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Let ✗ be a set . A topology on ✗ is a collection I of subsets of ✗

(called the open sets ) such that

lis ∅
,
✗ ET.ci

, I is closed under finite intersection and arbitrary union ,
i.e .

if U.VE I then Unite Ji ;

if U ≤ I ther U U E J .

(so for U.VE I
,

UVVEJ
.
If {U, : ✗c- I } is an indexed collection of

open sets
,
then 'Ulla E T

. )
✗EI

Example (standard open set )

The standard topology on IR
"

: ✗= IR
"

. A set U≤ IR
"

is open if

④
for all ut U , there exist. e >0 such that

Blu) Bela> ≤ U .

Here Bglu) = { ✗ER
"

: dcx
,
a) < e }

.

-

Euclidean distance
In other words

,
a standard dlx

, a) = ✓C✗iÑ+...+(✗a-
open set

in R
"
is a union

(the open E- ball centered at us .
of open balls .



F-g. (More generally ) Let ✗ be
any set

and lets be a collection of

subsets of ✗ which cover ✗ ,
i.e
.
Us = ✗ . Then the collection of all

unions of finite intersections Sin San . . . Ask , Sii -; she S is a topology
on ✗ .

The members of S are called a sub . basis for this topology
and the topology is said to be gained by S .

S is called a bad for a basis ) for the topology if the topology is

the collection of arbitrary unions of elements of S .
This holds iff

for all so
,
% c- S

,

S
, and all at Sansa

,S
,

there exists § c- S such that

Eg. Let ✗ be any set . The discretely u c- § ≤ Sin Sz .

on ✗ is the collection of all subsets of✗.

(E)

The indiscrete topology on ✗ is { ∅
,
×} .

If ✗ = {0, I } then there are four possible topologies on ✗ : {∅, ×} , {∅, {0} ,{a}, ✗ } ,
{ 0,90 } , ✗ } , 90

,
{ 13

,
✗ } .



Let ✗ be an infinite set . Let I be the collection of complementsof finite sets ,
and ∅

i.e. I = {03 u { ✗- A : AE ×
,
title }

,
X-A = { ✗c- ✗ : ✗¢ A} .
set difference

This is a topology on ✗ , called the
-6cony¥ teleology .

✗-A
,
X-A. XIA

A top space is a pair (X, J ) where
∅
.

∅ .
0
,
0

warmthingI is a topology on a set ✗ .

Note : U d- = ✗ . By abuse of language ,
we often

say that ✗ is a topological
space .
Let ✗ be a set

.
A distance function (or metric ) on ✗ is a function

d : ✗ ☒ ✗ → 10,01 such that for all x.y.ee ✗
,

dlx
, g) = day . ×)

dcx.gs≥ 0 and equality holds iff ✗= y .

dixie) ≤ dcx.gl + day ,z)

The standard topology on R
"
is a metric topology .

The metric dzcx.g) = VK.y.it#n-yu5 ( the Euclidean metric)
d lay)

= Ix, - y , I +
- . . + Hu- Yul'

da G.g) = max Sha -yi , . . . . ix. -yn, }
all give the standard topology on R

"

.



Ia R2
, open halls with respect to de

,

di
, , da. look like

These three metrics
define the same topology.¥4T respectively .

-
_. - I. -

The metric dlx
,g) = {

°
'
if ✗=T defines the discrete topology .

I ,
if ✗≠ y

A topological space is metrizable if its topology can be given by
some metric

.
( not uniquely however)

If ✗ is an infinite set, then its finite complement topology is not metrizable
.

A topology is Hausdorff if for any two points
✗≠y ,

there exist

open sets U,V Such that ✗EU
, y c-

✓
,

?⃝ ⑤ Uav = ∅ .

Every metric space is Hausdorff since if ✗≠y ,
D= dlxiy) > 0 .

Take

U = 13%1×1 , ✗ = Bs
,>
(y )



An open neighbourhood of a point ✗ E ✗ is an open set containing × .

-

¥
A banjo open ntshd of a point ✗ C- ✗ is an open nbhd of ✗ which is basic lie .

it's

in the basis ) .
Even metric spaces can be rather surprising .

