
How do we judge a set as large or small ?

lis cardinality
cii) measure

iii.) dimension

Civ) Baire category : first category or second category
(small or ( large iw) ultrafilter sense meagre ) not meagre)(later)

Warming Let A ≤ ✗
,
✗ top. space .

We say A is dense if every nonempty UEX satisfies

Anu ≠∅ ( A meets U) . A set AEX is where dense if A- contains some

nonempty open set UEX . Eg .
Q is somewhere dense since ☒ = IR . Qn[0,1] is

somewhere dense since its closure is [0,1]
.

Note : A ≤ ✗ is somewhere dense if IT ≠ ∅ .

A:{☒ {
,
} , ? ,¥ ,

" .} is nowhere dense
.
It = {0,1,} ,? , ¥ ,

. . . } ✓ { $} has empty interior .
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A sequence (✗a)
in a metric space (X , d) is Cawcby- if for all E > ◦ there exist N

such that for all min > N
,
dlxm

,
a) < e . Every convergent sequence in a metric space is

Cauchy .
X is complete cord is complete) if every Candy sequence in ✗ converges .

If A≤ ✗ where ✗ is a metric space , then diam (A) = sup { dla ,b) : a.be A } . E [0,0] .
(A≠∅ ) If dimwits < • then A is bounded . If A is unbounded then diana= • .

Lemma 1.1 Consider a chain K, ? Kz? K} ? Ka? . . . of nonempty closed sets in a complete
-

metric space ✗ with diam kn → 0
.

Then I kn f- ∅
.

Lenma Every closed subspace of a complete metric space is complete . Proof : Exercise
.

In a metric space (✗ , d) , if 8<2 then Bgla) ≤ BgCaT ≤ Beta) .

Let ✗ be a top. space . A subset A ≤ ✗ is of first category if it's a countable union of

nowhere dense sets iie . A = A
,
V AN Asu - - -

, An nowhere dense
. Eg . Ql is of first

category .
However R is not of first category .

This follows from

Bairecategoryheorem If ✗ is a complete metric space then ✗ is of second category i.e
.

not of first category .

coroclavy-CA.k.it Baire CategoryTheorem Part I) let ✗ be a completemetric space and suppose
D. ,Dz

,
D
} ,

. . . ≤ ✗ are dense open -
sets

. Then D.AD
,
AD
,
AD}D . . . ≠ ∅ .



F-
g. Let d.

,
lz
,
d
}
,

. . . be lines in 1123 . Then µ In ≠ Ñ .

Proof Take D= 1123- bn . (dense open set in RT.

R' is a complete metric space .

Eg .

Color the points of IÑ using a countable set of colors . Then at least one of

the color sets is somewhere dense .

Application There exist functions *→R which are continuous but nowhere differentiable .

Proof uses Baire Category Theory .
Continuous

11 = C( 10,1]) : { functions 10,17 → R } . This vector space is a metric space

using Hf /I = sup { Ifa) 1 : ✗c- to, I]} < • for all fell ,
d /f.g) = 11 f-gll .

Define subsets Am,nC 11 where min are pos . integers by
Amin ' { f- c- Y : If'Py¥ / < m whenever ◦< k-yl - ti } .

Closed
,
nowhere dense . (see Lemma 4. 1)

Also if ftv is differentiable then f-c- Am
,
For some min≥ 1 .



Finite Permutation Groups
Sn = sy# goy of degree n

= { all permutations of ✗ } ,
✗ = ftp. . -;n}

.

Isnt = n ! ; norabelian if n≥ 3.

A permutation gray of degree n is a subgroup H ≤ Sn .

For ie ✗
,
the stabilizer of i in H is Hi = { he H : hci)=i} ≤ it .

The orbit of i is i
"
= { hci ) : he H} ≤ ✗ .

Theorem ( Orbit . Stabilizer Formula) Ii
" / = [H : Hi ] = number of left (or right) coats

- index of

[H : Hit = ¥¥, subgroup Hi≤H

IH / = 1 Hi / FH : Hi ]

In the infinite case
,
IAIIB / = 1A✗BI ⇒ max { IAI , IBI} whenever at least one of

A
,
B is infinite

.

If A≤ ✗ then Ha = stabilizerof A = { he H : heA)=A} where h(A) = { hla) : a c- A} .

Forfeit of A = A
"
= {HCA) : he -A} .

1A" / = 1H : Ha ] ; IH / = 1A
"
/ that .



Iufinileperamtatiaroaps Sym ✗ = { permutations of ✗ }

G-. Sym IN = {all permutations of 1,2, } it, . . . } .

161 = IRI = 2%

Proof : G has a subgroup H = < ( 1,2)
,
13,41
,
15,61
, 17,8 ) , . .

- Y
= { (1,27%13,4)%(5,67%7,8)

"}
. _ . : ai C- {0, I } }

IH / = 12
"

I = 2%
So 1Gt ≥ 1 HI = 2% .

infinite
There is an injection G→ IR

,
f- És(fat

,
fat
,Ami . )É fcitgogt-g.gg

. .
.

continued
fraction

so 1Gt ≤ IR I = 2% .

A permutation group on IN is a subgroup H ≤ G-- sym IN .

IHI isHe or 2%

finite or countably
infinite



CH (continuum Hypothesis) : There do not exist sets A with 58<1At < 2
"
°

.

CH is independent of ZFC .

But most everyday mathematics uses ZFC only ,

and does not depend on whether or not at is true .

theorem If H ≤ G==Sym IN is a closed subgroup ,
then IG : H ] is either countable

or 2% .

This is proved using the Baire Category Theorem .
G is a top . space (top . group)

and its topology comes from a metric iforwhich G is complete .
To define dff

,g) for f.ge G :

dolf
, g) = {

° if f- = g

/ ¥ if fins -1-914 for some n , with n
minimal

This is a melic . Replace it with a nicer metric
dlf

,g) = max { dolf,g) , do CÉ, g-
'

) }
.

This is a metric
.

d
,
do define the same topology in G but (G

,
d) is complete; (G. do) is not

complete .



e.g.
(1,2 , 3,4, 5,6,

" )
(2,1 , 3,4 , 5,6, . . _)

(2,3 , I , 4 , 5,6 ,
' - -)

(2,314 , 1
,
-5
,
-6;

- - - )
etc .

converges in (G. do ) to 143,4, 5,6,? '
' )E IN

"

But it does not converge in (G.d) ( not Candy) .
G is a top . group i.e. (f.g)→ fog EG (composition ) is continuous G✗G→G

f ↳ f-
'
f G

- - - ^ G→G
Sub

- Basic open sets in
G : These are the stabilizers of finite sets

,
and their coats .

Basic open
Sets : Given iii. - - , ikc IN, Go

, .ie,
. .
. .in,

: {ft G : Fei
,) = ii. . ._

, flip -_ ik }
= Gin Gin " . AGI,

and ʰGi
,
,
. . .

, in,
he G ; i

, .
. --

, in c- IN .
k≥ ' .

theorem Let Hik be closed subgroups of G-- sym IN with k≤ It . Then IH:K]≤% •

[It :K] = 2% .
Moreover [it :k]=≤% if K2 Ha for some A ≤ IN , It/

< • .




