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Cup product for simplicial cohomology Hx x He => +k+e

makes H
*

(X;) or H
*

(X : R) into a graded wing .

To explain ,
let's talk about singular homology and cohomology.

Singular k-chains : (k = 0
,

1
,
2

,
3

,

...7 ways
of

mapping k-simplies
into X

,
not necessarily embeddings.

take an abstract -simplex fall subsets of 90,

1
,
2, 3 .

k
J
-> X

Thishas geometricrelization
combinations of e (,-

,d
,

e
,
-

, e (0, e
-

barycentric
-

SCoordinale

An n-chain is a formal linear combination of maps - : * -> X
.

C= Su-chains in X3 = Cr(Xi R) ,
R any commutative ring with 1 eg. .

R
,

L
.

F
.

" = C* = Ganochains in X 3 = Hom (In
,
R) = PR-homomorphisms C

.
-> RY

6 : C- -
,
68 = / V

, ..., i
,
-, un] I = 0

,
(2

+

) = v

g*: C"-> C



k
If &Ec e k-cochain then + cochain ; for any (h+) -stain 0 : A

***
-> X

1-cochain (0H) (07 = $101 (vo, 3) (01 ( m, ... )
(Vo. . ., +&]L O(Vo, Y

This gives a bilinear product (t + (= k+1

inducing a bilinear product
"

x H- *

(cup product)
making #

*

(X : R) into a graded ring
)

① Hi (X ; R) .

i
,p

Eg. X= R
,
R = =: : E ,

oien

↑R = 5 Andimit subspaces of R** = S"/antipodality 10
,

else

P'R = S'/antipodality Es ⑧ E G PR isorientableis odd .

D

↑"R = /antipodality = ⑭O

H(X : ) = E(x)/(** ) Additively : otax +... + an : a; #3
fBorsul- Ilam Theorem : There is no antipodal map S->s"

for 2.

Proof is by contradition i
.e
. f (x) = = f(x)



Suppose fi S"-> 8" is tipodal . (f(x) = = f(x))
f

ThenI induces a
well-de

an

PR -> p"R su D
, (PR) = /2fined

map U E
gn-1

C O

- G 8IX A -> o

(x+ S") f
*

maps a generator of

+, (PR) to a generator
- induces : **I; #2) -> *

(PR ; #2) mapping --> of +, (PR)
/ T

#(x)/(x ) #z(x)/(x**
I

x"- ***; contradiction .

If A is an additive abdian go them AETIA) where TIA) = torsion subgp of A = Eelements of A
- of finite order?

k = rank A = dim A. A/T(A) canonically
On En-1 22 I

, Core ④ or IFor any
chain complex -><-> ... - (+ 4+%70

we have homology groups Hy = ed/indu with well-defined rank Hu(X : ) = ranb H
-
(Xi ) = rambH

_(XiR)
and Euler characteristic Cur dim (n = dimkertn + dim im On

X (X) = (1) ramb
;
(x7 = rank Ci Hu =

ker do/im Ant
dim tu=dimkertn-dim im Aux

i= 0

eg. X (5)
= 4 - 6 + 4 = 2

·......
*



closed 2-manifolds i
.e, connected compact 2-manifolds without boundary are completely classified

using
Enter characteristic and orientability

2

ga T PR K
CYes/No)

dim Ha I I O P

dim H ,
o 2 O I

dim Ho I 1 I A

X(X) 2 j I O

T
2 - -

P itI -> gie
en

08 ↳
1 - 3 +2 = 0 2 -3 + 2 = 1 1 - 3 + 2= 0

- n#↳
IICGLO

+
2

X(S,
# S2) = X /S,) + X /S2) - 2 for any

two closed surfaces S1
,
52

-XA
- 2 =

surface
T X/ ...# = 2-29 g

: genus of orientable
121

G

X (P #PR) = It 1 - 2 = 0

-
K



Yu+ 1 In
Exact Sequences ... - C

.
-> . ... berd = indut

0- C -> 0 is exact if C= 0

0-A-B-0 is exact A B

0-> A -> B -> C -> 0 is exact (short exact) iff C= B/A

If fix-> X is an endomorphism of an abel. gp .
X (or rector space) (at least in an

Abelian category) some important shot exact sequences are

0-kef-X-> f(x)->

O colet X-f)-O
If f : x -Y then Cokent =Y

imf
If ... -> A->B->C-0 and 0-2--E-> ... are exact them we get an exact seg.

-

An -D - E-
...

- A->B -> D-TE- ...

B------
->
>

o

0-beef-> X Ex-> Cokerf-> 0 is exact.

If X is a fin .

inl vector space over F then the Eulen char, of this sequence is

dim cokent-dinex + dimX-dimbent = 0

If T : X- X is an operator (endomorphism) I don't worry about boundedness)
when both of these terms are finite

the index of T is indT = dimcobent-dinbenT
(i.e. T is Fredholm) .



Theorem : Let S
,
T : X- X be operators (lin .

transfi
.

of the three openators S
,
T

,
ST

,

them whenever two are Fredholm then so is the third and

in this case indSt = indS + indT
: (00 abelogps)

In general (i.e .
for any (in. transf. S

,

T : X-X we have an exact sequence

0-best->beaST-> besS -> ColenT-> CokeST -> cokerS -> ↑

So its Eulen characteristic is zero. i
.
e

.

indS + indT-ind St = 0.

