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(continuous)Given points a
,
b -X la topological space) ,

a path from a to b is a function - : 10
,

13 -> X suchthat f(o) =01
,
f() =b

.

f a f()) = X
All maps (unless indicated otherwise) are

flone10,1-> fi
↳ assumed to be continuous.E↓
A

- 7

If X has a path between any two of its points,
then X is path-connected. For the time being ,

we'll assume X is parth connected. (In general ,
we instead

define the fundamental groupoid of X
. ) f 2 : 10

,
is -> 10, 13 (recall : continuous) such that Y(0) = 0

,
P(i) = 1

I

then Fol : (0. 1) -> X is just a reparameterization of the same path and we don't distinguish it from f.

If F
, g : [0

, 13 -> X are paths such that fill : glos
then we can concatenate them to form

a new path from flos to g(i) :

f
f() =

gCo) g (fg)(t =
f(2t)

&

Oft E

fore 7 h
· his g(2t- 1)

, E<t 1
.- 9

S ·

g(,)
= Glos 7 More precisely ,

we require
Ifg)h is the same path as Elgh) after reparameterization : a map 10, 1)-> X

If(g() It) = & f(2t) ,
+ /0

,=]
Is t) me fis

,
t) = fgit)

g(4t-2) , t- (e
, 4) such that forf i

.e. Folts : fit
4/2t-1)

,
t + It

, 17 4/4t-3)
, + + /E

, 1] -
,

= 9 i
.e
. -

,
(t)= g(t)

↳ f(0)=
fs() = b

For all
st [0, 17↳File moist LThis is a homotopy from

f to g.

of say, Egarehomotopic if there is a continous famila
X

,
fo (st[0,

17) with fif,
,

+,9.





it
,
(3) = 1 Ctrivial group

: all closed paths in 32

are will-homotopico
: "north pole" x> X' is s raphic projection

--

2
-° tereog

C"E RU5803 Cone-point compactification)
x
.-/ 2 from the north pole O- R

L-sO ⑭ See Hatcher for general case including possibly space filling curves.

-↳
π

,
(R2) =

π
, (R- 303) R

punctured plane
follows from the fact that ④

· Xo

- 303 and S' have the same homotopy type
R-(x-axis) = M- (03 = S'

*- 303 = S
X =Y : X

,
Y are homotopic/ have the same homotopy type/are homotopyvalent

Note : this is weaker than XEY (homomorphic) .

the e

· retraction "def, retraction sense Hatchen writes XIY for homomorphic .

· deformation retraction & Let A CX (subspace of a top, space) ·

· strong deformation retraction -: X-A is a kotimmous)such that fly = id = 1
+

i
.

e.
f
all a > A .

"dif, retraction" .

A raction (= a

· homefopy If such a may exists then A is aetract of X -

· relative hometopy
Eg. M had a retraction to any

one of its points. If a < R" then
· homotopy equivalence

the constant map -> 493
,

xnsa is a retraction .

R-> Paxis (x,y) +> (x, 0) .

E) S'CR" is the unit circle
,

then there is no retraction-> S'
.

( But this
may

not be obvious .







f
A homotopy equivalence from X to Y is a pair of maps X-> Y

-

qsuch that fog : X-X and gof :Y-Y are homotopic to idy and idy respectively.
Eg. " is homotopy equivalent to R = 9.3 (or R =1:3
f

R
-

> 303 f(x)= 0 for all x + R
-

g g(0) = 0 R

gof : #-> R fog : 103 -> 903
2-> O

A homotopy zon got:emO is he-->

Ot ,
x+

Not relative 4. =

to any subspace h
,

= gofi
necessarily.

The sams argement works for any def. retraction (doesn't even have to be a strong def .
retraction)

-> - * f V

Fo"Fe ... Q -> Yo ↑
To -

- N

T S

25' is not mult homotopic ;
not contractible ( 8 8·S' is not homotopic to a point .

10, 13
->↳ *&

If f : x ->Y where both X
,
Y are path-connected then 7 induces a homomorphism fii, (X) -> i

,
(4)

x : (0, 1->X gives f = Fox : /0, 13 -> Y (gof) = gxf

# X = Y then 4
,
(X) = π/ (Y)









I
, (5) E R

Given a closed pathin S' with base point ItS' = SzeD : (z) = 13
a(l)

define W(B) : Fift =
I S

B dz (0 , D-> S2πi z

- Blos
*(0)

= 1

E 2TiO

Ow(x) = :
& le )

= + n

W/ ") = n

W is an isomorphism from +
,
15) to E .

& d = lu(z) + Ciara e

In 4-303 the same argument works

X= R- EA
,
BY As WoB&&- 403 0 = (0

,0 C B
i

,
(12903) = (<) ER

·
π

,
(X) = Ejogjo ging".... implm,

7
· Xo

Ic
ie j

... "spin-"-
-S distice Asek-punctured plane dirpin,&jogdip" dining : injos in

i
. (X) = F = Free/*1

,

:

, 43)
i

, (X) is the free group
k >03

O

X = Sens ⑧ on two generators i
.

z
, &

k Fr=Free&& x
e · Xo















The category of pointed top. spaces i
.

e. pairs (X
,
)

,
<otX

,
X nonempty top. space

The coproduct (X
,
40) H(Y

, yo) = disjoint union XWY
with 40

, yo identified

denoted as (X
,
xo) x (Y

, yo) = (XLY ,
<==Y0)

Aohism (X
, x0) -> (Y

, yo) is a continuous) map X-
> Y satisfying xor yo

we
wor
have a functor (cointed top spaces] -> Grp : Sgroups]

gof I
(X ,

xo) -> H
, (X, yo)

1x) En (E
,
20) (X

,
Xo) x (Y

, yo)

Fl ↓F ↓ ↓F

i
. (X

,
%) =, 4

,
(Y

,yo) T
. /E ,
zd

-- F((X ,
xo) v (Y

, yo) = F((X
, xo) # F((T

,yo),
↑ &

(gof)= St
ofL

croduct in pointed coproduct in Gip
col
top - spaces is is just fres product

wedge Sen .










