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Cup product for simplicial cohomology H* x +)=- fk+

makes H
*

(X ; 2) or H
*

(XiR) into a graded wing.

To explain ,
let's talk about singular homology and cohomology.

Singular k-chains : (k = 0
,

1
,
2

,
3
.... ) ways

of
mapping k-simplices

into X
,

not necessarily embeddings.
Take an abstract k-simplex Gall subsets of 90,

1
,
2.... 13).k

f
-> X

Thishas geodirelizatio combinations of-d
,
e. el, , s

-

barycentric
-scoordinale

An n-chain is a formal linear combination of maps o :*-> X
.

C = Su-chains in X3 = Cn[XiR) ,
R any commentative ring with 1 eg .

R
,

I
.
#

C = C = Eurochains in X3 = Hom (In
,
R) : PR-homomorphisms C

.
-> RY

8 : C-> G
+,

68 = 01/V, ..., Vi
,
..., vn] 5 = 0

,
(8

*

2 = p

8(-



k

IfdeMee k-cochain then &rot + chl cochain ; for any (h+1) -clain o : A
*
-> X

l-cochain (p0H)(07 = $/0/(vo
,

:

- ])4(01(vm
,
.... +2)

[Vo. ..., Vate] Le Gro
, - Und

This gives a bilinear product+ k+l

inducing a bilinear product H
*

xH
!
-> Hh+ l

(cup product)
making H

*

(X ; R) into a graded ring
/

① H(X : R) .

isp

Eg .
X= PR

,
R = = */: Hi ES ,

oien

PR = 51-dimit subspaces of R* = S"/antipodality 1
.

0
.

else

P'R = S'/antipodality Es' ⑧ E D PR isorientableis add -

D

PR = S/antipodality = ⑬⑧

H(X ; #) = F(x)/(xit) Additively : Eatax+... + anx : a: #3
fBorsuk - Ham Theorem : There is no antipodal map S->
S for n 2.

Proof is by contradiction i
.
e .
f(x) = = f(x)



Suppose o : S"-> &""is tipodal . (f(x) = f(x))
f

Then o induces a
well-de

an

PR -> prR su D
, (PR) = 2/22fined

map U I
gn

-

C a

x G 6IX S - a

(x+ 9) f
*

maps a generator of

↑, (php) to a generator
- induces f*: H**R : #2) -> #

*
(PR ; Fr) mapping x >X of + (PR)

N/ M

#(x]/(x) #(x)/(x**
)

x"- Y
"T

; contradiction .

If A is an additive abliam gp then AE* TIA) where TIA) = torsion subg of A = Gelements of A
- of finite order?

k = rank A = dim A #/TA) canonically
On In- O

2
2

, love & or 1R]For any
chain complex(-+ C.- ... -+ 3+ 4-6220

we have homology groups H = Kerdn/inte with well defined rank He /X : 2) = rankH
. (XiQ) = ranbH

-(i)
and Euler characteristic EC- dim In = dimkert

,

+ dim im I

X(X) = (-1)
: rankH

,
(X) = EtirantC He =

bee do/im but
dimth = dimberth-dim im Out

,

i= 0

eg. X (S%
= 4 - 6 + 4 = 2

·-...

*



closed 2-manifolds i
.e, connected compact 2-manifolds without boundary are completely classified

using
Euler characteristic and orientability

2

g2 Th PR K
CYes/No]

dim Ha I I O P

dim H ,
o 2 O I

dim Ho I 1 I F

X(X) 2 O & O

T
2 # Pr t- sin o II - -

1 - 3 +2 = 0 2 -3 + 2 = 1 1 - 3 + 2= 0

~ ⑭⑮ reme
11Curr

+
O

+
2

X(S.#S2) = X19,) + X1S2) - 2 for any
two closed surfaces 91

,
9

=
/ -2 = 0o n

surface
↳ X(T# ...#T) = 2- 2g g

: genus of orientable
121

&

X (PiR #PYR) = 1 + 1 - 2 = 0

nu
K



2n+ 1 In
Exact sequences ... - C

.
-> C

..