Snake Lemma In an add category we have a commutative diagram with exact rows

--

E
A- B C -0 then we have a sixitem exact seq.
adod ,d
f

0 -> A-> B'7 C kena-besd-bes-> cokema -> colb -> cokens.

↑ I &
her a- kab-> ker c

d E ↓
A- B -C -0c0 -- A-> B's C

↓ ↓
cobera

to
- colub-> Coker <

↓ ↓ ↓
O O O



Group Cohonology : used in the study of group extensions

If G andH are groups
then an extension of H by G is a group

X giving

an exact sequence 1 -> H - X -> 6 - 1
I

Note : Groups are not necessarily abotion .

We are asking for a new group

having a normal subgp = H St . / = G. G on top ,
on the bottom ,

Trivial : X = GXH . (split extension

G is now an arbitrary group and A is an abdian grow
16 multiplicative ;

A additive notation
6 gives geGLIA) (automorphisms of A as an abelogp or -module).

on which G acts Leach gE horro

( .g2)(a) = gilgu(a)) ; glatb) = ga + gb ; a = a. G-> AutA = GL(A)
(fixed)

We construct an extension of A by G i.e . an exact sequence of gps
1 - A - 3- 6 - 1 i.e. E is a gp

with normal subgp.

iso
. to A with /G

d ↓ 20 de

1- A -6 -6 - 1

are equivalent if we have a commutative diagram
TwoextensionsEtors :

Note that the action of G on A is Fixed throughou
shown with a V ison-

Cohomology of
groups is the tool for this.



S 3 s & S S
... ( <I is an exact sequence of additive abelogps where ( = <"(Gi Al is the

C O

set of all maps 6"-> A as an additive abel, gp .

i
.e. -module

-

GxGx ... x G i
.

e . kituples of G

Given at i.e. at A
,

SazC' is Sai6->A
c= A (maps [13 ->A)
C' = A = maps ->A i.

.e . f: 6 - A Given ft(i.e . f: 6-> A gt-ga-a

a= AGxE= maps GxG-A etc.
construct SfEC i

.e. (8f) : GX6-> A

(57)(g,h) =

gfch)-fgh)
+ fig a

Given Fe i
.
e . fix6-> A *

Check : [C 5= 0 ? Construct (87) : GXGXG -> A

Take at C
=

A
.

(89) : 6- A (f) (g,
h

,
k) = gfch,

2) - figh ,
k) + f(ghk) - #(g,

h)

(8a)(g) = ga
- a. See p.

2 bottom of handout for 5 :-**in general
ja : GxG ->A

(59) (=, g) = + (89)(g) - (8a)(fg) + Salf:

= f(ga- a) - (Ag)(a) - a) + (fa- a)

E A + fa - a/ /= Ega-fa - gaty
=O

Classify extensions 1-> * -> 8-6-1 where G is a group acting on an abelian gp A

i
.e. E is a group with normal subpA with /AF G

, using cohomology
i
.
e .

A has a complementary sub
I

in TSoE acts on the subs complementaryStartwithasetenaT

H (G ; A) classifies the complementary subgps up to conjugacy.



>Fix an action ofGonlitivals alg, g2
= <ag ,

) gu hereright module.
a 1 = a

↑ id . of G

is isomorphic to the (a + a'(g = ag + ag for a -A; 1
, 9 , 9, 92-8.

semidirect product AAG = <(a
, g) : at A

, ge AY GX A

for left

(9
.. 9 .3 (an

, g2) = Lagu+ 92
, gig2) identifyin

action

Alternative notation : A G = 310) : a A
, 9+ 63

complements of A

in are given[s , 07/9 Y = 1919 by 1-cocycles.9
, 92 +921

o
go /

it0 0 For a+ A
, (a)/g) = ag-a

"A
How do we construct a subyp of ANG complementary to A ?

Any such subg & AAG has the form ((ts , 9) : 63 .

= &(o]ig)
Here gists .

6-A
.

This will automatically be a complement to A as long
as it is a subgp , eg. t,

= 0 but most importantly, closure.

I

19 o : 1 ie
:

gt e so (Sf)(g ,9) = f(gg) + 7(g)g'+ f(g) = 0 ,



When are two complements ofA conjugate inE ?

If A has complementary subgps H
..
H & E given by Hi = < (7

, (g), 9) : g + 67
,
fi + 2 <G i A)

when are H, Ha Conjugate in t ? (Sfi)(g ,g)=F(g)-f(ggi+ filgg,

g-113) " = L-ag")
f(gxg)) = f(g(xg +))

2 2

18 ; ]1&= ; ) = Co ; ) = f(g)xg + f(xg)
2 2

Use 13:] - (a. g fixed) to conjugate H, i = f(g)xg" + f(x)g + f(g)
2

- I
= f(g)xg+ f(x)g" - fig)

1071019 / = 199 -ag i) =1, )
I

The D-cycle defining this conjugate subp would have to be fri so

fz(gxg)) =

axg
+

+ f
,(g)- ag) .

fel'i
.e. f: GA

f(xy) = f(x)y + F(y)

f() = f(p- 1) = f(()) + f(c)
=> f(1)= D

0= f (1) = f(gg))= f(g)g+ f(g )
=> f(j) = - flg)g




