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when are two covering maps of X equivalent ? Say YHsX ,
Y't'X are

covering maps.

Graph i
.e .
combinatorial graph with vertices 91 ,

2
,

3
, 43

eg . x= and edges 991
,
23

,
31 ,
33-.., 93

, 439
.

X is the geometric realization of this graph formed as a

disjoint union of copies of 10
. 33 with endpoints identified as

required by the picture.

↳ and as have the same geometric realization although they are different graples. ↑
f I

A homomorphism of g obs T-T' is a map VIT)E> V(N') preserving adjacencyray --
i

.e. xwy
in T => f(x) ~ Fly) in 5' . A covering map of is a homomorpEisen

(x
,y = V(t) inducing a bijection on the neighbo

graph
of each vertex of i

Ex,y3 = E(M)( land the preimage of the neighbours of each verti yet are copies
"

&

of the neighbors 3-
.

i, as
&Adouble

- is the skeleton Embe i= I4"
I
·4'

Y->X 2
,

2" > 2!

I ..

"

/ -le .Eg. a cover of X=i Y&- - 3,3" m> 3

The covering space is Y-> X (or informally just Y) . T ie
4'

,
4"2 4

Some other double corees of X : .

2
--

/ D

1 .
3 -

(>Trivial double cover T-
I

-

.I
4

z" 2-XI /I

1 I
//

xnxi ei 3
· I :

- - ->I lime
3/ ↳ 4'4">4



When are two covers of X equivalent (isomorphic ,

i

.e. essentially the same) ?

Let p: X,
-eX

, P2 : Xc-> X be covering spaces of X .

We say A : X
,
-> Xc is An

equivalence or isomorphism of the two covers ifA is a homeomorphism and P20 0 = P1 i.I .

- -

xX this diagram commutes.

Pitopen
DEg. , i 2

P X.
4 WV

T is not equivalent to Y-> X .

But what about T-
&

..-

.
z" 2-X - i I1 I We I I->"

&

·· I i
,I'm

II
2,2>2

4" 4'4">4
4 ·

z"-
Is this equivalentto T 3! -3-

2-
Another picture of these coreas :

44" 4

···X

W



toconstructany
refold cover of X created one copy of (v] = 41

,
2
,
.., vis for each Vertex of 4. Theo o

1

match
up the corresponding fibres in the coven using a chosen permutation.

trucle 1 2 3A triple cover Y-eX is cons
-d as

...- /-/---in 123

-↳
·

03

--& /......- -m↓a8a-

--123 123-
08 x

=
123

X

Why is a more special than, other positive integers (the oddest prime of all ??
>

mas
-
& · ⑬& .-vaConsider x = = 20 has many triple covers including Y

,
:

&
·D

②
- <

6a
6

a ↳ <

-j
·

2Ye
b
V

~- b
1 Va

·The covering maps Y
,
-1 and Yc-> X are not equivalent .

b-
An equivalence between Y-> X and itself (automorphism of the cover)

is a deck framnation. This is the same as a homeomorphism i-> Y which preserves fibres.

In the example above
,

Y-X has is automorphisms (deck transformations). 8
I -
-VJoBut Y,-> X has only one "Itrivial) deck transformation. 1)3xa

.
⑪

> ·-z

·

aIn a connected refold corts
,
there are at most o deck transformations. <i

sa
- - bIfequalityholds, theCorring spaceis normalorGas. Yz = Q- bugofraOG ·

< e

Double covers are always normal.



In group theory , subgroups of index 2 are normal.

(separable)
In the case of extensions of fields, the extension is normal.

For a field extension EIF
,

the degree of the extension is (E : F] = dimension of E as

tomorphisms of E (i.e. O : E-> E automorphism fixing
a vector space over F

.

The number of Fan
or Galois

o(a) = a for all a -> #) is at most (EiF) &

If this number is equal ,

it's a normal

extension. Extensions of degree 2 (quadratic extensions) are always normal.

Double covers : examples sa-> PR
-.
ITI dodecahedralgraph -> Peterson-

-
real proj plane-- 1 d &

1
- -

·

a

I

- 17 Fore- I- a - & Cy·I · Ens -
-/ ·②- - D
·S" is not a top , group unless n + 31,33 ·

S = SzzC : Al = 13 .