... bed = infuti

0- - 0 is exact iff C= 0

0 -> A-B - 0 is exact it AEB

0-> A-B--0 is exact (short exact) iff CE B/A

If f : X- X is an endomorphism of an abel. gp .
X (or rector space) (at least in an

abelian category) some important shot exact sequences are

0-> kef-> X -> f(x)- 0

of colet X-f(x)0
If f : X -> Y then coleut = Y(x

imf
If...->A-B->(-0 and 0-2-D-E-s ... are exact then we get an exact seq.

-A-F
= A-B -D-E- ...

B------
->

O

0-kef-X EX-> cokert-> O is exact.

If X is a fin ,

diml rector space over o then the Euler char- of this sequence is

dim cokent-dineX + dimX-dimbent = 0

If T : X-X is an operator (endomorphism) (don't worry
about houndedness)

when both of these terms are finite
the index of T is indT = dim colert-dimben T

(i.e
.

T is Fredholm) ·



Theorem : Let S
,
T : X- X be operators (lin .

transfi
.

of the three openators S
,
T

,
ST

,

then wherever two are Fredholm then so is the third and

in this case indST : indS + indT
: (or abelogps]

In general (i.e .
for any lin. transf. S

.

T : X-X we have an exact sequence

0-best-berST--keeS -> colerT-> cokeST -> okers -> P

So its Ellen characteristic is zero , i.e.

indS + indT-ind ST = 0.

Snake Lemma In an add , category we have a commutative diagram with exact rows

-

f
A- Bx -0 then we have a sixtem exact sea.
adbd, 'df

0 - A- B'Esc bena-bed-bes-> cokera - colerb-> coker

to I
her a- karb-> her c

d f ↓
A- B+ -0·0 - A- B's C

↓ ↓
ora

↓
- colub-> coker <

d ↓ ↓
O D O



Group Cohomology : used in the study of group extensions

If 6 andH are groups
then an extension of H by G is a group

X giving

an exact sequence 1 - H - X - 6 - 1
I

Note : Groups are not necessarily abelian .

We are asking for a new group

having a normal subgpEH St . Y * G. G on top, I on the bottom .

Trivial : X = GXH . (split extension(

G is now an arbitrary group and A is an abelian grow
16 multiplicative :

A additive rotation
6 gives gefL/A) "Cantonorphisms of A as an abelogp or X-module).

on which G acts Leach ge homo

(g.gn)(a) =

g, (gu(a)) ; glatb) = ga + gb ;
= a 6.-> AutA = GL(A)

(fixed)

We construct an extension of A by G :.e . an exact sequence of gas
1 -A+]- 6 - ! i.e, E is a gp

with normal subgp.

iso
. to A with
/

= G

d ↓ ↓ NO de

1- A -2-2-

are equivalent if we have a commutative diagram
Twoextensionstors) .

Note that the action of G on A is Fixed througho
shown withc, B,

V ison-

cohomology of
groups is the tool for this.



S 3 so S S
.

- [- C = i-1 is an exact sequence of additive abelogps where I" = <"G ; Al is the
C O

set of all maps 6"-> A as an additive abd, gp .

i

.e . X-module
-

GxEx ... x 6 i.
.

e .
k tuples of G

Given at Co i.e, at A
,

SazC' is SaiG->A
co = A (maps 3+ 3 ->A)
C' = A = maps G->A i

.e . f: G+ A Given fe( i
.e . F: G- A g-ga-a

= *Gx8= maps Gx6+A etc.
construct See i.

.e. (8f) : Gx6-> A

(27) (g,h) =

gth)-fgh
+ f)

Given fi.e . f: Gx6 -> A *
Check : E*C 5= 0 ? Construct (8f) : GXGXG -> A

Take acc= A
.

(Sal : G-> A (8f)(g
,

4
,
k) = g*(h, k) - figh ,

k) + f(ghk)-f(g ,
h)

(5a)(g) = ga- a .

See p.
2 bottom of handout for 5 : (h-c+in general

Sa : 2x6 -A

(5) (f
,
g) = +(89)(g) - (8a)(fg) + Salfi

= f (ga-a) - (Etg)(a) -a) + (fa- a)

& a + fa-aI 1/= Fga-za-Eyga y
-o

Classify extensions 1- >A- -6-1 where G is a group acting on an abelian gp A

i
.e. E is a group with normal subgyA with E/AE G

, using cohomology
i

. e
. A has a complementary sub

I
in J

·

So E acts on the subgps complementaryStartwithaspeltextensa
-

H (G ; A) classifies the complementary subgs up
to conjugacy.