• Consider ✗ = .
A norms on Q is a function ④→ 10,00)

,I
✗ ↳ 11×11 satisfying

cis 11×11 ≥o ; equality holds if ✗= 0 .

cii , 11×911=11×11- llyll .
iii ) 11×+111 ≤ 11×11 + 11yd .

From any norm on ④
,
we obtain a metric dlxif) = 11 ✗- yll .

One way to do this is with the usual absolute value 11×11 = 1×1--1×6 = { ✗ ' if ×≥◦ i
-×
,
if ✗ < 0.

This gives the standard topology on .

An alternative is : given ✗c- ⊕
,
if ✗=O define 110112=0 .

If ✗≠ 0
,
write ✗= zk.az , a.b.he 21, 6=10 ; qb odd . Then define 11×11

,
= 2-

k
.

This is the 2-adic norm on & .
In fact it satisfies a stronger form of ciiis , the

ultramafic inequality 11✗ + yll ≤ Max {11×11 , llyll } ≤ 11×11 +11yd .



E.g. It + ¥, 11, = 114%-511 . = 11¥41> = 2. = max 911%-11. . KEN ,} = 2

¥ I11¥11
.

= ± , 11¥11. = 2

compare : 11¥11,+ 11¥11_ = 24 = 2.25
.

A basic open
nbhd of Zero looks like

B.eco) = { ✗c- HQ : 11×11, < e }

B.G)
= { ✗ c- : 11×11<1 } = { 9- : a ,b c-I

,
a even

,
b odd } .

Every point in the ball is a centre of the ball i.e
.
if c c- 13,10) than B. (c) = 13,67 .

da, ,✗•
• 2

Then two of the sides of this triangle have the same

length , i.e . the triangle is isosceles
.

= 11×-2-11, §
My -2-11,

•

2

0
±

,• 6000000000



It 2+4 t 8+161-32+64 t -- . = -1

The partial sums I
, 3,7 , 15,31 , 63 , - . . converge to -1 in the 2- adic norm

.

Note : If (a)n is a sequence of points in a top . space ✗ ,

we say Cxn)n

converged
to ✗ c- ✗ if for every open nbhd H of ×

,
✗ue U for all a sufficiently

U large . (This means : for all U open nbhd

É?⃝•✗
,

•

×
,

•×
' of ×

,
the exists N such that Xue U

whenever n > N
. )

×;
%

In place of arbitrary open
nbhds of ×

,
it suffices to check basic open nhshds

.

For metric topology ,
it suffices to check open balls . In this case

,

✗a→ ✗ provided that for all e > 0 ,

there exists N such that

✗at Beka
} whenever n > N

.

i.e. d(✗a. ×) < £

In our example above . d(✗a. ×) = [→ 0 as n → •
.

-

11241 = ÷→ 0 as n → •
.

Find the inverse of 5 mod 64 .



In 21/642 , ¥ = ¥ = I-4 1-16-64 + 256-1024 + . . .

= 1-4+16

-
= 13

.

Eg . in 2 with the finite complement topology , the sequence (a)i 42,3, -7

converges .

It
converges to 22 .

In fact for every AEZ ,( n )n → 22 .
(a)→ a .

•
1

theorem If ✗ is Hausdorff
,

then every sequence in ✗ has
at most one limit . ( it converges

• 13 to at most one point . )÷.÷÷ • 25 Prod Suppose a≠b in a Hausdorff

space ✗ where a sequence Cxa)n→a

and (a)→ b. Choose disjoint open1
, 13,25

,
84 •

84 ① ?⃝ nbhds GV
U V of a,b

Then pick n> max{Milk} to There exists N
,
such that respectively .

obtain a contradiction . a. c- U forall n > N, ;
also Nz such that

✗nev for all n > Nz .



We prefer to write Cxn )
.

→ a rather than Lim Xu = a

n→•

in general .
-

In any top . space , closed sets are the complement of open sets.

0
,
✗ are closed

If K
,
K
'

are closed then Kuk
'

is closed . ( So finite unions of closed sets are closed .)
Arbitrary intersections of closed set are closed

.

De Morgan Laws : ✗ -6A
, ) = A ( X-A.)

'
a'c-I ✗C- I

✗- A.) = U (X- A.)
✗c-I ✗C-I

Given an infinite set ✗ , the
finite complement topology has as its closed sets

the finite sets and ✗ itself .

