Cohomology

1. Graded Rings

Denote by A = F[X1, Xs,...,X,] the ring of polynomials in n indeterminates X, Xo, ...,
X, with coefficients in F. This is in fact an algebra over F' (a ring which is also a vector
space over F'). As a vector space we have a direct sum decomposition

A:@Ak

k>0

where Ay is the subspace consisting of all homogeneous polynomials of degree k. A basis
for Ay is given by the monomials of degree k:

XXk X! where iy,ig,...,ip >0, d1+igt---+i, = k.

In particular the dimension of A is the number of such monomials, namely (”_,?'k). We

have
ApAy C Ay,

i.e. the product of homogeneous polynomials of degree k and ¢ is a homogeneous polynomial
of degree k+¢. Thus A is an example of a graded ring (in this case a graded algebra). More
generally a ring A is said to be graded if we have a direct sum decomposition A = @, -, A
where the Ay’s are additive subgroups satisfying Ay Ay C Agy. -

Another example of a graded ring is the quotient ring F[X]/(X™1); thus for example
F[X]/(X?3) has elements ag+ a1 X + a2 X? [actually ag+a1 X + a2 X2+ (X3) but we simply
denote this coset by its unique representative of smallest degree] and multiplication defined
by

(CLQ + alX + a2X2)(b0 + le + b2X2) = aobo + (aob1+a1bQ)X + (a0b2+a1b1+agbo)X2.

In this case the ring A = Ag @ A; @ A, is three-dimensional, with each homogeneous part
Ap, A1, As of dimension 1, and A = 0 for k ¢ {0,1,2}. We will see that the cohomology
ring of the real projective plane with coefficients in the field Fo of order two, is of this

form:

H*(P?R;Fy) = Fo[X]/(X?).



2. Exterior Algebra
Let V be an n-dimensional vector space over a field F'. The k-th exterior power of V is
defined as
NV =(®'V)/$
where ®k V=VeV®- - -®V (the k-th tensor power of V') and S is the subspace spanned

by all pure tensors of the form v; ® v2 ® - -+ ® vy, such that v; = v; for some 7 # j. We
denote the image of a typical pure tensor v; ® -+ - ® vg € ®k V by

VA A = (0@ @u) +S € NV
Let 1 <i < j <k and denote
f(vhvj):Ul/\"‘/\'l]i/\~~~/\1)j/\.../\vn

where the vectors vi,...,vi—1,Vit1,...,0j—1,Vj41,...,0; € V are fixed. Using the bilin-

earity of the wedge product we obtain

0= f(vitvj,vitvy) — f(vi,v:) — f(vj,v5)
= f(vi,v;) + f(vj,v;).

Thus the expression v A -+ A vg reverses in sign whenever two of the vectors vy, ..., vg

are interchanged. It follows that more generally for any permutation o € S, we have
Vo(1) AN Vg(2) N N Ugy = sgn(0) (v Ava A- - Avy).

If {e1,€2,...,€,} is a basis for V then a basis for A* V is formed by the (%) expressions
ei, Neiy, N+ - Aej, where 1 <4 <ig < -+ < i <n. In particular the dimension of /\k V is
(%) In particular /\k V = 0 whenever k > n, and A"V is 1-dimensional with single basis
vector e; Aes A---Ae, . Note that the wedge product of n arbitrary vectors vy,...,v, € V
is given by

vy Avg A Av, = (det M)ey Aea A+ Aey

where M is the n x n matrix over F' with columns formed by the coordinates of vq,...,v,
with respect to the basis eq,...,e,.

The exterior algebra of V is the graded algebra

NV =EPANV

k>0
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with respect to the wedge product. (Note that @V = A’V = F.) For example when
n = 2, elements of /\*V have the form ag + ai1e1 + ases + agzeiAes where a; € F, and the
product becomes

(CLO =+ aieq + ag€9 + a361/\62) A (b() + b161 + b262 + b361/\62)
= aobo + (CLob1+CL1b0)€1 + (a0b2+a2b0)62 + (aobg+a3b0+a1b2—a2b1)61/\62.

