
HW Problems
Instructions: The following is a list of problems of varying difficulty, to
which I will add over the coming days. Submit solutions to problems of
your choice on WyoCourses, as you are able. There is no need to com-
plete all problems, but you are welcome to submit additional solutions
as separate pdf documents as you are able. As usual, problems may be
discussed with other students, but submitted solutions should be your
own work.

1. Fundamental Group of a Graph. Consider the Petersen

graph P , shown on the right (with 10 vertices and 15 edges). By

abuse of notation, we denote also by P its geometric realization

(the topological space formed by replacing the edges by copies

of [0, 1], with endpoints identified where required by the graph).

What is its fundamental group π1(P )? Explain.

Hint. First argue that P is homotopy equivalent to a space having a much simpler

description.

2. Inverse Problem for Fundamental Groups. Give examples of topological spaces

whose fundamental groups are (a) cyclic of order 3; (b) cyclic of order 4; and (c) a

Klein four-group. Explain.

3. Links. Let L0 ⊂ R3 be a disjoint union of two loops (unknots) which are unlinked.

Similarly, L1, L2 ⊂ R3 each consist of two loops, but linked once and twice as shown

in the accompanying figure.

Denote their complements in R3 by Xi = R3 ................Li for i = 0, 1, 2. Compute each of

the fundamental groups π1(Xi) for i = 0, 1, 2, and compare your answers. (If it is

convenient, you can instead take complements in S3 rather than in R3, as we did in



class for the case of torus knots. By Van Kampen’s theorem, this will not change the

fundamental group.)

4. Fundamental Group of the (Complement of the) Trefoil Knot. Recall that, as

shown in class, the trefoil knot K ⊂ S3 has complement X = S3................K with fundamental

group G = π1(X) ∼= 〈a, b : aba = bab〉 ∼= 〈x, y : x2 = y3〉. We also stated that this

group is torsion-free (i.e. it has no non-identity elements of finite order). Follow the

following steps to prove this fact.

(a) Show that G has an infinite cyclic subgroup (i.e. G has an element of infinite

order).

(b) Show that the group SL2(Z) =
{[

a
c
b
d

]
: a, b, c, d ∈ Z; ad− bc = 1

}
has presen-

tation SL2(Z) ∼= 〈X,Y : X4 = Y 6 = 1〉; in fact the matrices
[
0
1
−1
0

]
,
[
0
1
−1
1

]
are

generators of SL2(Z) satisfying these relations.

(c) Conclude that the group PSL2(Z) = SL2(Z)/〈−I〉 has presentation 〈x, y : x2 =

y3 = 1〉.

(d) Show that all torsion elements in SL2(Z) have order 1, 2, 3, 4 or 6, as follows:

The unique element of order 2 is −I =
[−1

0
0
−1
]
. There are two conjugacy classes

of elements of order 3, represented by Y 2 =
[−1

1
−1
0

]
and Y 4 = −Y =

[
0
−1

1
−1
]
;

two conjugacy classes of elements of order 4, represented by X and X−1 = −X =[
0
−1

1
0

]
; and two conjugacy classes of elements of order 6, represented by Y and

Y −1 =
[

1
−1

1
0

]
.

(e) Conclude that PSL2(Z) ∼= 〈x, y : x2 = y3 = 1〉 has torsion elements of order 1,

2 and 3 only. Every element of order 2 is conjugate to x; and every element of

order 3 is conjugate to y or y2 (two distinct conjugacy classes in this case).

(f) Finally, conclude that the group G = 〈x, y : x2 = y3〉 has no nontrivial torsion

elements.

In #5, we verify the details of the proof, which I outlined in the ACNT Seminar, that

the universal covering space (group) of SO3(R) is S3. We use the real quaternion algebra

H = {a+ bi + cj + dk : a, b, c, d ∈ R}, i2 = j2 = k2 = ijk = −1. The element z = a+ bi +

cj + dk ∈ H has conjugate given by z = a− bi− cj− dk ∈ H; its real and imaginary parts

are a and bi+cj+dk, respectively; and its norm satisfies ||z||2 = zz = zz = a2+b2+c2+d2.

Conjugation is an anti-automorphism of H, i.e. z + w = z+w and zw = wz. Conjugation is

an involution, namely z = z. From the properties of conjugation, we have ||zw|| = ||z|| · ||w||.
It follows that H is a division algebra: each nonzero element z 6= 0 has multiplicative

inverse z−1 = z/||z||. Note that H satisfies associative and distributive laws, although it is

non-commutative. Its unit sphere S3 = {z ∈ H : ||z|| = 1} is a nonabelian multiplicative



group, as follows from the properties listed above. The only values of n for which Sn is a

topological group, are n ∈ {1, 3}.

5. Universal Cover of SO3(R). Denote by G = SO3(R) the topological group con-

sisting of all rotations of R3 about the origin. In other words, G = SO3(R) is the set

of all real 3× 3 matrices g such that ggT = I and det g = 1. Then G is a 3-manifold

embedded in R9. In fact, G is embedded in the 6-manifold S2×S2×S2 (by considering

the columns of each matrix g ∈ G). First convince yourself that G is 3-dimensional,

e.g. by considering a generic rotation g ∈ G which may be specified by the axis and

the angle of the rotation, requiring 2 + 1 = 3 parameters in order to specify g. Follow

the following outline to prove that S3 is the universal cover of G, and |π1(G)| = 2.

