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Berw-56iu-Eantor.IE Theorems Let A. B be sets
.

If IAKIBI and CBI≤ IAI
then IAI = IBI . I.e . if there is an injection A-→ B and an injection B→A
then there is a bijection A→B .

Here IAI≤ IBI means there is an injection A→ B i.e . A is in one-to-one

correspondence with a subset of B .

This is equivalent to the existence of a
surjection B→A under the Axiom of choice

.

Bernstein - Cantor - Schroder Theorem uses ZF
A

f) B0*0
Eg . 110,7 / = / [0,171 but what is an explicit bijection ?
There is an injection (Q1) → [0,1]

,
✗↳ ✗ . So / (0,1) / ≤ / [0,1] /

.

There is an injection 10,1] → (0,1)
,
✗↳ { (✗+ 1)

.

So / 10,1] / ≤ / 10,11 .

IlR3|=I[0,1] / = 110,1331



10,1 ] → 10,173
,

✗↳ (×,0,0) is an injection .

[0
,
I]
>
→ [0,1]

,
Cay ,Z ) ↳ 0.MY ,27×2922-2×393=23×4 942-4

- - -

✗ = 0. X, Xz Xz
✗4

' - '

y
= 0. g.Try> 94

" '

2- = 0
. Zi Zz -232-4 -- '

theorem ✗ = Ñ- {0} can be partitioned into lines
.

Use transfinite induction
.

I ✗ I = IRI = 2% (partition
And how many lines do we need to cover ✗ ?

Let 2 be a set of lines partitioning ✗ .
Then 121 = 2%

.

Pick a point on each l c- E .

This gives an injection 2 → 1123 so

121 ≤ IN / = 2%
.

An injection IR
>
→ E ? R

'

IR l 2

Let l be any line in ✗ which is not in 2
.



To construct 2
,

we inductively construct a sequence sets of disjoint lines in✗

% ≤ 2, ≤ § C- % ≤ . .
. ?

hoping that
"

in Re limit
"

we cover all of ✗.

% =
.

☒- {°}

E. = { do }
Well. order the points of✗{ = {do

,
l
,
}

as Pa
,
✗ C- A

§ = 9 lo
,
h
,
h }

where A is well-ordered .
Inductively construct § , PEA ,

a set Actually we can take A = K
of disjoint lines in ✗, such that the smallest ordinal such that
•

Ep covers % whenever ✗< P .
IKI = 2%

• 1%1 ≤ Ipl < IKI = 2% .

Take E- ¥7s• Ep ≤ 2, whenever
p ≤ or



Key lemma : ( inductive step )
Given a set E of disjoint lines in ✗

with IE / < IN = 2%

with PEX not covered by 2 ( Pct ✓E)
Ifor of

'

lines
in E

there exist line l in ✗ disjoint from all lines ins passing through P .

Consider a cone with vertex P . Every line ofE hits this cone in
at most

2 points
.

There are 2% lines in

this cone passing through P , at most
IE / < 2% hit lines of E.c:¥0

By the Pigeonhole Principle , I exist .
-

• Stone - Cech Compact:
where are we headed ? (Rough plan ) Faction

• Product spaces . Tychonoff's Theorem .

• Ultrafilters

• Separation axioms . Urysohn's Lemma .

• Examples : Tychonoff 's corkscrew, Tychonoff 's Plank
• Metrizatizability ?



Given top . spaces X, Y, we have
the disjoint union ✗v4 which can be

viewed as (11×903) U (4×913)
- ~

{ cx.co) : ✗EX} { (yn) : yet}
eg . IRWR = Rx {0,1} C R2a-

Rx {i}-_ the line y= ,

a- ☒✗ {◦3 = x-axis (g:o)

WLOG I will assume ✗ and Y are already disjoint ( in order to avoid
excessive notation of ordered pairs) .