= qzEH : (2) = 13 # = [atbitjrdk : ab
,
2

,
de R 3 =jkrijk = - 1

E SUCK) = SA18Pg] : <
, B,
U

,
StD

,
AA*= A

*
A=I

,
det A = 13

SO
,
(R ) = S At R

""

: AA= AA = I
,
det A = 19

On (R)
= SA -R3x3 : AAT= AA =I] has two connected components

2/53) = 9113 homeanorphism
3Fact :"ESKD) -> SOyR) is a double cover ·

PSUz(D) = </2133)
= S0y(R) EPIR .



4< --- ⑭I
↳- E·

A

93 ,

-> SO
,
(R)

In general for us 3
,

P
, (SO, (R)) = R(2z simply connected

Spin(R) -> SOn(R) is
it's universal coven ; a double cover

constructed from Clifford Algebras (generalizing #S .

an - f: (0, 1)->X
In any covering space p : Y-> X and given< < < <

- cam excellX X * * X X- Ot No·
X Yo

1

.

i

path in X any path - : 10, 13 -> X starting at f(0)= No
,·Y,

·

Xo
< ↳ > 1.. -x,

from 7(0) =
No the path I can be lifted to YXX

>

X· X =72 to f() = X,

> f
,
i /0,1-X

i
.

..
there is a path g : 10

, 1-Y such

Y = T f : (0
,1) is another path inX that 7

I pog
i.e.

qfi(0,)->X
fromToto t to o - dP and this lift is

&

ne

Assuming X is path-connected and 10, 1) ExX mig if we

saywhicaof the points in

p : Y- X is a path- connected covering space, to take as the fartingS

X = Y/ where two points yo , yitY satisfy youy ,
iff point for g .

p(yo) = p(y ,) .



↳ Every path fin X from to to x, gives a

-

- bijection between fibres p(xo) -> P (x) .is it is In particular if p is bito-l at to i
.e .

# M<
&

Zo k ↑
·

p'(x0) = < yo , y, Y2, . . . 3 (p (10) = b then it is kito - / everywhere

p(x,) = 970
,
z

, , E2, . . . 3
i

.

e. (p (x)) = k for all x x X .

More generally ,
ifIt is a homotopy in X and we are given to

,

then every litting
2

offo to i extends to a lifting of fy to Y. /I-
+-

IR" is the universal cover ofT

IR **T= / ↓ it
↓

↓ L ↓ d--
↓

QO -z -
Q T
L I

-
- &

-

-ba X~ Q Q
-

E -
Q- TE sxs'-



a connectewhich top spaces have a universal cover ? (equivalently simply
-d cover)

- and
Let ↑ be a path-conciled -
universal cover iff V space

. Then X has
G

path- Connect

-d
· path-connecte
· locally path connected &
· semilocally simply connected

Example of a top space without a universal cover : Hawaiian earning < I

·O · Sisterse ⑮ble
wedge(not a CW Complex) (CW comp

/-T(x)
Universal cover of Ra : trivalenthee

&

!
·

↑
I also the universal cove

-***...
of any trivalent

connected grouph)
i
.
e, regular ofdegrees connected



Universal cover of any
connected regular graph of degree is

*

·
"-> &. = Hef

39↓
-

X
7bl
·

Fe---s- /: ·.. !↑
- bab

. 7 Cf *
3-⑲f-

Cayley graph of Free[q,b3 = G

Vertices correspond to elements of 6.
-Every verle we 6 has

edges to wa
,

wa
,

wh
,

wh" aGot

- ↑ = /GUniversal cover of 1
.
: -! do-

C--/
W⑧...

PR has "as its universal cover
.

s-> PR G = E1
, -1) acts on $2

= S/G 1x = 4

quotient of 52 (1)x = x (antipode of x)

by the antipodal
relation.



X- = partition ofX into equivalence classes of the equir , relation"-"

X/G = partition of X into the orbits of G

(x-xgog(x))
for all ge G .

X-> X

/I E St
DO.

R/*
E T = SxS'

A -

no znon-discrete action of 1 on IR eg .

(2)=E2: he 13< R
*

= R-903
G acts discretelyon X if for every x+ X there is an open

ubld U of i such that

the only 976 mapping xrexiell is g = 1
.

G = Exce 2x+ 1 : k
, ftR3 is non-discrete

cyIf X is "nice" (path-connected, locally path-connected, SLS2) then X has a sin
connected (and path-connected) cover which is a universal cover .

It is unique up
to

isomorphism of covering spaces.



Y universal cover
.

Fix 4tX
,
You p(x) -> X .

Every other covering space Y-> Y
-d)(path-connecte

Gi
P I by

~

it
, /X ,

yob
. has the form Y= /H

,

HKG
.

L
V

= /G
24it G= 2

~, Zit/k p : + > e

eg. R = S tre HCE has the form H = k
,

k +R .

