology of X E P
- & g

I
O

Je = B-A 8
,

=

3

*

Gi :]·A
A

+f I of = A- B

& 29 = A- A= P

I G L 6= 0
20 = e+ f-g )3

=0
L I

O - -> 0- C
.
-> 8 fe = e+f+g

1I & II

(0
,
+Y eff

,g <A
,BY 2

, 00= 0

(i =, 8) (!,] = 18)
2= ke t

,

= (eff
, gy = >(b) , (7) = 5 - cycle 3

B
,
= im(b) = <(i) , li = Letting , erftgLettg , a [ lifee

2

H
,

= H
,
(x) =

2
,/

,

=

Lettig)/Letftg
. 2gy

= ((g) + (e+7+g , 29)/(e+ f+g ,2) Ho =20/.
= (9)/((g> l (e+f+g , 29X = (A,BY/<A-B>S

E
= (gY/22gy

= / H= 22/Bu
E(0)/(0) = 0

using 2nd Esomorphism Theorem for Groups/Rings (R+S)/s = R/RnS



Tensoring (oven) with /2 = it gives Hy[X ; #2)

Tensoring (oven) with gives Hp(X;R

Simplicial cohomology is obtained by dualizing( mo (
*

= Hom((
,
2)

addire = Shomomorphisms (>
Abelian group of additive abel

·gps/-modules
i

.e . -module T

Dualizing the chain complex 0-4-4-6-0 ( = <0
,
+) *

*

G
,

O C
,
= <e

,
f

,g)gives a cochain complex0 ↳ ,,
"s

A k-cochain is a homomorphism : -I
C = <A

,BY G

eg. a 0-cochain has the form $(xA + yB) = x PA) + yP(B) xyER
: 3-

O H ! , ] & (A) = 11*=too
-Co [ · (B) = 0

" ↳

o It f10ed[

↳ 2



·-> ic,Hi - 0 = c
*

= Hom (Cy,

O
2 [iii] 1) O

0- 1 c 0 Loeigy
2= < (o]

,
(i) >

B
=

<(i]> B= 20]) B= 0
: CFEY = Letfx j = <A,B)

= Lo , ex := < lis)
S= /] ,> = ABY

e .g. e (x,e+ x2 f+ x39)
= X I

= Letf,etg)
He= 22/> # = H= "(X ; #2)
H ' = 2/B' = #z = Hp = Hp(X ; #z)
HO = 2/ En # = 2/22
H= : ESEEIx



Let R be a ring .

R is graded by N
.

= 50
,

1
,
2

,

3
,

... 3 if

R = R
. R.

& R subring ,
RuRm Ruta

n =
0 2

n-homogeneous component of R
Eg. R= F(x 1 . . . .,km] F field

= Rn n= En-homogeneous poly's 3 = xi. xi : inso,

E.g .
the de Rham Complex on X (arn-manifold (

i
,
+ .... + im =Y

#

Y = & diff. k-forms on X3
,

Oxen

have - yk
+ 1

(For ye XR ,
We Xt we y -w

H + He= +
**

H" = HXi
k

This induces a
well-defined product

For this we must observe : for diff. forms we l, pe Vl

(ie d (wep) = dwap + 71 n dp
Il

(ii pow
= <- cop dx n (dyndz) = (dyndz)ndx

(iii) If either wor p is exact them so iswnp
dx rdy = -dynde

land both are closed)
to both w and p are closed then wap is closed.

So HER(X ; R) is a graded ring .

-



Cup product for simplicial cohomology H x H= **

makes H
*

(X;) or H
*

(X : R) into a graded wing .

To explain ,
let's talk about singular homology and cohomology.

Singular k-chains : (4 = 0
,

1
,
2

,
3

,

. 7 ways
of

mapping k-simplies
into X not necessarily embeddings.
take an abstract -simplex fall subsets of 90,

1
,
2, 3 .

k

This has a geometric relization
·

A = X
I