Open sets in ✗WY are of the form UWV where U≤ ✗ is open and KEY is

open . In fact ✗WY is the coprodent of ✗ and Y in the category-
theoretic sense . ✗WY enjoys the following universal property :
Given top . spaces X and Y , a comet of X and Y is a top . space ✗wY
and two morphisms ( continuous maps ) to : ✗→ ✗wY

, 4 : Y→ ✗wY

such that whenever Z is a top. space and f:X→Z , g :Y→Z
(note : assumed to be continuous )

,
there exists

a morphism f- *g
: ✗WY→ 2- Such

wg?↑ IS that this diagram commutes i.e. ( fwg) = see over

✗ b- ✗wY Y ↳ (x ) = (ko), L
, (g) = ly , 1)



✗wY = (✗✗ {◦3) u ( Yx &} )g&
@ ug) ( × ,o) = Fix) c- 2-

✗→ ✗ÉY"Y
( fug) Cy , 1) = g. (g) C- Z

Any XWY together with <
• ,

c
, satisfying this universal property is

a (the ) coprodnct of X and Y . It exists by our construction : and it
is unique .

If W also satisfies the same universal property then

✗F Fy
Wgi .

✗

w

y
✗ Y

kÉ¥÷ ⇒%:

- kont.gs)

Given top . spaces X, Y , a pd is a top . space ✗*Y together with morphisms

:X ✗Y- X
,
it
,
: ✗✗+→y such that for every top . Space

2- and morphisms
unique

fi 2-→✗
, g : 2-→Y ,

there istsnh :-[→✗✗Y such that the following diagram
commits : É¥¥iÉI



Existence of direct product : ✗ ✗ Y = {G.y) : ✗c- ✗, yet} .
f Z

✗€×¥%%I Topology : U×v≤ ✗✗ Y (UEX
,
✓≤ Y open)

are a basis for top . on ✗✗ Y.
To : (KY) → ✗

IX.y)
↳ ×

'T : ✗ ✗ Y →y
(× . g) My

Given 2-2-93 we have hlz)= Has
,
gk→) .

✗ T

T¥-163 ✗ ✗ Y is the coarsest topology on the Cartesian product
for which the two projections % ,*, are continuous

.

We require Éilu) = U×Y to be open in ✗✗Y whenever HE ✗ is open .
Also

" " ai
'

(V) = ✗✗V . -
- - -

- - - . ✓ ≤ Y - - . .

.

Then Uxv = (4×4)n (✗ ✗ V) must be open in ✗✗Y
.



Eg . Ñ= ☒✗ R has topology generated by i. uxv ( a.VEIR ) .
openstandard topology .

• - - - -

A topd-galgo-up.is a group G
endowed with a topology

such that the maps G→ G is continuous

9- g-
'

and GXG→ G

G. 4)↳gh
is also continuous

.

-

Eg .

Consider f- : → IR
,
f(✗

, g) = 5 ¥+9T . if (✗g) 1=190) ;

ÑR I 0
,

if G.g) = (0,0) .
The map lR→R, ✗↳ fcxib ) is continuous for every be R.
' - ' '

-
- - -

y- f(a.g)
- - - - -

'
_ . GER

.

But f is not continuous
. 2✗y= ✗7-g-

f-
'

(1) = { Gig> c- IR
'

: fairy -_ ¥+7 -_ I } (✗- y5=o ¥É
= { KHER

'

: ✗≠ u }
.

is not closed in Ñ .



④ ,
+) is a topological group .

( IR
'

,

×) . _
_ . -

. .

+
,
✗ are continuous maps

Ñ→ IR
.

If f.g : IR→ R is continuous then so are F-g. fg .

One way to see this is

C-✗g) : ☒
'
→ R2

lay)↳ , gcy )) is continuous
.

IR→ Ñ→R2- R similarly for multiplication .
✗→ (×,✗) i >Had,gad)- fix,)tgl✗) .

diagonal
embedding of
IR in 1£

.

-

Given a top . space ✗,
is the diagonal embedding ✗→ ✗✗X

,
✗↳ (xx)

always continuous ?



Given a metric space ¢, f)man,
d : ✗✗✗→ [0,0]

,

d is continuous
.

-

This description of product spaces generalizes easily to Xi Xi . . -
✗Xa

including ✗
"
= X✗X×n;Y as a special case .

Infinite products are a little bit more subtle .