-

Let ✗ be a top . space . Given A ≤ ✗
,
the closing of A is the (unique)

smallest closed set containing A i.e . I = A { k≤ ✗ : É closed
, K2 A} .

The interior of A is the largest open set contained
in A

,
i.e
.

A-
°
= U { UEA : U open in ✗ } .

(✗-A)
°

= X- A- ; kit = ✗ - A°
.



theorem There are infinitely many primes .
Known proofs : Euclid 's proof ( elementary )

Euler 's proof (analytic proof : Ef diverges )
This proof is topological . Ciafi- ite)

Proof Form a topology on ✗ = 21 whose basic open sets are the arithmetic progressions
- - -

,
-6

,
-1
, 4,9 , 14,19, . . . for example .

Every nonempty open set is infinite .

Suppose there are only finitely many primes : IP I <• is the set of all primes.

{-1,1} = { a c- 12 : a is not divisible by any prime } .

= A { aek : a is not divisible by p }
PEP

= N ( U
,.pu Uz , p U

- - - V Up- i. p) Ua ,p= { ✗EZ : ✗≤a
pep urodp }
is open .

However it has only 2 elements
,
a contradiction .

☐
More generally ,

let G be a
group .

Consider the topology
on G whose basic open sets are Closets of subgroups H≤ G of finite

index
,
i.e

. gH = { gh : HEH}, IG: it ] so .



Tz : Hausdorff ① ①
T
,
: Points are closed ?⃝ •

y
If ✗c- ✗ and y≠✗ , then there is an open
nhshd U of ✗ with yet U .

I ⇒ IT . Exercise : Give an example of a top . space which is IT but

not Tz .

0er: the finite complement topology for an infinite set .

Let f : ✗→ Y be
any function . For any

B ≤ Y
,
the preimage of Binx

under f is f-
'

(B) = { ✗ c- ✗ : fade B}
. Similarly if AE ✗

,
the image

of A in Y is f-(A) = {f- (a) : a E A } . In general
f-CÉCA)) ≤ A C- f-

'

( f-CAD .

Now let ✗ and Y be top . spaces , i.e
.
(X
,
T ) and CY

, I
'

) .

A function F : ✗→ Y is continuous if the pre image of every open set ( in Y)

is open (in
X) ; ie . for every U≤ Y open , f-

'

(a) ≤ ✗ is open .

Exercise : Convince yourself that the
"

standard
"

definition of continuity for functions
→ R

"

is just a special case of this . (for the standard topologies on
pi and IR

" ) .



theorem If f :X→ Y and
g
: Y'→ 2 are continuous

,
so is got :X→Z .

Proof If U C- 2 is open then g-
'

(a) C- Y is open so ÉÉg-
'

IUD ≤✗ is open .

4

§◦f5Yu) ☐
when are two topological spaces X

, Y
"

the same " ? ( ✗ ≈Y : ✗
.
Yare homeomorphic

This means there is a bijection ✗→ Y taking one topology to the other
I.e. there is a bijection f : ✗→ Y such that f

,
f
"

are continuous .

Eg . ✗ is IR with the standard topology ;
Y is IR with the finite complement topology ;
2- is IR with the discrete topology ;
v4 is IR with the indiscrete topology {∅, R } .
I↳ ✗↳ Y↳W where i.(×) = × .
^ ^

If I
,
T
'

are two topologies on ✗ ,
we saytiniest coarsest

topology topology I
'
is finer than I if I

'

> I
on IR on IR

( T
'

is a refinement of F)

Eg . The finite complement topology coarser than I if I 'C I.

on ✗ is the coarsest topology for which points are closed.



i.e. any topology in which points are closed is a refinement of the

finite complement topology .

swbspacetopdogy.ltA ≤ ✗ where ✗ is a topological space ✗ = CX
,
F) .

The topology A inherits from ✗ in the most natural way is the

subspace topology d-
*
= {Una : UE I } .

F-g. 10
, 1) = { a c- R : ◦≤ a < I } is neither open nor closed in IR

but it is closed in 10
,
i] and in 10,0) since

10,1) = t '
,
1) n 10

,
I] = (-1,1771-0,0)

.