Note that in general the exterior algebra has dimension

dim(A'V) =" (Z) = on,

k>0

3. De Rham Cohomology

As our first example of cohomology rings we consider the de Rham cohomology ring of an
open region X C R™. This is a graded ring of the form

H}, (X)) = P HE . (X)
k>0

where H% ....(X) denotes the k-th de Rham cohomology group of X. The de Rham
cohomology groups for nice spaces X C R” turn out to agree with the simplicial and
singular cohomology groups H*(X;R) with real coefficients. We will certainly not prove
this but this fact may be observed in our examples.

In order to define these groups we first consider the ring R consisting of smooth real-
valued functions defined on X. (Without worrying too much about what ‘smooth’ means,
let us say that f € R means that f : X — R is infinitely differentiable, and in particular
f has continuous partial derivatives of all orders.) Now for each k > 0, consider the real
vector space C* = C*(X) spanned by expressions of the form

flxe,. .., xn)de, Ndxi, N\--- ANdx;,

where 1 < iy < iy < --- < i <nand f is a smooth function X — R. Thus C" consists of
expressions of the form

fi(x)dzy + fo(z)dze + -+ - + fr(x)dxy,

where fi(z),..., fn(x) are smooth functions of z = (z1,...,2,) € X. Also by convention
C° = R consists of smooth functions. We refer to elements of C* as (alternating) differen-
tial k-forms, or simply k-forms. Although C* is infinite-dimensional as a real vector space
(at least for £k =0,1,2,...,n), it has finite rank (Z) as a free module over the ring R.
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We define the differential of a smooth function f: X — R by

of .. 9f of 1
df = 5o -dwn + 5 dra o ey € C1(X).

More generally the differential operator d : C¥ — C**1 is the real linear map defined by
d(f(z)dzy N---dx;) =df Ndzy, A---dx;,

with df defined as above. With this notation one can state Stoke’s Theorem: Given a
k-dimensional subset A C R™ and a ( )-form w, we have

/Mw—/dw

Here OA denotes the boundary of A, which is (k—1)-dimensional; and A has the ap-
propriate orientation induced by A. Note that one integrates the k-form dw over the
k-dimensional subset A; and the (k—1)-form w over the (k—1)-dimensional subset 0A.

3.1 Lemma. d? = 0.

Proof. We consider a differential k-form w = f(x)dz;, A--- Adz;, . (The most general
k-form is a linear combination of expressions of this type.) Then

dw = df Ndzi N\ Ndx;,

0
Z 89{ drj Ndxg, A -+ Ndxy, ;

Z Z 8xlaxjdl‘i/\dxj/\dl‘il/\"'/\dxik =0

1<i<n 1<5<n

since the terms with ¢ and j interchanged cancel each other. ]

The k-th de Rham cohomology group of X is the quotient group
HY (X)) = 2% /B

where Z* denotes the kernel of d : C* — C*k*+1 (the group of closed k-forms) and B¥ = B*
denotes the image of d : C*~! — C* (the group of ezact k-forms). Note that every
exact form is closed; and if the converse fails, then the degree to which closed forms
may fail to be exact, is measured by the cohomology groups of X. These groups depend
only on topological properties of X which may be thought of as higher dimensional ver-
sions of connectedness. For example HY ....(X) = 0 iff X is connected, and in general
HY o (X) =2 R™™! where m is the number of path-connected components of X. Also if
X is path-connected, then H. rnam (X ) = 0 iff X is simply connected, and in general we
view H. ....(X) as counting the number of ‘holes’ in X.

Compare the following with Lemma 3.6 (page 206) and Theorem 3.14 (page 215) in
the textbook.



3.2 Lemma. Ifw € C* and p € C* then
(a) dw A p) =dwAp+ (=1)kw A dp;
(b) pAw=(—=1)FwAp.

Proof.  Suppose w = f(x)dx;, N--- Ndz;, and p = g(x)dzx;, N--- ANdz;,. (Recall that
general choices of k-form and ¢-form will be linear combinations of such expressions.) Then

dlw A p) =d(f(z)g(x)dziy A--- Ndziy, ANdxj, A--- Ndzj,)

0 9]
= (85,9(96)+f(w)aj)dxi/\dxilA---Ad:cikAdleA---/\dg;jz
1<i<n v z
of
- Z %dwi/\dwil/\”'/\dwik /\g(x)dle/\"'/\dwjg

1<i<n

0
+ (_1)kf(37)d‘7311 /\.--/\dajik A [ Z ag dz; /\dl‘jl /\.../\dxje

1<i<n 't

=dw A p+ (—1)Fw A dp.