>Fix an action of
or ditives alg. go

= (ag ,
) gu her module

al = a

↑ id . of G

E is isomorphic to the (a +alg = ag + ag for a-A; A
, 9 , 9., get G.

semidirect product AAG = 9 (a
, g) : at A

, ge A G A

for left

19
.. g .) (an

, gr) = Lagatan , gigz] identity in action

Alternative rotation : AAG = &( % ) : +A
, ge 63

complements of A

in E are given19, 07/90y : 19 by 1-cocycles.9
. Gh + 92 1

o
go /

ii to For at A
, 18a)(g) = ag

- a

"A
How do we construct a subyp of AAG complementary to A ?

Any such subge HE AAG has the form ((t , 9) : ge 63 .

= &[] :get
Here gists ,

6-A
.

This will automatically be a complement to A as long
as it is a subgp , eg .

t
,

= 0 but most importantly, closure.

I

19 o  ieg 30 (8f)(g ,g) = flgg') + /gig'+ f(g) = 0 .



when are two complements ofA conjugate in % ? F = ANG

If A has complementary subgps H
..

Hz < E given by Hi = [ (7
, 197· 9) : g + 6)

,
fitZ <6 ; A)

when are H
,

He conjugate in t ? [Sfi)(g ,g) = f(g1 - -1991+ flgig
= 8

g
-

190]" = C-ag: I
-(gxg") = flg()

1907(9) = 10 i) = f(g)xg + f(xg')
2 2

c" + f(g)Use 1997 -E 19, 9 fixed) to conjugate H, i = f(g)xg" + f(x)g
- I

= f(g)xg"+ f(x)g - f(g)g
1907(0/= ) = Las-ag i) = 198

S

The D-cycle defining this conjugate subgp would have to be E : so

f (gxg") = axg"+ f
,(g)- ag .

= f
,()xg+ +

,(x)g- -(g)g

fel'ie
.

f: G>A
ax+ f

,
(x) - a = fz(g)x + fy(x) - fz(g) - is a 1-cocycle : Fel

(off) (x
,y) = f(x)y -f(xy)+ f(y) = 0

f(x) - f
, (x) = (a- fz(g))x - (a- fz(g)) or derivations f(xy) = f(x)y + F(y)-f is a crossed homomorphism

-
= S(a-f,(g)(x) (If G acts trivially on A

i.e. ag = a for all a tA
, geG) f(u) = f(p-1) = f(u)! + f(x)

then G is a home
. E- A. => f(t)= 0

Extensions of A by 6 correspond
to elements of H= 2/
ftB' /1-coboundary) iff D= f(1) = f(gg") = figig"+ fig)

f(x) = ax-a = (Sa)(x)tA . => fig) = - Flgg&

Principal crossed homomorphisms)-

(inner
~

derivations)



Eg . Classify extensions of C = <X : X= 1) by 2 : < y : y= 1) X = (1234)
y = (14)(23)

I+ 4- 8 - 4- D xy = (12)(34)

Two cases depending on the action of C
.

on a Xy
= (B)

Case I : < inverts x i
.
e. Yxy' = x = x

*y = (24)

IH'l = 2 : how many complementary subgps of i up to conjugacy.
-

C has four complementary subgps in GE dihedral gp
of order 8. is-H-i

- each watchinga
I

& I

(x) has two complements in E
, namely (yi , Lxig). They are not conjugate . It'l = 2.

How many extensions 14-2-3-1 are there up to equivalence ,
if we don't

require the extension to be split ? (Split there is a complementary subgp for ()
eg. & is a nonsplit extension of 4 by 3

.

CaseI : C acts trivially on C . Here there are two extensions : G and CYC
Ironsplit) Split) .

Case1 : C
,

acts nontrivially on Ly .

Here there are two extensions : dihedral of ordas
, quaternion ge oforde s

[split) Cronsplit) .



The Schur- Zassenhaus Theorem

Given groups G
,

N with G acting N (the action of f on N is fixed) we consider

exact sequences of groups

1 - - - 6 - !

i
.

e
. extensions of N by G i

.
e . groupsE having a normal subge isomorphic to N.