If f- : A→ IR
" where AE Ri

,

we say f- is continuous if it is

continuous relative to the standard topology of R
"

and the subspace
topology on A ≤ R

"

.



i- i- f : R→1RF-9 .

→ →
continuous not continuous
f : too,o)U(0,0) → IR

If f : A→ Rm has f-(A) ≤ B we might as well think of
f- as f : A→ B. To say

f : A- R
"

is continuous is equivalent
to saying f : A→ B is continuous .

Suppose f : A→ B is continuous and let U≤ IR
? Then

f-
'

(4) = f-
'

(UNB ) is open
in A. Similarly one proves the

conversed

Given A ≤ ✗ where ✗ is a top . space , there is an inclusion

map i : A-→ ✗
,

Ha)=a .

(one - to - one : not onto in general ) .
The subspace topology on A is the coarsest topology for which

the inclusion map 1 is continuous .



Given UEX open , i
'

(U) = UNA .

An (Buc) = CANB) ✓ (Anc)
Au (Bn c) = CAVB) n (AVC)

QuotieutTpdogy_ Suppose f : ✗→Y.is onto
.

Given a topology
on ✗ = (X, J ) ,

the most natural way
this gives a topology

on Y is by taking the finest topology on Y for which

f is continuous
. ✗ f

A Mob in slip •☒÷ → I Y

The quotientThere are three ways to think
of this situation .

topology on Y
( is Identify (collapse) certain points of ✗ together .

is the finest
ii , we have an equivalence relation on X . topology on Y

for which the
Ciii , At partition of ✗ .

map f.✗→Y is
continuous

.



The %p%%ᵗgy on Y: ✗If is { ✗≤ Y : f-tu) is open in ✗ } .
or ✗In

✗

F¥E%÷: ± FEI. "To show this is a topology , use

Y HAD = fly A.) tf →
4 HAD ≥ FIRA.) •

→ I

V. É(AN = f-
'

(YA. ) ¥ i:*
I É(A.) = ÉY?A.)

sin(C-cop)) = 1-1,17 sin (too,o) n (o.o)) = sin = 0

sin (com)) = 1-1,1] sin (C-ago) ✓ (0,0)) = f- 1, I]



(closed )

tTi ≈
.

≈

,

annulus

FEE ≈ µ= ④ closed disk

Fv ≈ l Mobius strip

No two of thetT ≈⊕ torus
examples listed here

are homeomorphic.FÉÉ# ≈ Klein bottle
not embeddable in

.

F-y ≈ PTR = real projective plane

identify F→② 5 ( 2- sphere)all boundary points



•% ≈ Pir ≈ + ④
boundaryis

'

boundary ≈ S '

In consider the following too subspaces :

0
✗

EN
Y

Is ✗ ≈Y ? Yes
.

S
"

= n- sphere ≥ unit sphere in IR
""

= {(✗◦i - . , ✗a) ER
" '

: Exi = I }
.

s? • • S! ① 5 = ⑧ s? Ñv{*}



≈ (0,0)

☒ ≈ (0
, 1) ≈ (a.b) for a < b
(open interval )

An example of a homeomorphism f: IR→ 10,0) is fix) = ,¥_✗ .

÷

why is (g) ≠ 10,1) ?IR ≈ 10,1) ≠ 10,1]{ 10, 1)
If we remove any point

of 6,17 ,
what's left is disconnected . This is not

true in lo , 1) which has a point 0 whose removal leaves a connected set6.D.
(0

,
E) UCI

,
1) is disconnected since it is a disjoint union of two open sets

.

Def .
A top . space ✗ is disconnected if ✗= Uuv where U

,
V are

nonempty open sets in ✗ .
If ✗ is not disconnected , then it is connected .

In other words
,
✗ is connected iff its only do pen

sets are and ✗

("doper
"

means both open and closed ) .



[0,1] is connected . This is a theorem in analysis .

Outline of argument : Suppose [0,1] = U ↳ V where U
,
✓ are nonempty

open . OEU without loss of generality . So 10
, e) ≤ U for some

E> 0
. How large can e be?

{ E : 6. E) ≤ U } is a nonempty set with upper bond
1

.

So there is a least upper bound . (supremum)
Is this supremum in 4 or in V ? Either way leads to a contradiction

.