Notation : IT ✗✗ (I some index set )
✗EI
•

Special case : IT R = Rx Rx Rx . . .
= {*

,9,9,
. . .) : 9.EIR}

#=pIÑ Every function w- R

n↳ an

R
"? { functions ☒→ ☒ } my

f-C- IRR



The product topology for RR := { functions ☒→ IR } is the coarsest

topology for which the projections f- fca) (aek) are continuous .

This means we require : for every E > 0 ,
bar { f-ERR : ffa) c- Belts ) }
-

I -

is open in RR
. Bibi or any open set in IR .

-

( -
- - -

,
feat , . - -

- -
) f RxRx . - - ✗☒ ✗ U ✗ IR ✗ . _ .

-
~

~
no restriction no restriction

-

General product : Let ✗✗ (✗c- A
, some index set A) be top . spaces .

The Et space IT ✗✗ has the Cartesian product as it underlying set .
✗c- A

As a set
,
an element ✗ = (✗a)

*a
C- IT Xa is really a function

✗EA
A→ Uk subject to ✗✗ c- ✗✗ for all ✗c- A .

✗c-A

( Special case : all % isomorphic to ✗ ; ✗↳ ✗✗ is a map A → ✗
•
= ×)

.

If ✗✗ ≠ 0 for all ✗ c- A , then IT ✗✗ ≠ ∅ . This uses AC = Axiom of Choice
.

✗C- A



If all ✗✗ = ✗ for all ✗c- A then IT ✗a = ✗
"
= { functions A-→ ✗ } -1-0

✗C-A

assuming ✗ ≠ ∅ .

This holds in ZF without requiring AC
.

Let ✗ c- ✗

and consider the constant function for)= ✗ for all ✗c-A. This gives the

diagonal embedding *→ ×?

Topology on IT ✗✗ : A sac consists of the open cylinders
✗c- A

{ ✗=⇒ : ✗
✗
c- ✗

a arbitrary for ✗≠ p ; xp.EU } where PEA , U≤ Xp open

= U ✗ IT ✗✗ = gip
'

(U) where tip : IT ✗a
→ Xp

~ ✗EA

in coordinate p
✗ c-A

✗≠B ✗= (✗a)*A↳ Xp ^

Under finite intersections
,
these generate a basis for the topology on the

product space .
Basic open sets

have the form

{ ✗ c- (✗a)✗c-A : ✗
✗f- Uai for i=i

,
- - -

,
k } where k≥ / is a positive integer;

4
,

' -

; % C- A j

Ua. ≤ Xx
;
for each i=f .. ;k

arbitrary
Arbitrary open sets are unions of basic open sets . are open set

This is thep topology ( or the Tjchonoff topology) .



If instead one takes as basic open sets IT U
,

Cd
,
≤ ✗

✗ open,
then one gets the be top_dgy .

""
t Cartesian product

This is a refinement of the product topology .

Unless otherwise specified ,
the topology on IT ✗✗ is understood to

✗C- A

be the product topology .

Eg . IRR = IT IR = { functions R- R }
✗ER

Each function F : ☒→ IR determines a point ( Fa))✗e☒ (a generalized
sequence) .
A basic open

wbhd of f- c- IR
"

has the form

{ g :-C IRR : glxi) Elli ,

i= 1,2
,
. . -

,
k } ,

Ui is an open nbhdof fix;)
in IR } .

or specifically
{ g. ER

"
: /gcxi) - Fai)/ < Ei ,

i=i
,

- - -

,
k }

Varying ×,
,

- - . ,✗a
,

k
,
E.
,

- - -

,
9 we get a- basis for the topology of

IR" in this way .



A convergent sequence of functions
in ☒ * :

fncx) = {
°
,
if 1×1 < hi %g¥n

,

if 1×1≥ n .

f.→ 0 i.e. for any basic
open

nbhd
"
of 0

,
fu C- U for all n>> 0

.

in

zero

function

f-
In usual language, fu-0 pointwise meaning for all ✗ c- IR ,
f. (x)→ 0

.

w= {0, 1.2,3, ' _ . }In the box topology , fu /→ 0
.

s
TR✗R✗R✗R✗ . . . = {ÑÉÉ : a

.