Note that (—1)* appears as the sign of the cyclic permutation of the first k+1 differentials.
This proves (a). Now

pAw= f(z)g(x)drj N - ANdxj, Ndx;, N--- Adx;,
= (=D f(x)g(x) dzsy A--- Adxg, ANdzj, A--- Adaj,
= (=1)*wAp.

To understand the appearance of the factor (—1)*¢, denote by o a cyclic shift of all k+¢
(=1)F++1 The permutation of differen-
tials appearing in the identity above is actually o* (or o, depending on whether you cycle
to the left or to the right) and we have sgn(o*) = (—1)(FH+DE — (_1)kb+k(E+1) — (1)

since k(k+1) is even. ]

differentials appearing above, so that sgn(c) =

A consequence of Lemma 3.2(a) is that the wedge product for differential forms gives
a well-defined product on cohomology classes

HY (X)) 5 HE (X)) 2 HERL (X)),

In order to show that this operation is well-defined, we must show that if either of the
forms w or p is exact, then the wedge product w A p is exact (and so represents the zero
element of H¥%f  (X)). To see this, note that if w € B¥, say w = dyp where ¢ € C*~1,
and p € Z¢, then

wAp=dp Ap=dyAp)— (=) Adp=d(pAp) e B"

5



since dp = 0. A similar argument (or an application of Lemma 3.2(b)) gives the same
result for w € Z* and p € BY. Now the wedge product makes

H:lke Rham (X) == @ Hglce Rham (X>
k>0

into a ring, and hence an algebra over R.

3.3 Example: Plane Regions

Consider a connected open plane region X C R? with k& ‘holes’. Let (x;,v;) € R? (i =
1,2,...,k) be points in the corresponding holes, and let ; : [0,1] — R? be closed paths
such that v; winds once around (z;,y;) in the counterclockwise direction, but not around
the other points (x;,y,) for j # i. Shown is the case k = 3:

In this case we have HY ,..(X) = R because X is connected. A basis for HY, .,...(X) is
given by the constant function 1. This is because every closed 0-form is a smooth function
f: X — R satisfying df = 0 and so f is constant. Also HY, ...(X ) is k-dimensional with
basis {w1+BY, ..., wp+B"} where

1 (z—z;)dy — (y—yi)dw

W = — L i=1,2,...k
2 (z—x)? + (y—vi)?

and BY is the collection of exact forms df = (0f/0z)dz + (0f/0y)dy where f: X — R is
smooth. Thus every closed 1-form on X is expressible as

w = awi + agwz + - - - + apwy + df

for some aq,...,ary € R and f: X — R smooth. Moreover this expression is unique up to
an additive constant term in f.

Recall that the first homology group H;(X;R) of X is a k-dimensional real vector
space with basis v1,...,7,. (The set X deformation retracts to a wedge product of k
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circles, so the fundamental group m(X) is a free group on k generators.) We observe that
HY (X)) is naturally dual to Hy(X;R) in this case. Every closed 1-form w gives rise to

a linear functional
Hk(X;R)%R, Z a;%Y; — Z (11‘/ w.

The latter integrals are well-defined on cosets of B° since by the Fundamental Theorem of
Calculus, every exact form df integrates to 0 over closed paths. Thus we have a natural
isomorphism

H! ..(X) & Hi(X;R)* 2 H'(X;R).

Note that the 1-forms wy,...,wy give a basis of H. ...(X) which is dual to the basis
Y1y .-,k of Hi(X;R).

4. Cohomology of Simplicial Complexes

Let X be a topological space. As in the definition of singular homology, we consider a
k-simplex [vg, vy, ..., v] C R¥ with vertices vg, v1, ..., v and let

O'I[Uo,’l)l,...,vk] — X

be any continuous map. (Note that o is not required to be injective.) A singular k-chain
in X, with coefficients in R, is defined to be a formal R-linear combination of such maps
[vo,v1,...,v] = X. We denote by Ci(X; R) the set of such k-chains. The boundary of o
is the (k—1)-chain do € C;_1(X; R) defined by