For each u ∈ S3 (i.e. u ∈ H, ||u|| = 1), define ρu : H→ H by ρu(v) = uvu.

(a) Check that ρu is R-linear, and that it is a real isometry, namely ||ρu(v)|| = ||v|| for

all u ∈ S3 and v ∈ H.

(b) Verify that the real subspace V < H consisting of all the purely imaginary quater-

nions bi + cj + dk is invariant under ρu. Thus the restriction of ρu to V gives an

orthogonal transformation of V ∼= R3.

(c) Argue that in fact ρu gives a rotation of V . (The fact that det(ρu|V ) = 1 can be

shown algebraically; but it is easier to argue this topologically using a connect-

edness argument.)

(d) Show that ρu ◦ ρu′ = ρuu′ for all u, u′ ∈ S3. Thus ρ : S3 → G, u 7→ ρu|V
is a homomorphism of topological groups (and so in this case an orthogonal

representation of G).

(e) Show that the map ρ : S3 → G in (d) is surjective. (For this, you start with an

arbitrary rotation of R3 and show that it lies in the image of ρ. It is probably

easiest to do this first for a rotation by angle θ about the z-axis, say; then

conjugate in G to obtain a general rotation.)

(f) Show that the kernel of ρ is the subgroup Z(S3) = 〈−1〉 of order 2.

(g) Conclude that G ∼= S3/〈−1〉. Topologically, this is real projective 3-space; and

since S3 is a path-connected and simply connected double cover of G, the covering

space ρ : S3 → G is the universal cover and |π1(G)| = 2.

(h) Go one step further by showing that G ∼= PSU2(C). For this, first show that the

special unitary group SU2(C) = {A ∈ C2×2 : AA∗ = I, detA = 1} is isomorphic

to S3 as a topological group. (This first step is quite easy. Here A∗ = A
T

.) Then

simply take the quotient by the center to obtain PSU2(C) = SU2(C)/〈−I〉 ∼=
S3/〈−1〉 ∼= SO3(R).



6. Differential 2-forms. Let X be the Euclidean plane, with open cover {U1, U2}
where U1 = R2 and U2 = {(x, y) : x 6= 0 or y > 0} (the complement of the ray

{0}× (−∞, 0]). Note that both U1 and U2 are homeomorphic to the open disk D2.

We use rectangular coordinates in U1:

f1 : U1 → R2, (x, y) 7→ (x, y)

and polar coordinates in U2:

f2 : U2 → R2, (x, y) 7→
(
r(x, y), θ(x, y)

)
where

r(x, y) =
√
x2 + y2, θ(x, y) =

 arctan
(
y
x

)
, if x > 0;

π
2 , if x = 0;
π + arctan

(
y
x

)
, if x < 0.

Note that f2 gives a homeomorphism U2
∼= (0,∞)×

(
−π2 ,

3π
2

)
.

(a) Show that in the transition between the two choices of coordinates (i.e. rectan-

gular coordinates f1 and polar coordinates f2) on U1 ∩ U2,

dr ∧ dθ =
dx ∧ dy√
x2 + y2

, i.e. dx ∧ dy = r dr ∧ dθ.

Now consider U3 = {(x, y) : x < 0 or y 6= 0} ∼= D2 and consider the open cover

{U1, U2, U3} where coordinates in U3 are defined by

f3 : U3 → R2, (x, y) 7→
(
r̃(x, y), θ̃(x, y)

)
where

r̃(x, y) =
√
x2 + y2, θ̃(x, y) =


arctan

(
y
x

)
, if x, y > 0;

π
2 , if y > x = 0;
π + arctan

(
y
x

)
, if x < 0;

3π
2 , if y < x = 0;

2π + arctan
(
y
x

)
, if y < 0 < x.

Now f3 gives a homeomorphism U3
∼= (0,∞)× (0, 2π).

(b) Show that in the transition between the two choices of coordinates f2 and f3 on

U2 ∩ U3,

dr̃ ∧ dθ̃ = dr ∧ dθ.

The take-home lesson is that although there is no continuous global definition of polar

coordinates on the plane, dr∧dθ is a smooth well-defined differential 2-form on X................{(0, 0)}.



Since X ................Ui is a set of measure zero for each i, we can integrate smooth functions on X

just as well using any of the three coordinate charts given.

7. Integrating 2-forms and 3-forms. Let X = R3 ................{O} be ‘punctured Euclidean

3-space’, where the deleted point O is the origin; and consider the smooth differential

2-form on X defined by

ω =
x dy ∧ dz + y dz ∧ dx+ z dx ∧ dy

(x2 + y2 + z2)3/2
.

(a) Show that ω is closed, i.e. dω = 0.