If IN
,
181 are relatively prime them H = 1 and =l.

Note : We do not
This says that the extension splits

i

.e. E has a subge complementary to N
require N to beand any two complements of N are conjugate in

%

. abelian
· If N is

This generalizes Sylor theory ; N and its complements are Hell supps. abelian then the formulas
are simples. Even simple
if NC Z(G)·
(central extension of N by of

A Lop is a set 1 with a binary operation (x
,y12Xy L

(x1 -> L
such that any two of X

,3ya uniquely determine the other.
We also assume -L that IX = x = 4 for

A Bol loop satisfies (xyiz) y = x (lyziy) for all x,y ,ztL .

·
an nxn matrix It wi



I classified complex Had .
matrices with an automorphism group which is doubly transitive

on rows .

A proj place has points and lines satisfying .....
------ -

Any (n+ h + 1) < (n+ u +1) matrix with 8/1 entries
,

n+1 ones in
any row/of ,

row-row = 1 = colocol

n = the order of the plane
In all known cases

, n = ph , p prime ,

k = 1.

Some long exact sequences in honology
3 . Space V having a closed subspace ACX which is the deformation retract of anTake a to

openubld in X.
X/A : collapse A to a single point , leaving points outside A

untouched
.

⑪ X

quotient space
Then we have a long exact sequence (x) = GHu(X)

if as

... -> Fu(A) -> I(x) -> F
.
(X/A)

⑧ if n= 0

-> Fn- (A)-> Fr
=,
(x)-> FIn

,
(X/A) - ... -> (n+- C+> 2.+ ... -> C-> 0

-> Ho(X/A)-> 0

has Hr(X)

tren Hlsh &2 if n + 50
, k3 -> (n+- C+> 2, ... > 6-> 2 - 0

g otherwise has reduced homology
z

(k31 if n= k H
,

(X) ·

i
.
e. Finish = 3 else

A-X- X/A



closed

Proofi Take X = D" = n-ball (n> 1)

A=fX = S"

X/A = S : one point compactification of R"

n
- 1

...~Fuse- I -n * X
I

↓ b
=> FS") E F

,

1S"") depends only on k-a .

if k= 1

FstE ... = F
,
(S' = I (5) = 9 else

.

X is assened to be
-d

.Homotopy groups (x) "counts" ways to map
s"EX

path-connecte
In X : ↳GG Identity dement:-

num F mus Cat holes = D" in f(5%, g(S") fant.- Cons

f(g") Fibe g(s")
and join using g"x10, 17

-

Elements of #IX) are up to homotopy
tube

% f
,

:S"-X are homotopic iff there exists 7 : S"x10, 13-> X
, Extre



The group operation is associative,

It's commutative for nx2.

If X
,Y have the same homotopy type then IX) = + (4) For all n

. (Not conversely

If P(X) = 1 for <n and Ph(X) #1 ,
then HalX) = abelianization of (X).

1 Theorem of Hurewicz]

Homotopy groups are easier to define than homology groups
---.

much harder to compute---
eg. (1

,
27 + PIC

In /S4) is not known in general has preimage (fibre
& (z, 2z) : /P+ 1zr= 13

But some is known : let=I

↑ (s") = 0 for KKn-1 Get( : A 10,24)}
↑ (S") = 2

#(5) =I is due to the Hopf fibration 1-stS->5-

This means not have a map fis-S"
which is subjective and all fibres are

circles. In other words we can partition s into circles.

S3 : wit sphere in R4 = wit sphere in H
. (I

,
E)

,
if zo

=((z ,w) - / : 1zP + 1/2 = 19 f(z
,
w) = E 10 ,

17
,
ifzo

ESE P : Riemana92



1 - : -s-5- RC

15-55-5m trivial
1 - -9-5- DC He bundle
! - -
-- HC has (global) nonvanishing

7 & CS section.
1 -> S - 5-58 - 1 The Hopf fibration does not have such a

section ; it is a nontrivial fibre

* Fibre bundle over B with Fibres F (B = base Space) bundle .

is a way of continuously attacking a copy of F at each point of B.
-

Trivial Sundle : E: FxB

Another way : eg .
I' has more than one

kind of line bundle (vector bundle over

of dimension A) having Fibre space F
= R

D

↑
E

I f
sectionoa

"Total space
T

↑I #-E- B

n ->E- S

- ·
i

.

e
. g :B-E

SxR-s ↑

Trivial bundle R- is a right inverse for p

such that pog
= idis

Nativid:R-E-S' This Fibre bundle is

nontrivial because it has no

Mobius
-

strip nonvanishing global sections .