I#Ét from (0,1) ? "%%et a subspace ≈ RWR

which is disconnected
.

This is not true for [0,1) .
-

④ is disconnected ( in the standard topology in R )

④ = UWV where U= { ✗ c- ④ : _ _ . ✗< E } = nc-oo.us)

✗ = { ✗EQ : . . . × > rz } = Q n GE
, a)

④ is totally disconnected :



An IE in R is the same thing as a connected subset of IR
.

theorem IR is connected
.

We'll talk about the foundations of IR a little late
, including completeness.

theorem A continuous image of a connected space is connected .

In other words if f : ✗→ Y is{ surjective and ✗ is connected
,
then

and continuous
Y is connected

.

Proof suppose Y : Uwv where U
,
VEY are open . Then ✗ = f-

'

(a) WÉCV)
where f-

'

(a)
,

ÉIV) are open in ✗ .
So one of these

, say F-
'

(a)
,
is empty .

So U= ∅ .
This means Y is connected . ☐

In a video I sent you ,
we showed R is connected .

Corollary 10,1] is connected
.

Define
g : R→

10,1]

which is a continuous surjection . ☐

Definition A pdh from ✗ toy in ✗ is a continuous ✗
function V : 10

,
i]→ ✗ such that No)=✗

,
V4) = y .

✗ is ptah- connected if for any x.ge ✗
,

there is a path from ✗ toy ink.



theorem If ✗ is path . connected then ✗ is connected
.

Proof Suppose ✗ = UWV where U.VE ✗ are ,l
nonempty open .

Let ✗ c- U
, yell .

If ✗ is path- connected
.

there is a path 8:10, I ] → ✗ with 8101=9 He)=y .
Then

10,1] = 8-
'

(a) 1-18-14 = Ñ✗)
,

a contradiction since 10,1] is

connected and 8-
'

(a)
,
8-Er ) are disjoint nonempty open . ☐

.

The converse of the theorem is false . An example of a space that is
connected but not path- connected :

✗ CpiMDMA
✗= { ix.sin '⇒ : ✗≠ °} u Hᵈ¥d•

y-axis
Details : See Mimbres .

✗

let 78
'

be two paths in ✗ for
✗ toy ie . 8,8

'

: 10,1 ]→ ✗
,
861=8 :o) = ✗

,

Then V.V
'

are homolopic if 847--8'a)=y .



there is aᵗÉÉpʰˢ 10,13×10, ,] → ✗

×
.
.

•

Is,t ) ↳ F. (t)

fit >= Act )such that 8,67 = ✗ , 8,4)=y for all selo.it

Titi = Ht )
Kit> =p

'

(f) }
for all te lo, ,] .

We think of Nsa , as a
" continuous deformation

"

from Vct) to Ttt) .
( homotopy)

A closed carry based at ✗c- ✗ is a curve from ✗ to ✗ .⑤ The welfare based at ✗EX is the curve

10,1] → {×}
.

✗ If every closed curve in ✗ is hoiuotopic to a null curve, then

✗ is simply connected .
€9 . is connected but not simply connected. So this is not homeomorphic

annulus to a closed disk
.



Let Cain be a sequence in ✗
.

We say Xu→✗ ≤ ✗ if for every open nbhd
U of ✗ in ✗

, beyond some point i_ the"

(✗' 1×7×3, :-) sequence all remaining terms
are in U

ie. there exists N such that ✗at U

whenever a .SN . (we say ✗ne U for all

sufficiently large n
,

i.e
. ✗well whenever n⇒ a.)

The full definition of ✗a → ✗ is :

For every open nbhd
U of × in ✗

,
there exists N such that ✗all whenever n > N .

×
: % .

.÷;4
Theorems Let f : ✗→Y be continuous where ✗it are top . spaces . If ✗→✗ in ✗

then f-(✗a)→ fcx) in Y .

'÷÷""¥¥y
Prod Let It be an open nbhd

of fix) in Y. Let U= f-
'

(V) which is open in

✗ since f- is continuous
.

Note that ✗ c- 11
.

There exists N such that

✗ut U for all in > N
.
So fan) EV for all n > N .

☐



Is the converse true ? Namely if F : ✗→ Y maps convergent sequences
to convergent sequences, does this mean f- is continuous ?