- c- IR } = lR°
as a set (Cartesian product 7 . Compare product topology ,

box topology ,
and topologies from a few norms including

11×11, = 2 tail = Holt /a, / + lay + - - - 11×1/• = sup tail .

icw

11×112 = ⇐ la:P )
"



d
'

= { ✗ c- 112° : 11×11
,
< • }

I = { ✗ c- R° : 11×112<00 }
doo = { ✗ER

"

: 11×11
•
< a }

✗
,
= ( 1 , I, t 1,1 , I,

- - - )
✗[
= (£

,
{
,
±
,
±
,
±
,

_ _ .)
✗3
= (§

,
§
,
+3
,
¥
,
+3

,

- - - )
:

✗
_

= (± I ÷
, t.tn

,

±
,

- . . ) E IR
"

✗
a
→ 0=190,0, - - . ) in the product topology but not in the box topology

In the uniform norm topology , ✗→ 0 ( ✗
a.
→ 0 in )

.

In the box topology , Ñ(-¥, , ±,) is a basic open nbhd of 0 and it

h=0
contains no terms of the sequence

(✗a) new ^



Now consider

Hynll , = All can
y ,
= ( 1

, 0,0, 0,0,
- - - )

yz
= (E. ±

,
0,99 - - -) AynHi ÷ <•

93
= Es

,
+3

,
+3
,
QQ - •) Ilya /(• = { < •

etc
.

yn= En
,
±

,
±
,

- -it , 0,0 , . . . ) → 0 in l? d? product topology
= but not in the box topology .

The box topology has Ñ f-¥. . .⇒ as a basic
open

nbhd of 0 and

n=O

it contains no team of the sequence
of points (yn) n .

The product topology is sometimes called the topology of pointwise
convergence .

The box topology is not usually as useful the other topologies .



A sequence fu in IRA converges uniformly to f- if for all { >◦

there exists N suck that Hula) - fca) / < e whenever a >N

for alla c-A
uniform

Basic open sets
in the topology look like UA = IT U

,

U ≤ IR is open .
n

ac-A
1 finer than the product topology but coarser 1ham the box topology?
If IAI←• then the product topology on TIX. agrees

withthe
✗C-A

koxtop•C◦gy•- If IAKIBI then products ITH and
✗C- A

IT Yp are essentially the same .
⇔
(The order of the factors does

not

alter the definition of the product or
box topology . )

IRR ≈ ☒
""R

in the product topology



The Cantor Space ( as a topological space )
K
,

= [0 , I]

Kz = 10,5] u [3 , I ]

Kz = 6. f)VII. Is] u [É , ¥ ] ✓ [ § , I ]
etc .

•

C. = Aku is a compact top . space . CC IR and

n=\

we take the standard topology .

It is a metric space .

It is totally disconnected : given ✗≠y in C
,

there exists a partition

G- UWV
,

U
,
VCC open , ✗ c- U

. ye V.

Equivalently , C = {0,13° = 2° with the product topology .
( {0,1} is discrete

points of C have the form 60,9, ,92,93 , _ _ . ) where 9; C- {0, I} .

ICI = IRI = 2%



A set of basic open
nbhds d- a:(%

,9,9 , 9;-) c- [ is the set of

{ be c : bi -- ai for i ≤ n } .

A metic defining this topology is

dla
,
b) = {

°
,

it a=b

In ,
if ant bn for some n and we take the

smallest such n .

This is really 2, = 2- adic integers
= { at ④ : Hall

,
≤ I }

.

A homeomorphism
{0,1 }
"
→ Usual Cantor set Ñ Ku is

r= i

1- £ 2£(Ai
, 92,931

_ "

n= , 3

The Cantor Space is the unique compact Hausdorff space without
isolated points

which is second countable having a countable base of doper sets .

Second countable : having a countable
base

. Separable : having a countable densesubset
.

A≤ ✗ is dense if ANU
-1-0 for

every open 4-1-01.



_y¥-'s theorem A product of compact spaces is compact.
That is

,

if ✗
✗ (* A) is an indexed family of compact spaces , then

IT ✗✗ is compact. (NB : We are using the product topology here . )
✗c- A NB means

"

take note
"

eg . [0,1]
"

is compact in the product topology .
Not in the box topology e.g . for every ae 90,13° i.e . a-_ (qq.az;-) 9¥ )

the sets Ua = IT Uaci,
iew

%= 193)
, 4. = Es

,

I] open in 6,1

including %
. ;◦, , ,,,,,...)