(b) Let M be the oriented surface of the cube [−1, 1]3 ⊂ R3. Evaluate the surface

integral ∫
M

ω

by directly integrating over each of the six square faces of the cube, taking care

to account for orientation.

Hint: By symmetry, the integral over each of the six faces of the cube is the same;

so you can just integrate over one face and then multiply by 6. If you encounter

cancellation of terms arising from opposite faces, then you are missing a minus

sign (two minuses make a plus). For example the integral of

z dx ∧ dy
(x2 + y2 + z2)3/2

over the bottom face differs from the integral over the top face, by a −1 factor

coming from the integrand, and another −1 factor coming from the fact that the x

and y coordinates must be interchanged in order to preserve the right-handedness

of the coordinate system as viewed from the outside of the cube, which in this

case means from below.

Now consider spherical coordinates (ρ, ϕ, θ) defined locally by

x = ρ sinϕ cos θ,

y = ρ sinϕ sin θ,

z = ρ cosϕ.

‘Locally’ means that on some nonempty open set U ⊂ R2, the conversion between rect-

angular and spherical coordinates is a well-defined diffeomorphism (a smooth home-

omorphism). We can even choose U ⊂ R3 to be dense, the complement of a set of



measure zero, so that smooth functions on R2 can be integrated with respect to spher-

ical coordinates, just as well as using rectangular coordinates. And while the choice

of U is not unique (cf. #6), this is of no concern as it has no effect on the values of

our integrals of the form
∫
X
f .

(c) Show that dx∧dy∧dz = ρ2 sinϕdρ∧dϕ∧dθ. (This formula restates the familiar

Jacobian determinant for converting from rectangular to spherical coordinates,

covered in Calculus III. Also show that

dx ∧ dy = ρ sin2 ϕdρ ∧ dθ + ρ2 sinϕ cosϕdϕ ∧ dθ;
dx ∧ dz = −ρ cos θ dρ ∧ dϕ+ ρ sinϕ cosϕ sin θ dρ ∧ dθ − ρ2 sin2 ϕ sin θ dϕ ∧ dθ;
dy ∧ dz = −ρ sin θ dρ ∧ dϕ− ρ sinϕ cosϕ cos θ dρ ∧ dθ + ρ2 sin2 ϕ cos θ dϕ ∧ dθ.

(d) Use (c) to express ω in simplified form in spherical coordinates.

(e) Verify that dω = 0 holds by working in spherical coordinates using (d). (You

already know that ω is closed, from (a); so if you don’t get dω = 0 using spherical

coordinates, then you probably did something wrong in (d).)

(f) Consider the unit sphere S2 = {(x, y, z) ∈ R3 : x2 + y2 + z2 = 1}. Evaluate
∫
S2 ω

by direct integration.

Hint: Your answers in (b) and (f) should agree, because the surfaces M and S2

are homologous in X. Do the computation both ways, and make sure that your

answers agree.

The closed 2-form ω is not exact; for if ω = dη for some 1-form η on X, then by

Stokes’ Theorem ∫
S2

ω =

∫
S2

dη =

∫
∂S2

η = 0

since S2 is a 2-manifold without boundary. You should find this conclusion to be in

contradiction with (f).

Note that the punctured 3-space X = R3 ................{O} of #7 has the same homotopy type

as S2, so that H2(X;R) ∼= H2(S2;R). We have just seen that this real vector space

is nonzero; in fact

H2(X; R) ∼= H2(S2; R) ∼= R

and using de Rham cohomology, {ω} gives a basis for Z2 = {closed 2-forms} modulo

B2 = {exact 2-forms}. Working instead with singular or simplicial cohomology over

Z, one obtains

H2(X; Z) ∼= H2(S2; Z) ∼= Z



and the homology class of a 2-cochain is given by its ‘degree’ as a covering of S2; this

is an integer which generalizes the winding number considered in class when proving

the 1-dimensional version

H1(R2................{O}; Z) ∼= H1(S1; Z) ∼= Z.

8. The Infinite-Dimensional Sphere S∞. After embedding Sn ⊂ Sn+1 equatorially

(i.e. identify Sn with the ‘equator’ of Sn+1), we have a sequence of inclusions S0 ⊂
S1 ⊂ S2 ⊂ · · · whose union is S∞ =

⋃∞
n=0 S

n. This is viewed as a CW complex (see

p.7 of the textbook) with the usual weak topology, meaning that a subset A ⊆ S∞ is

closed iff A ∩ Sn is closed in the n-skeleton Sn for each n.

(a) Show that S∞ is contractible, using the proof outline given on p.88 of the text-

book. Thanks to the clear outline in the book, there is not much for you to write

here; but you will need to verify a few details for yourself.

(b) Clarify the difference between S∞ and the unit sphere S = {x ∈ `2 : ||x||2 = 1}
where `2 is the real metric space consisting of all sequences of real numbers

x = (x0, x1, x2, . . .) such that ||x||22 =
∑∞
n=0 x

2
n <∞. Is S homeomorphic to S∞?

Explain.

(c) For the unit sphere S ⊂ `2, is S contractible? Does the same argument in the

textbook work?