In other words
, suppose f : ✗→ Y such that whenever ✗→✗ in ✗

,

we have fcxa) → fix) in Y. Must f- be continuous ?

Yes for metrizable spaces ; no in general .
Metrizable spaces are first countable : there is a countable basis of open
nbhds at every point. Given a c- ✗ where ✗ is a metric space ,

Beca) = { ✗ c- ✗ : dcx
.
a) < E } is a collection of basic open abhds at a

.

There are uncountable many of these .

The open
nbhds B:(a) ( n =L, 2,3, . . . )

suffice for doing topology .
✗
n
→ ✗ iff for all m ≥ 1 there exists N such that ✗

a
c- B±(× ) . forallh> N

.

The balls B:(a) ,
a c- ✗ generate all the open set as a basis

.

m≥ 1

First countability of a top . space says that we have
a countable collection

of basic open
nbhds at each point ca Eal condition ) .

Metric spaces are first countable .

R
" has a stronger property : it is second countable meaning

it has a countable

basis for the entire topology { B±Ca) : a c- Q
"

} .



theorem For first countable spaces , a function is continuous iff it maps

convergent sequences to convergent sequences .

This is an inevitable result of the fact that sequences
are inherently

countable .
Remark : Second countability is

Beyond countable : strictly stronger than
first

countability .

Ordinals {0,90/3}--2
↓ = {0,1} w={0,133,

__
.}

§
• • • . - - . . • • •

wtz =
WU {W

,
WH}

§ ↑ 4=9912,3} Wti = WU {w}
= { } {☒} :{{ }}

"{" "2} = {91,33, .. .} ✓ {w}
= 0 = I

= 941,2,} . - - i w}

Recursive construction. Each ordinal is the set ofall the smaller ordinals.
totally
Atoned set
- -

( S
,
< ) is a set S with a binary relations

'

on 5 satisfying
• Given ×

,yes , exactly one of the statements ✗< y ,
✗⇐y , y

-✗ is true

( " trichotomy property
"

) ; Te
.
× >y

• If ✗<ye z then ✗< z ( "transitivity
"

) .

- - _
is a totally ordered set in which every nonempty subsetd- well-ordered set

has a least element . Eg . for the usual order , 4N , <) is well-ordered; @, < ) is not
[0,0) is not well-ordered .

" w



Every well-ordered set is order - isomorphic to a unique ordinal .
So the ordinals

are the canonical representatives of the well-ordered sets
.

Well-ordered sets are exactly the- sits on which we can do induction
.

Every set can be well-ordered Cthe well- ordering pp6 ) .
In ZEC = Zermelo-Fraenkel + Axiom of choice

, the well. Ordering Principle
is a theorem

.

So is Zorn 's Lemma .

In ZF
,
the following are equivalent :
• Axiom Choice

• Well. Ordering Principle
• Zorn 's Lerma

• Transfinite Induction

If & and p are ordinals
, then ✗+ p = ☐

¥"☐
copy of copy of

wt I = tf (✗
,
< ) ( f. < )0 I 23
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The order topology on an ordinal 1- (pro) CRW = Wo has subbasis { ✗ <✗ : ✗c- a } for each ✗c- to

{×> p : ✗≤ a } - - -
- -- pettwat = %

Eg . {✗et : pox- a} = (pi)

Eg . wit = {0,1,} . . . } U{ w} has open sets (pi) (pi E wt
' ) [on> = { ✗Ed : ✗<a}

(Rw) (pEw+i)
and unions of these i.e. these sets form a basis .

Eg . ✗ = 4+1 = G. w,]
.

In X
,
W
,
does not have a countable local basis
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A topological space ✗ is compact if every open cover of ✗ has a
finite snbcoer

,
i.e
.

if ✗ = Uh ,
U
, ≤ ✗ open , there exist

4- A

k≥ Ii &
, :-, 9. e- A such that ✗= UavUav . _ . ✓ Hq . ( see my

video on compactness for review) -

*
Remark : The compact subspaces of IR

"

are the closed bounded subsets .
⇒ this statement depends on the choice of metric

.



