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Berw-56iu-Eantor.IE Theorems Let A. B be sets
.

If IAKIBI and CBI≤ IAI
then IAI = IBI . I.e . if there is an injection A-→ B and an injection B→A
then there is a bijection A→B .

Here IAI≤ IBI means there is an injection A→ B i.e . A is in one-to-one

correspondence with a subset of B .

This is equivalent to the existence of a
surjection B→A under the Axiom of choice

.

Bernstein - Cantor - Schroder Theorem uses ZF
A

f) B0*0
Eg . 110,7 / = / [0,171 but what is an explicit bijection ?
There is an injection (Q1) → [0,1]

,
✗↳ ✗ . So / (0,1) / ≤ / [0,1] /

.

There is an injection 10,1] → (0,1)
,
✗↳ { (✗+ 1)

.

So / 10,1] / ≤ / 10,11 .

IlR3|=I[0,1] / = 110,1331



10,1 ] → 10,173
,

✗↳ (×,0,0) is an injection .
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theorem ✗ = Ñ- {0} can be partitioned into lines
.

Use transfinite induction
.

I ✗ I = IRI = 2% (partition
And how many lines do we need to cover ✗ ?

Let 2 be a set of lines partitioning ✗ .
Then 121 = 2%

.

Pick a point on each l c- E .

This gives an injection 2 → 1123 so

121 ≤ IN / = 2%
.

An injection IR
>
→ E ? R

'

IR l 2

Let l be any line in ✗ which is not in 2
.



To construct 2
,

we inductively construct a sequence sets of disjoint lines in✗

% ≤ 2, ≤ § C- % ≤ . .
. ?

hoping that
"

in Re limit
"

we cover all of ✗.
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where A is well-ordered .
Inductively construct § , PEA ,

a set Actually we can take A = K
of disjoint lines in ✗, such that the smallest ordinal such that
•

Ep covers % whenever ✗< P .
IKI = 2%

• 1%1 ≤ Ipl < IKI = 2% .

Take E- ¥7s• Ep ≤ 2, whenever
p ≤ or



Key lemma : ( inductive step )
Given a set E of disjoint lines in ✗

with IE / < 114=2*0

with PEX not covered by 2 ( P ¢ VE )
Ifor of

'

lines
in E

there exist line l in ✗ disjoint from all lines in -2 passing through P .

Consider a cone with vertex P . Every line ofE hits this cone in
at most

2 points
.

There are 2% lines in

this cone passing through P , at most
IEI < 2% hit lines of E.c:#0

By the Pigeonhole Principle , I exist .