0o = o|[vy,va,vs,...,0%] — o|lv, v2,vs, ..., vk] + o|[vo, V1, V3, ..., VE] — -

+ (=1 *0|[vo, v1,v2, ..., vk_1] € Ch_1(X; R)

where each summand denotes the restriction of the map o to the indicated (k—1)-dimen-
sional face of the simplex [vg, v1,...,vg]. (We may then rewrite each term in this sum as a
continuous map from the standard (k—1)-simplex [vg, vy, ...,vx_1] C R¥7! to X.) Using
linearity this extends to an R-linear map Cy(X;R) — Ck_1(X;R). The chain complex
associated to X with coefficients in R is the sequence of R-modules

LCQ&C&&CO—)O

where we abbreviate C, = Ci(X; R). The k-th homology group of X with coefficients in
R is the quotient group
Hy(X; R) = Zx(X; R)/Br(X; R)
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where Z;(X; R) is the kernel of 0 : Ci(X;R) — Cik_1(X;R) (the group of k-cycles)
and By (X; R) is the image of 0 : Cy41(X; R) — Ci(X; R) (the group of k-boundaries).
Dualizing the above chain complex gives the cochain complex

oo oo

where C; = Hompg(Cy, R) is the group of all R-module homomorphisms C} — R and
the map 0 = 0* : C} — C,jﬂ is the dual of 0 : Cy41 — Cj%. Elements of C} are called
k-cochains. (Recall: a matrix for § = 0* is obtained simply as the transpose of a matrix
for 9.) Also 62 = 9* 0 0* = (90 9)* = 0* = 0. We define the k-th cohomology group with
coefficients in R as the quotient group

H"(X; R) = Z"(X; R)/B"(X; R)

where Z¥ = Z*(X;R) is the kernel of § : C; — Cj_, (the group of k-cocycles) and
B* = B*(X; R) is the image of § : C;_; — C (the group of k-coboundaries).

The cup product of ¢ € Cj; and ¢ € C; is the (k+F)-cochain ¢ Ut € C},, defined as
follows for a typical continuous map o : [vg,v1,...,Vk4+e] — X where v, v1, ..., Vkte] C
R**¢ is a (k-+f)-simplex:

(@U)(o) = o(ollvo, ..., ve])¥(o|[vk, - - - ; Vite])-
As in Section 3 we obtain
S(pU) =dpUyp + (—1)*¢U b
YUd=(=1)puU.

It follows (as in Section 3) that the cup product gives a well-defined bilinear map (a
‘product’ operation)
H*(X;R) x H'(X; R) — H**'(X; R).

Thus we may define the cohomology ring of X with coefficients in R as the graded ring

H*(X;R) = P H*(X;R).
k>0

5. Example: The Real Projective Plane

As before we use the following triangulation of the real projective plane X = P?R:

f
B A
A7
A @B

f
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We compute homology and cohomology groups with coefficients in o, so that —1 = 1. This
will simplify some of our matrices, so that the orientation of edges and triangles becomes
irrelevant; however we must still be careful with labeling of vertices when defining the cup
product. The corresponding chain complex is given by the following sequence, in which
explicit matrices for the boundary operator 0 are given relative to the indicated bases for
the chain groups:

11
1 i
0 Co C;, — Cp ——> 0
(o, B) (e, f.9) (4,B)
kernel: kernel:
2=z = () 3)
image: :

p=([])  m=(1)

1

Now select dual bases for the cochain groups. For example the basis {¢4,¢p} of C§ dual
to the basis {A, B} of Cy is defined by

pa(zA+yB) =, ¢p(rA+yB) =y

for all x,y € F5. The resulting cochain complex, in which explicit matrices are given for
the coboundary operator  relative to the chosen bases of the cochain groups, is given by

11
3
00

111
[1 1 1}
0 Cs C; <=— Cf =— 0
<¢0¢7¢,3> <¢€a¢f7¢g> <¢A7¢B>
kernel: kernel:
17 711 0 1
7zt ={[1], 2° = (1))
L)y 7=
image: 1mage:
1
2 _ /1 1 _
=) B=(1])
The resulting homology and cohomology groups are all one-dimensional over Fs:
Hy = Zo/By = (A+By), H® = Z7°/B% = (pa+¢p),
H, = Z,/B, = (g+B), H1221/31:<¢6+¢9+B1>7
Hy = Z3/Bs = (a+P), H? = 7%/ B* = (¢a+B?).