-> (R =S
k

t"I/ Y Pp : - aE

-

Pk
Si

Construction of the universal coven *-> * ? *: Spaths in X starting at the
O 5/3 chosen base point x3/n

--
i

.
e. homeal ↑P paths up to topy

↓ with fixed starting and ending

flp(f) = f(1) / (the endpoint of f)

O
If f t X then point



dogy Consider a sequence
of vector spaces over I given by

84 Es E2 6
,

W
To

... -> V -> V- V- -> 0 zi
,

d'linear transformationsE & -

O O d
3

Or 0-VV'_ VAV's
...

(more generally Vi
,

vi are modules over
V "or Vi has i just an index for purposes

of reference·
a wing R and fi

,

d
,

If 8% 0 f
i +1

= 0 then 8 is a boundary map and the sequence are R-homomorphisms
of Vis is a complex ·

i.
e. d(av+ bw) = adv+ bda

-

(similarly if d'"od = 0
.
His a coboundary map .)

9beFi v
,

w + V

Notable example : differential forms
(smooth) In a ubhd of each count x+ X ,

x+l EX
,

we have
Let X be a real n-manifold I
local coordinates (xx ...., xn)

= x .

u /

GOni

-

Ex
R=C

°

(U) = [ Smooth real valued functions on U3
.

O

V = R
.

di Yo->V = & differential forms on 13 = [fadx + Edx2 + fydys ... Ordin : fitR]
V' is a vector space over RR (x-dimensional)
but a dimensional as module over R



O d d d
Eg. X = R2- 510

,07 3
. O-> 1-> V-> ↑-> O

Yo = 4 smooth functions X- R3 = M = "o-forms"

* = 5 I forms on X3 i.e. Smooth differential liforms is closed
but not exact

Y= 42 - forms on XS
X = 4 fdx + gdy : fig + R3

Eg. w = a I = W

S

t+ [0
,
2π] 10;)

*D
,

0)Integrate w oven the path Ult = (cost
,
sint ( O

2π

Sw = Idei Sat
+ sin't of

= 92d = 2+
.

x = cost

z V
O

I
· dx = -sixt df

y
= sint

x,y
: global coordinates in X 2x

,y ,
r

,
8 -> R= 10 dy = cost dt

ro : local coordinates (not global coordinate functions X-R

= Rπ
or on UCX

x= rcosP10 =
...

W = cost y = sino

dx = cosPdr sin de U(t) : rit)= 1

dy = sinfdr + rcost dO Octs : t



d d 2

Yo-> Y' -> Y If X is an n-manifold them

f-> df X = E beforms on X4 is an R-module

x -> dx of dimension (2) ·

y > dy We need X to be orientable
r > dr

etc
.

d is Relinear but not R-linear

dIfg) + fdg

#= Sfdndy : f + R3
If X has local coordinates x

.

"

... In Then V = < Ed . ... + faden : fitR3
dxindx; = 0 ↑ = E 7,dx,ndxz + findx, ndxs +...: fijt R3
dx; edxj = -dejedxi

Wedge products are R-multilinear e.g.
It w +gu)x4 : Ewry +gorn fige R

c
,
c0', i

dx(dyndz) = (dundy) Xdz = dxedyndz diff. Forms

= (-dyedx) 1dz) = dy 1 (dende) = -dyn(-dzndx) = dyndzn dy
dx1(dyndz) = (dynde) e de IfI is an inform and y is a jform then

&

Wey = Eyew is an itj form .



y is spanned by terms like - diedxin ... edxi =: +V
*

WLOG, in ... in n

d cyk+

y-> yb+ 1 do = d(Edin ... edxin) = dende; ... Adxik
w

of = Efdx, + ... If de en
In R3 with (global) coordinates x

,y ,
z

d : Y-> yk+ 1

is

R = Y
°

= 5 smooth functions -> IR3 R-linear but not R-linear

Pick F2V" i
.

e. f : M-> R is a smooth function

of = dy + Edy + Edz E V This is a very special itee
because i is exact. (t dVC

d(df) = d/dx + Edy + Edz
-

= dIt) dx + d)ndy + d z) Ndz
Cof

I
by X-dettzd-Add t a

dx + y dy + Edina
= O / ie dida



Imagine a surface SCIR". We integrate an arbitrary 2 form we v overs.

Ifw = Fl,g ,
z) dendy + glx,y ,z) dyndt + 2(x

, y ,z)dyndz -> V then 95
= fixy ,z)dedy +...