= UM, ✗40×4, ✗UH - - -

covers [on]w . No finite number of these Ua 's cover 10,1]?
-

✗ is Hausdorff if forall ✗≠y
in ✗

,
there are disjoint open nbhds of ✗andy .

✗ is regale if for every closed ! •⑤
set K and every point ✗ c- K

,
there

are open sets U
,
V with Un ✓ =

,

✗ c- U
,
KEV

. ! T④
✗ is normal if ④⑤ U V



Warning normal spaces are not necessarily regular (unless points are closed

Eg . ✗ = { 0,1 } This space is normal
.
It's not regular.

Open sets : ∅
,
90 }
,

✗

Closed sets : 0
,
{a } ✗ .

|1]

= ✗ is a normal top. space iff for every pair ofdry Sohn 's Lerma

disjoint closed sets , K
,
L
,

there exists a continuous function ✗→ 10,1]

such that Flx) = 0 for all ✗c- K .

,
fcx) = 1 forall ✗E L .

-

Metric spaces are Hausdorff,
normal and regular .

In any
metric space ( ✗

,
d)
,

d : ✗✗ ✗→ [0,00) is continuous
.

If A ≤ ×, we can define distance from ✗ c- ✗ to A : dlx
,
A)= infdlxa)

.

a c-A

This is a continuous map ✗ → [0,0) . dG
,A) = 0 iff ✗ c- A- = closure

d(A
,
B) : infd (a.B) .

If A ,B are disjoint closed sets then d(a. B) >◦?
A
'

atA
tan -

_ d¥¥+⇒⇒



Wed Oct 19
Fri at z, } prerecorded lectures on Baire category - see website ( lecture

videos & pdfs)
Leung ✗ is normal iff whenever KEV with K closed and V open .

y
there exists an open set U such that K ≤ U ≤ a- ≤ V.

(Ñ = closure of U = smallest closed set containing U ) .

✗-v -_ {✗EX : ✗¢11 }
Proof⑤fT closed

① ñ

ñ

Proof of Krystian's Lemma E- ) Suppose K, L disjoint closed sets
in a space ✗ and f : ✗ → 10,1] is continuous with fl,=0, flit .

Let U= É( lo
, 's) ) ≤ ✗ is open . ✗ = f-

'

(C}
,
D) ≤ ✗ is open .

UAV = 0
,

KE U
,
LEV

.

So ✗ is normal .



AM's Lege ✗ is a normal top. space itf for every pair of

disjoint closed sets , K
,
L
,

there exists a continuous function ✗→ 10,1]

we recursively use the lemma

Pʳᵈ¥g to find an indexed collection of

open sets Ua where a is

"
""""÷.

iI⑤} a.yayadi.rai-ioaina.nldyadic rationals have the farm my ,☒I m
,
k c-2) such that

Ua C- ña ≤ U
,

whenever 0≤ a< b ≤ i

KE Ua
,

ÑnL=∅
.¥

.

¥:i¥:EÉi÷H±, '

☐



Question : If ✗ is regular, i
-

e
'

; ☐k ✗& K

must there exist a continuous function f : ✗→ go
,
,] such that fix)=°

,
f- 4<=1 ?

No ! There is no analogue of Urysohis Lemma for regularity .
✗ is compG#g regular if whenever ☒ kdosed

,

✗& K ,
there

exist continuous f: ✗→ [0,1]
,
fcx ) = O , f /✗= 1 .

There exist top . spaces which are regular but not completely regular
leg . Tychonoff corkscrew 1

,

but we will omit this .

✗ is completely nominal if every subspace of ✗ is normal
.

Reverts : If ✗ is completely regular then ✗ is regular (easy ) and

every subspace of ✗ is also completely regular.
In ✗ :na

There exist continuous f : ✗→ 10,1] suchthat

f-1×1--0, f)E- 1
. Restricting f to Fla ,

we

✗✓ seethat A is also completely regular.



Is every subspace of a normal space normal ? No : see Tychonoiff's Plank
.

