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If Y: (0, 1) -> /0,
17 is a map

with 4(0)= 0
,
Y(i) = 1 then the reparametered path fol : 10, 5->X is

homotopic to f.
.

A homotopy from I to fol is

10, 13
"
-> X

Is it) > f)(1s)t + s Y(t) = EgHc
-

it
fo(t) = fit)
f

, () = F(Y())

-
,
(0) = f)#0 + H(0)) = flo)

f
,
( = f()(-3) % + s .Y() = f()

Y

- roup
of all homotopy classes of pathsFix xot X. Assume X is path- connectedMl<)isthe +

,
(X

, x) for all xo..
fromto to x0 in X under concatenation.

This gives
the fundamental group i. (X). 2 : Identity in it

, (X , xo)
U(t) = to for +e (01)

4,
(R") = 1 (trivial group) . x

Of = fV = f for all fe i
,

(X
,
xo)

it
.
(S') = I (tree group

on one generation The inverse of f - i
, (X , xo) is

f Elts = f(+t) ,
+ + /0, 1)

Esu 9
·

x
,

X Isame path in the reverse direction)· Fix g Pathe jSx =O ff = If = U = null path
An isomorphism o : T

,
/X

, xo) ->4.) X
,
xi)

f & jfg Plf,f2) = fitg = (5+
,g)(gfng)

&
-

gfg <- h f
,
f

>
- i

,
/X

,
Xo)





A deformation retraction is (a homotopy from idy to refraction :
AEX .

i.e. f : 10;] xX -> X X-> A

f(t
,
x) = f(x)

fo(x) = 4 i.e. f = id y
f(x) -> A fi is a retraction X-> A

f (a) =
a for all a + A .

If a def. retraction exists from X to ACX
,

we say A is a deformation retract of X .

-I his is stronges than retract (

Eg. f : (0
, 1] ***-> R si
f((x) = (1 -t) x is a def. retraction to 304.

Eg. XtS'
< is a retract of 5' but not a def. retract of 5' O· C

A strong def. retract fi 10, 17 xX-> X :

fo(x) = > i.
.e. Fo = idy #11

.

-> ↑ de retractstrong def .
retate.

f
,

is a retraction X-> A

ft(a = idy for all + - 10, 1) X









Mobius strip iit is ②

·

. not homeomorphin to cylinder 5' x 10, 13"** II--Einder : it itnuyo Gl i~.
Tru

=. Xo = · &
--..d

S↳ =*** I= C I orientable

i
X / ·ofO

--2
-

Both"are
X =②to S' (def . retract to S's

not orientable homotopy equivalent
Both have I) as fund . &P .

Gi,si ei li!e
POR (or RIPP) is the real projective plane is obtained from a disk C

2

with opposite bondary points identified

- (non-orientable surface)

· PR = D' gluedto a Mobius
tripS

⑭ --E
④G











Free products with amalgamation : add more relations involving is and yj's e
.g.

D = <a ,

b : abilablix = <aix *<b : b
>

) = Doo/Normal closure of <<b)"y
(ab) -

cyclic of cydiffeorder 2

Let X be a path-connected top. space covered by two open setsU
,

V
.

Since X is

connected
,

UNV + 0. Pick %o UNV.

We also assume un is path-connected.

n Y - & i.j inclusion as

a-⑭ "Wi O
V

X : - ·I·Yo

-I (injective ,
continuous)

lolTheorem (Van Kampen , special case) ①
i

,
(X) = π

, (U) i (N) Kev π(X) This
where the amalgamation π(l) i(π

,

(U1v)) indus es

A⑤ O group
homeover +

,
(UnV) is given by ;

it I jf(x) discusI
·Xo [ ·j For e&T(I) Ifor all + π

, (U1V) 4 identity I

·
L i

q(X) with jy(x) i? ↳ &

xo) jx)D,
(Unv()

stown
.k(x)"j(d) is a new relator· ↑ ↓

-O(nX)·
Yo

















S2-K = UVV -

trefoil know U
,
V open path-connected ·Must
My .... (5'xD' S

②

V open nbldof torus
-

4
,
(U) = <3) = R ⑳

i
, (V) = <S> = & (exterior) - jor)Linder

zen solid-K = % V open solid
= V = 8 danglint donglet

U open torns - K

π(K) = π(U) *D()
= (2) + 3) GC l

. 11
INormal closure II (C)#⑭:KrV of 1383x

~

y
= < 3

,
8 : == S > /= Unl

<E <6
, B :cBX =

p<B)
)

No torsion
4

, (KNU)= < UX EZ
If XC "

,

when can

i
, (X) have torsion (nontrivial

E= <P9 ,
8 = 49 3
: pap
=

elements of finite order) ?
T Eg. 4'4 RP

,
4

, (44R) = /R
For n = 2

,
no torsion in 4

,
(X) .

For n= 3
, conjecturallyπ,

(X) has no

torsion .





This leads to Dehn surgery : Start with a brot in 33
K

C
5-ubhd of K has bondaryRE T embedded strangely in 3.

T↳
(S-R) glued to (S-R') along their boundaries RER' E Th

.

E
2 ↳Ej-

G = < X
, y : xyx'y , xy**Y

Y /K"Co ① ①Construct X having 4
, (X) = G : &

&

20 with two closed disks /
to

4
kelton S's'Sust glued On the 1 - S

Covering Spaces Let f : Y->X be a map.
The Fe over xt X is Ex = SyeY : fly)= x 3.

-

Given AlX,
its preimage is -(A) = Sy + Y : Fly) -A3 .

(Hatches instead writes EIAT
. )

I'm being more casual
.

The
map - : Y-> X is a covering map if every point xt X has an open abhd U suchthat - (U) is a

disjoint union of open sets in i
,

each of which is mapped homeomorphically to U by f.

Ei Ou

In particular, this requires,

④⑭⑪O Or -"(x) < Y is a discrete subset.

·

-(x) = Ex
, Y2 , xs , x43





% : R -> S'
,

the piiit is a cover of infinite degree ( ·to-1)

If f : Y->X and g : E-Y are covering maps
then fog : E-X is also a corning map .

A
dto↓ d

a Y3

Y ↓
&

-
-

1

1
. 400O

O
·
30

L

O S'