S

If x= X (4,
v) CI de=xdu + d

<localy = y(n, v) G
local dy = Eydu + dr

coords x,y
words u

,
v

-great
i itden deady = (xdu + d

n

Pty 1 = An i- Les du + byee
Ov = (b - E) dudir

/[ -----po/--/ z-Q
,

/\
-

·Qm
inte

W EV'
,

we define the path Grab So .

g

If w = df (an exact 1-form)
-

by the Endamental Theorem of Catherala Sy
= Sdf = F(Q) - F(P

But for

But if UNW in X the Sy : S = f(Q) F(P) wherever widf -



bes'Theorem (general Fundamental Theorem of Calculus)
Let X be an orientable n-manifold with boundary 8X which is also

u- 1

Genorientable (n-)-manifold. Let w -X ,
so that do =N

.

T

So = S
,

do

-X

Special case : X = (a
,b] **, 8X = 9a

. b3
,

w = F + B (smooth functionb

St = &fithdt = f(b) -fll dw : F'x) dy
a

X VvU' in X 8A = -U
/

IfWe N(X) then &E /X⑭30
z OA A

If in particular dw = 0 (waclosed Hor then RHS : 0 giving Sw = Soi
Exact forms are automatically closed (if w = df then dw = dF = 0) .

Not conversely ! unless X is simply connected.



The "gap" between (closed Forms) and exact forms] is measured by
cohomology·

du
-

d n+1

yu--> Y
=

- V

(n-1) forms n forms (n+1) - forms

image of $" : Y""-> V" is B = &exact n-forms)
kernel of d" : Y->Y

"*

is I' = S closed uformly
H" = I = ith cohonology group (or vector space over (R)

dim H" is the number of individ holes" in X
.

C stands for cochains ;
d is the coboundary

X = R- 303 punctured plane map
d d d d

0 - - -> - 0 C = S diff
,

Reforms on x3 = (
P
(X ; 1) = <P(X)

Co = Esmooth functions X-R3
w
= ydx is closed (i

.
e

.
drilet

C = 4 fix,y)dx + gly)dy : 7
,g- 203

but w is not exact i
.e. W + df

for any f tC°.
I = Eh(x,y) dyndy : he cos

H = Sclosed forms3/Sexact 1-forms3 = H(XiR) /ofAfdItEf dgdy) = by edim H' =
1
. Proof of this follows

.



Proof that dim H =
1.

Leti be any
closed 1-form oux i

.e. It Cdy = 0 .

Iπ

Vi Ch
,
o

Let
c Sy = 1) (dP and set if = 7 - E

· > s diy = 0-0 = 0 so it is closed

and we claim it is exact

i .
e.
p

=+
m

exact
To show it is exact use :

(with common

For any two paths VV'
in X which are homotopic in X

,

endpoints) , Sn = S .
7 Q-

1
t

-sits ,y -P
0

: Sdy = 54 : 34 - Se r
8A

Stokes' Theorem - 1995
:

-

Here is our candidate +- C
° for which of = M ·

X

For each RtX
,
define F(Q) =

1i = Si where I is any path in X from (1
, 0) to

E z
ETo see that this f is well-defined fi

0

fix one· Finally-
& from 11

,07 to Q. T / poth op
· (1

,
03

-hen
any path y in X from (1

.0) to Q · df =

n-

le N ~
T-d k ~

+ Ois homotopic to V. Contalema with V
,

so Sr4 = 3. + kSgF = Sr-



For X= R- 903
·

(punctured plane) ,
i

,

(X) =I since X is is contractible to

and dimH = 1
.

These two facts are related by the theorem of
S'

Hurewizz
.

R If we define our cohomology groups ina more universal way

then H'(X) = H ( X : 2) is an additive abelian
group

i
.e
. E-module.

& EI in the case of X= R- 903L
.

Huremicz gave a homomorphism i
, (X) & H, (X) = H

,
(X ; &)

which is surjective ; its benel is the commutator subgroup [P,
(X)

,
+

, (X)]

so H
,
(X) is the abelianization of i

. (X) .

simplicial complex
O-simplex Isimplex 2-simplex

↳
3-simplex

/
&

B D
-F

--

As of- IB · 1. O - ·A A A& /
D

C-
C

ABC D ABC
A ABC& /- / -1-

>
In

B AB AC BC ABD ACD BCD AB AC BC CD DE

- X I M--F- V &(I - It * 1 |X-- - P
A B C AB AC AD BC BD ED B L E
-//- - --If A BC D /-- --· - ·

n · simplex : the lattice of
O

subsets of an In+ 1) set .