✗1¥gnormal



W = / 11":O discrete

={0,443,"}

WH -

- { 0,42,
. . . }u{w }

= / In:/ in which is not open
(m-1, n- 1)

w? =/ 1111111. =w+° I

ñ=w+w+;'¥-
= lH://t.lk/k-k.--.- { m-÷ : ma positive integers } CIR

1 It I} 13-4 . . .

10,07<10,740,2)< 6,3)< . . . < ( 1,0) < (1,1 )< (F) < 11,3) . _ .

0 & ¥ & < (2,0) < (2,17<(2,7-12,3) . _ .
I : ↑ ↑

2£ 2%3 214



For { a, : ✗c- A } any indexed
set of positive real numbers, distinct

{ { a. : • c- A} = E. % = Sup { a&t an + - . . +

aq
: a

.

. - -

, 9. c- A }
✗C-A k ? '

E { ' it
,
&
,
's

,
. . . } = 2

But if it is uncountable and 9×70 (positive reals) then Eq = •

✗C-A

(always diverges) !why? In other words
,
if Eaa < •

, why arrest A be

gear countable ?

i.e. there exists M real
such that g. that.. . + g.<M¥zEÑ for all k≥i ; a

.
..;%EA distinct .

A = A
,
V Azv A} UAqU . . . where

lAuto for all n

A. = {✗ c- A : % C- [ 1)*) } so A is a countable union of

Az: 9 ✗ C- A : axe EI , 1) } finite sets so it's countable .
A}

= {✗EA : % C- [±, E) } etc
.



Recall order topology on a totally ordered set (X, < )
sub - basic open sets { ✗c- ✗ : x-p } for ee ✗

{✗ C- ✗ : ×> a} for at ✗

Basic open sets Hp ) = {✗EX : ☒< ✗ < p } including the sub- basic sets
Ordinals : well-ordered sets ; ordinals are the canonical

above

examples of well-ordered sets .

Given an ordinal 8
,

10,8] = { ordinals ✗≤ r } .

In N
, every nonempty subset A ≤ 6,8] has a least element inf A.

Also A has a supremum sup A which may or may not
be an elementof A.

( sup A = least upper bound for A ; since 8 is an upper bound for A ,
so { upper bounds for A } is a nonempty subset of 10,83 So Sup A exists

by well - ordering ) .

Moreover : [0,8] is compact Hausdorff . If ✗≠ P in [0,8] ,

WLOG xp so
9+1

case cis
. p is a limit ordinal . ^ - ¥-4": Ig Ipl . . . .I P

✗ E (0,9+1)
, PE Gti, 8) . ( is cii,case cii) P is a successor ordinal

, f- 8+1 , ✗≤S
,

✗C- 199+1)
, pe (8,8] .



Why is 10, 5] compact? (If U is a limit ordinal then V= (0,0
Let O be an open core

of 10, 53. is not compact.7
A set A C /0,U] is Eritely covered by o 10, 03 = 00 353

if these exist U,
..., Un+ R such that ALUVUeU...VMn.

We must that x = (0,] is finitely covered by 1.
Let
S=9x=10,27: 16.8] is finitely covered by 04
5 110,27 is nonempty, since US. So I has a least element me

If m = 0 we'redone. Otherwise (m,57EU,V..."Un for some U., ... Hut O.

m
must be a limit ordinal (if m = x+ 1 then some Not O covers a and

14.27 2 4oVD,V...VUn, contradicting the minimality of me S. S
Now m E90,U] is a limit ordinal. We do for some Hot C

and no

contarsisansome basic open
rid of m i.e. me (B)No. Here am

Now UoUU,UMzV... VUn Goress 19+12]. Again a+1-S, a+1<m contradicting
the minimality of mt 3. It



If points are closed then
easy Ufysocm's Kuna easy

completely ⇒ normal → completely → regular
normal regular T

,
T # tf #
q{

# ¥2
TychonoffTyckonoft Prop 1.1 on

plank Tychonoff
plank

corkscrew separation Properties

Tgchonolt plank ✗ = [0,w,] × 10, w] . is compact Hausdorff . ✗ is normal
.

But ✗ is not completely normal
i.e. it has a subspace that is

not normal
.
Delete lw

. .w)

warning : Hp) can be either an
interval or a point .



