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Let ✗ be a set . A topology on ✗ is a collection I of subsets of ✗

(called the open sets ) such that

lis ∅
,
✗ ET.ci

, I is closed under finite intersection and arbitrary union ,
i.e .

if U.VE I then Unite Ji ;

if U ≤ I ther U U E J .

(so for U.VE I
,

UVVEJ
.
If {U, : ✗c- I } is an indexed collection of

open sets
,
then 'Ulla E T

. )
✗EI

Example (standard open set )

The standard topology on IR
"

: ✗= IR
"

. A set U≤ IR
"

is open if

④
for all ut U , there exist. e >0 such that

Blu) Bela> ≤ U .

Here Bglu) = { ✗ER
"

: dcx
,
a) < e }

.

-

Euclidean distance
In other words

,
a standard dlx

, a) = ✓C✗iÑ+...+(✗a-
open set

in R
"
is a union

(the open E- ball centered at us .
of open balls .



F-g. (More generally ) Let ✗ be
any set

and lets be a collection of

subsets of ✗ which cover ✗ ,
i.e
.
Us = ✗ . Then the collection of all

unions of finite intersections Sin San . . . Ask , Sii -; she S is a topology
on ✗ .

The members of S are called a sub . basis for this topology
and the topology is said to be gained by S .

S is called a bad for a basis ) for the topology if the topology is

the collection of arbitrary unions of elements of S .
This holds iff

for all so
,
% c- S

,

S
, and all at Sansa

,S
,

there exists § c- S such that

Eg. Let ✗ be any set . The discretely u c- § ≤ Sin Sz .

on ✗ is the collection of all subsets of✗.

(E)

The indiscrete topology on ✗ is { ∅
,
×} .

If ✗ = {0, I } then there are four possible topologies on ✗ : {∅, ×} , {∅, {0} ,{a}, ✗ } ,
{ 0,90 } , ✗ } , 90

,
{ 13

,
✗ } .



Let ✗ be an infinite set . Let I be the collection of complementsof finite sets ,
and ∅

i.e. I = {03 u { ✗- A : AE ×
,
title }

,
X-A = { ✗c- ✗ : ✗¢ A} .
set difference

This is a topology on ✗ , called the
-6cony¥ teleology .

✗-A
,
X-A. XIA

A top space is a pair (X, J ) where
∅
.

∅ .
0
,
0

warmthingI is a topology on a set ✗ .

Note : U d- = ✗ . By abuse of language ,
we often

say that ✗ is a topological
space .
Let ✗ be a set

.
A distance function (or metric ) on ✗ is a function

d : ✗ ☒ ✗ → 10,01 such that for all x.y.ee ✗
,

dlx
, g) = day . ×)

dcx.gs≥ 0 and equality holds iff ✗= y .

dixie) ≤ dcx.gl + day ,z)

The standard topology on R
"
is a metric topology .

The metric dzcx.g) = VK.y.it#n-yu5 ( the Euclidean metric)
d lay)

= Ix, - y , I +
- . . + Hu- Yul'

da G.g) = max Sha -yi , . . . . ix. -yn, }
all give the standard topology on R

"

.



In Ñ
, open halls with respect to de

,

di
, , da. look like

i
- - . ;

- respectively .¥4k
.

-
_. - '
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The metric dlx
,g) = {

°
'
if ✗=J defines the discrete topology .

I ,
if ✗≠ y

A topological space is metrizable if its topology can be given by
some metric

.
( not uniquely however)

If ✗ is an infinite set, then its finite complement topology is not metrizable
.