It is now straightforward to verify that the cohomology ring H*(X;Fs) is isomorphic to
F2[X]/(X?) as claimed in Section 1. The least trivial part of this calculation is to check that
the cup product of a generator of H!(X;F,) with itself yields a generator of H?(X;F),
i.e. that

(¢e+¢g) ) (¢6+¢g) = ¢a .

This means that the element (¢pe+¢y)U(pe+¢4) : Ha(X;Fy) — Fy maps the nontrivial ele-
ment a+f € Ho(X;F3) to 1 (rather than to 0). We verify this by the following calculation.

First consider a 3-simplex [vg, vy, v2,v3] C R3 and maps implied by the diagram

V3 V2 B f A
* g
— e e
B
Vo V1 A B
f

Thus for example « : [vg, v, v3] — X is a continuous map sending vertices vg, v — A, vg —
B; and sending edges [vg, v2]| — g, [vo, v3] — €, [va,vs3] — f. Similarly 5 : [vg, v1,v2] — X.
Then

[(Pe + dg) U (de + dg)](a + B)
= (¢e + ¢g)(a|[vo, v2] + Bllvo, v1]) - (¢e + dg)(c|[v2, v3] + Bl[v1, v2])
= (fe + ¢g)(g + ) - (Pe + dg)(f +¢)
=1-1=1

as required. More generally we have
H*(P"R;Fy) = Fo[X]/ (X"
and this fact leads very directly to a proof of the Borsuk-Ulam Theorem.

6. Universal Coefficient Theorem

We have seen a universal coefficient theorem for homology which indicates how to obtain
the homology groups H(X; R) of a space X with coefficients in a commutative ring R,
directly from the homology groups Hy(X) = Hy(X;Z) with integer coefficients. Here we
indicate how the cohomology groups H*(X; R) may be similarly obtained from Hy(X).
The theorem makes use of the group Fxt(H,G) defined for additive abelian groups G and
H. This group is fully defined in Chapter 3 of the textbook, but for our present purposes
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one does not require the full definition of Ext(H,G); in the case H is a finitely generated
abelian group one can determine Ext(H,G) rather quickly using the rules

Ext(H, ® Hy,G) & Ext(Hy,G) ® Ext(Hs, G);
Ext(H,G) =0 whenever H is a free Z-module;
Ext(Z/nZ,G) = G/nG.
The definition of Fzt(H, G) is rather similar to (actually dual to) the definition of Tor(A,
B) encountered earlier, but beware: Ext(G, H) is not generally isomorphic to Ext(H, G)
(in contrast with the identity T'or(B, A) = Tor(A, B)).
6.1 Universal Coefficient Theorem for Cohomology. There is a split exact sequence
0 — Ext(Hp_1(X),R) — H*(X;R) — Hom(H(X),R) — 0.
In particular
H*(X;R) = Ext(H,_1(X),R) ® Hom(H(X), R)
although in general there is no canonical choice of subgroup (isomorphic to Hom(Hy(X), R))
complementary to Ext(Hp_1(X), R).
6.2 Example: The Real Projective Plane
Let X = P?2R. We make use of the previously computed homology groups
Ho(X) = Ho(X;Z) = Z;
H{(X)= H(X;Z) 2 Z/27 = Fy;
Hy(X) = Ha(X;Z) = 0.
From this we obtain the cohomology groups of X with integer coefficients:
HY(X) = 0@ Hom(Z,Z) = Z;
H'(X) = Ext(Z,Z) ® Hom(F2,Z) = 0;
H*(X) = Ext(Z/27,7) ®0 = 7.)27 = Fy.
And we obtain the cohomology groups of X with coefficients in Fs:
HY(X;Fy) 2 0@ Hom(Z,Fy) = Fo;
HY(X;Fy) = Ext(Z,Fy) @ Hom(Fy,Fy) = Fo @0 = Fo;
H?*(X;Fy) = Ext(Z/2Z,Fs) &0 = Fy/2Fy = Fy.

In this example we observe

I (X) = free part torsion part
of Hk(X) OfHk_l(X)

which holds generally as a consequence of Theorem 6.1. Another general fact reflected in
this example is that when F' is a field, we have the isomorphism

H*(X;F) = Hy(X; F),
although not canonically; there is however a natural isomorphism
HY(X;F)= H,(X;F)* = Homp(H,(X,F),F).
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