Deleted Tychonoff Plank
"

✗ = (law, ] ✗ few] ) - { (w..ws} c Tychonoff Plank : ✗ is not normal .

K = top edge
[ = right edge

K
,
L C ✗ closed subsets

KAL =

'"'-→÷É
"

""" " """" ⇐" "" *
V.V CX, KEU

, LEV
, UnV≠∅

.

D

DO -horizontal lines are copies of 10,w,
]

I

Suppose VEX open, LEV.

For each ✗ c- w
,

there is a minimal E.
✗
€ 10,4) such that [%

,
wife {a } ≤ ✗ .

& is countable ( since §, < w,) .
So sup % = Usa is countable . So [{w,] ✗ [qw) ≤ ×.

§
"
✗<w ✗<w

Now KE U ≤✗ .
U contains points [{a] for a sufficiently close to w . (a large positive integers) .

open
Then I}

,
a] c- UAV

,
contradiction .



what's Next ?

• Ultrafilter
• Nonstandard Reals

• Proof of Tychonoff 's Theorem
• Construction of the stone - Éech Compactification

But first let's review the real numbers
.

One way to construct IR from IQ is via Dedekind cuts

Better : completion via Cauchy sequences .

Start with the set of all candy sequences in .
✗= { ✗ c- : ✗ is Cauchy }

✗= (Xo
,
✗
i. Xz
,
Xz
,
- - - ) ,

Yi c- ④
Introduce an equivalence relation ~ on ✗

For all E > ◦ there exists N such

that Hi- xj/ < E whenever iij > N .

Here lxi - xjl can be replaced by dlxiixj)
in
any

metric space so the same notion

leads to a completion of a general
metric space .



Given a set X, we want to distinguist every subset A2X as large (At41) or small (A4).
Here 41PX) (collection of subsets of x) called an ultrafitter, satisfying;
· 044, Xe 9I
· For every ACX, either At91 or X-AE91 (but not both),
· If At 91 and ALBEX then Bed.

· If A,A'e 4 then AlAt 9.

Note: If = A,WAzW...r An (note: disjoint union) then exactly one of A; An is 29.

I

very monempty set X has an ultrafities. But we are not so interested in principal ultrafitters:
If a +X, 91. = SA1X: afA3. If 1x18 then every attrafittes on X is principal,
If (x) = o then X has many ultrafilters including lots of non principal ultrafittes. But Al is

required to find them. Let's "find" a nonprincipal ultrafilteron N=51,2,3,4,5,...3.
Since 91369, N1513 29. If A CN, lAko then N-A-U. Complements of finite sets
are large. What about 21 = 32,4,6, 8, ...3 and 2N-1 = 91, 3, 5,2,9,...3? We must choose one of

these to be large and the other to be small. My choice; CIN is small, II-1 is large.
(N = 2INW (2N-1). N= EN) WCA2) rB My choice: EN-2 = 91,4,7,0, ...3 - 41.

an -

↳99 - 9 9.6,9,12,..3 91,4,7,10, ..} 52,5,8,4, ...3
4 I =a ↳ e↑=91409101214,03 592iF113,3. Once again either

of these can be chosen to be lay te

I
choose 92,3,5, 7, 1, 13, ..3 24. Note: By Dirichlet's theorem, there are infinitely many primes =/wodl so

the intersection of our "large" sets is infinite as required.



*Eften on X is a collection I consisting of subsets of X such that

· 85, xt F
· If AtA and ACB1X, then B-5.

· If A,Artof then ARA'tF

=>

very
ultrafittes is a fitter, but not conversely.

A collectionof subsets of X has the site insection peaty (tip.) if
for all A,

... And 8, A,lArd... An8.

A litter has the hip. If I is any collection
of subsets of a having sip. Then I generates a

Eitten:
F = E supersets of finite intersections of sets in 84
= SBCX:AlArd... lAndB for some A,An, .... Ane 53.

This is the (unique) smallest collection of subsets of X which contains 8 and is a fittes.

If I, II are filters on X, we say frefines of
if 52G

the collection of all fitters onis partially ordered by refinement.

Given a filter to on X, the collection of filters refining 5. has a maximal member by Form's
Lanna. This is guaranteed to be an ultrafilten.