[infinite)



For every fibre bundle F-E-B we have a long exact sequence
of

homotopy groups
... - (f) - (E)- (B) ->T

,

(f) + ...

A live bundle is a bundle with fibre space given by some field (nually R
A vector bundle has fibre space F" Leg Ra

,
in ... )

sections of a vefor bundle are the same thing as rector fields.

A circle bundle has Fibre space ES'.
L surface)hypen

A tangentbundle
for a surface MCR (M an -manifolda

I &
has fibres E DrY Eg the normal line-- &

~M rundle ↑

⑨

ToTo I-
Eg .

the tangent line bundle on S &-
·

I-& · !which one is it trivial or I ·
= EI

&

OO =,
&

d

&Mobius strip) ? I /*↓

alsotrivial.



Eg .

9" < R3 Tangent bundle E Is this bendle trivial ? No
.

2

The trivial bandle SXR has a nonvanishing section.

R-E-5 V

2dimil 4-dimit 2. dimil (s, v) -+ gh

C
(s,

v)-

Cs
,
vimeseS

(s,r)

is ~ constant
or gah

Hairy Ball Theorem : the fangent bundle on 54 Remark : If g : 9-52
-

has no nonvanishing (globals section is. on S thema induces a

mapology tovector field .
On the Earth 2

There is no nonvanishing fangent H
,
(S * Stake singular

tant in time
, any

recor field (eg .

wind) 2
at any ins 1

or (S) =2
must be zero at some point ,

Proof : Suppose g
: g+ E is a nonvanishing section,

WLOG 3 (s)
= (s

,
v) where Ilvll= 1. Such a map S

Sa udefines a homotopy from ide to the antipodal map on

- : 5-52
,

ofta

f(s) = f(s
.
+)

·

Isti-Sx10, 17

fo(s) = S identity on
S gaHelst induced by g

f
,
(s) = - > (antipodal point on S2) has a well-defined degree of g.

in 2 .

T& (s) : start at seS and
go to radians on S2 he identity gigs" has degree 1.

in the direction of glst . A constant
map92STheantipodal map 2-S2 has degree

?
-1.



If HEG then G/H = EgH : g + G] set of left cosets of A in G. View this as A

horogeneous space for 6 in the case where G is a top gp. 16 acts transitively
If HCG (normal subgp) then G/H is actually a group.

In general HG gives a Fibre bundle H-+ 6-> G/H

g->gH
In particular take G = 0.IR) = Euxn matrices A over R such that AAT = ATA = 13

H = stabilizer of (1
,
0
,
0
, %%0) in G

orthogonal group. For A t 0
.
(R)

,

det A = 1

SO, (R) = [A+ 0
.
IR) : detA = B

- 9(000] : BE Pn(R)] = 0
...
(4)

= Grotations of R"about oh
.

G/H = S

On-> 0-92Fibration
- - Th(0-1)-> (0)+ + (S")-> T(Om)- ... long exact sequence

#(0n
) are better understood them S")

Special cases : 0
.

0 -52 SOE S/I3
S

50.-58-52 SOz = S'
S% /3

-> g2

2

s-- Hopf fibration ES



Stability of homotopy groups of spheres : InS") = PathIsk) is constant (indep .
of b) if k is

sufficiently large
n+ k = m > n

↑ /gh)=him (S) = n stable homotopy gp for spheres

SimilarFor On : Inth(0) has a limit as ke
koust · for b >0)

k

given by E
2/22 if n = O mod f

2/22 if n = / undS

↑r[0o) = O if n= 2 .. Bott Periodicity Theorem
2 .......

O ↳
O = On &I 2 3

I have a nice 28x28 complex Hadaward matrix with entries complex 7th roots of unity.
It corresponds to a nice 7.fold cover of K28

,
28.

ficellipMondayrepresentation ne for each beX consider the curve Ej : y= x(x-Y(x-37 (x,y)+ 42

#(E) = 2 E = -