eg. X = I-skeleton of a 3-simplex We have a chain complex
I 2 L L

Ci
.

e .

surface of a solid tetrahedron) 0- - - Co -> O
b C ↳

D De K & > 9D -

ab - d· B C where Cp = Ek-chains in X3
G = boundary

X Y
Cr

I EN 1
S
4-c map-- De/1 *Yd · - A k-chain is a 2-linear combination ofA

B f) B
-

T / kefaces of X ( k-simplices (

Every -simplex (d> 1)
are C = 34,

4 + xuB + XgV + Xp8 : <
,
kn

,
3

,
44 + R3

is orientable. Orient C = Ex,
9 + x2b + <C +... + xpf : x. . Y +R

the faces arbitrarily Co = 3 x
,
A +

xeB + xy + xpD : x
, .... <4 +R3

X E St (homomorphic top , spaces) C is an additive abelian group i
.e.

~ R-303 (homotopip equivalent) & -module
.

so we get the same algebraic invariants
a prs 8 : <-> Sp ,

is additive i.e.

including homology groups) 2 (n+ v) = Ju IGv
-

as we'll point out lates &

+
9

/000] or e
2 a = D-A 2x = - b-c-e =>G(rn + Sv) = rdn +str

ab - D-C 2B = - a + b+ d For all ,
s E 2)

8c = B-D 8U = a+ c - f i.e. I is a 2-module homomo
Se = 2- B 88 = -d+ e + f

-My
2-goodo i re 4 is a free I-module

· rphism
If = B - A
Ed = C-A Ex = 2(6x)= 67b-cre)



* * · * * & * so

-e - 2 - I O I 2 3 4
R/- Day > (x= y or x

,yeh C
E

comonis I not the same

7

homose
=-

Come is a groupR/ = S quotient of top. groups. the other not)
For any

chain complex...Eat a EnCr, i.e. Sk
, Ip = 0

8 = (8), homomorphisms of
Ip

,
By = 24 subgroups of C : Sk-chains additive abelian groups

B = Ex+Ek+ = image of buy : <k
+1
-> C = <k-boundaries3

Ik= bea (b : <k-> Crn) = <K-cycles 3 Bu= Z p EC

The ht homology group Hp= Ih/BL Two elements z
,
+1

1
are homologous if

z+ By = 2+ By > z-2 t Ba -



eg. X = I-skeleton of a 3-simplex 0--> 4- - 0

Ci
.

e .

surface of a solid tetrahedron)
b C ↳

D De K & > 9D H, = E/B,

=

Cr EN 1 4-c
X Y /1 I

B
S
C- 1-- De 2, Her 6,

: 4- Co· ab - d

/d · TY -
A

B A f) B - = z
,
a + Ecb + zc + Ep + E

,
2 +Eft2E

Due
0 = Iz= z , (D-A) + z2(D-C) + zz(B-D) + z4(2-A) + Es((-B) + z

, (B-)

Every -simplex (d> 1)

a

roD = (-z, -E4- E3)A + (Ez- Es+Eb)B + En +zp + -) ( + (z,+En -Es)D
a b < d e f

-I

is orientable. Orient "will space" of / 0000- S

the faces arbitrarily
over 2 , 3

=g
*

1% 000 e& O 0 1 0 1
& O

- O 10 - -> O 10 - -> O& 7 I·· O 10 I N · OX E St (homomorphic top , spaces) lo / - + -1) O
I

~ R-303 (homotopip equivalent) - d 38

: differeo I O I

so we get the same algebraic invariants
· 10 - -0I

&

+ Fo Doe· I

including homology groups)
-

as we'll point out lates B
,
= <cols, e

8c = B-D 8U = a+ c - f

a fodo etle + 2 e2 a = D-A 2x = - b-c-e -2
,

ab - D-C 2B = - a + b+ d

Se = 2- B 88 = -d+ e + f

Ed = C-A

E
,
: <1 , Fly ER3

H
=

= 2 i
If = B - A



Ho = 20/B
-

* & Ho= 20/B
= 9 kA + B : b - R 3 .

Bo" < A-B ,

A-C
,

A-D
,

B-C
,
B-

, 2 - DY = & x,A + 12B+xC+ <2D : <, Xpt 4
,

xi+ 12+ x3 + x
+
= 03

4

2 = <A
,
B

,

C
,D)

x, A + YxzB + X3C + xpD = (x+X4]A + Exi Xy-XcA + <2B + x 3C + xx
-

A

Bo