The new metric d~cx.gs = min { dlx.gl, it} on IR
" defines the same topology on IR

"

in (the standard topology )standard metric
to,•) is a closed bonded subset of R" with respect to Ñ but it is not compact.
-

w (with the order topology ) is a discrete topological space . You can also see this

by thinking of w ≈ { 0, ± , } , ¥ , ¥ , . .} CIR . Every point is isolated
.

✗ = [0,w] = w u {w} ≈ ÷•,-0 { } . . .
is compact . This can be seen from (t) above

or from the definition of compactness . If {Ua }⇐a is an open core of ✗= to,w]
then there exists ✗

◦
c- A such that we 4% which also covers (p, w] for some Pew

(p is finite)
.
There are only finitely many elements ✗≤ w and these points are

covered by finitely many 4, 's . Together with Ug we have a finite subcores of ✗ .

-

Every ordinal is either a
"

successor ordinal
"

or a
" limit ordinal

"

✗+ i = ✗ U { ×} eg . w, w?
^ . -

,
w? w? W. , . _ .

1,213, ^ - -, WH
,
wtz
,
" - 0 is also a limit ordinal

.

If I is a limit ordinal, then is compact .

If d is any
ordinal

, [0,7] is compact .



Let ✗ be a top . space and let ☒ ≤ × . A limit point or
•ac-E.it#p-int

of A- is a point ✗ c- ✗ such that every open
nbhd of ✗ has a point of A other

than ✗ itself i.e . every
" deleted

"

nbhd U- {×} has a point of A.

Eg . the limit points of (Q1) C R in R are [0,1] .
The Limit • - - - - . [0,1] - . . .

. fo, I] .

Ia ✗ = [qw] = wv {w}, w is a limit point of w .

① @ @ & a.... Be

→ w

In ✗ = 10
, wit , w, is a limit point of W, but there is no sequence

in w
, converging to w

, .

%
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An example of a discontinuous map f. ✗→ Y

which
maps convergent sequencesto convergent

sequences ?



The Axiom of-choice.CA says that if { Aa}*± is a collection of
"setter? then

there exists a set S = {aa : ✗c-I} where % C- Aa .

ZFC = IF + AC

Zorn's Lemma Let (S
,
≤ ) be a partially ordered set . So '≤

'
is a binary

-
-

relation on the elements of S such that for all a,b,c c- 5
,

• a ≤ a ( reflexive)

• If a≤6 and b ≤ c then a≤ c.

• If a≤ b and b ≤ a then a=b
.

' Partial ' (as distinct from ' total ' ) order means we may
have incomparable elements

a. b where neither a ≤6 nor b ≤ a.

Eg . Subsets of a given set under
inclusion form a partial order .

Liuearttlgebra U is a vector space over
a field F. This is act a normal

space .
Given a set SCV , Spans = { linear combinations of vectors ins}

= { a. v, + . . . +94 : 9.c- F ,
vies

,

k≥ I } . S is linearly independent if

the only solution of a,v, + . _ . +% = 0 (9€ f-
,

Vi C- 5) is all 9=0.

theorem Every vector space has a basis BCV
,

i.e
.

Bis linearly independent
and Span B = V.



Proof Let S be the collection ofall linearly independent subsets of V.
Let C C-S be a chain . Then 1mA UC is linearly independent .

( If Vi , . . - . He M then Vi E Ai E C
,
A
,
V - - - ✓ Ak c- ( ; intact WLOG A,EAzE - - - ≤ Ape

and AU - - - ✓Ak = Ake C.) By Zorn's Lamma
,
S has a maximal element

B. This is a basis . (since Be S ,
B is liu . indep. To show Span 13=5 ,

suppose VEV , ✓ ¢ SpanBy then Bu { v3,
is liu . indef , a contradiction .) ☐

EI R is a vector space over Q .
So it has a basis? But this cannot

be written down explicitly .
B is uncountable . ( Use : If Ai,Az, As . . _ _ are countable

sets then Au is countable . )
nonempty k=,

Zorn's Lemma If (S
,
< ) is an partially ordered set in which every

chain is bounded
-
-

above
,

then S has a maximal element.

A chain is a totally ordered subset .

If C is a chair then an upper bound- -
for C is an element me S such that ✗ ≤ in for all ✗ c- C. (Note : We

do not require m to be in C.)
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✗ = Ñ- {0} can be partitioned into lines
.Theorem


