
How do we judge a set as large or small ?

lis cardinality
cii) measure

iii.) dimension

Civ) Baire category : first category or second category
(small or ( large iw) ultrafilter sense meagre ) not meagre)(later)

Warming Let A ≤ ✗
,
✗ top. space .

We say A is dense if every nonempty UEX satisfies

Anu ≠∅ ( A meets U) . A set AEX is where dense if A- contains some

nonempty open set UEX . Eg .
Q is somewhere dense since ☒ = IR . Qn[0,1] is

somewhere dense since its closure is [0,1]
.

Note : A ≤ ✗ is somewhere dense if IT ≠ ∅ .

A:{☒ {
,
} , ? ,¥ ,

" .} is nowhere dense
.
It = {0,1,} ,? , ¥ ,

. . . } ✓ { $} has empty interior .
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A sequence (✗a)
in a metric space (X , d) is Cawcby- if for all E > ◦ there exist N

such that for all min > N
,
dlxm

,
a) < e . Every convergent sequence in a metric space is

Cauchy .
X is complete cord is complete) if every Candy sequence in ✗ converges .

If A≤ ✗ where ✗ is a metric space , then diam (A) = sup { dla ,b) : a.be A } . E [0,0] .
(A≠∅ ) If dimwits < • then A is bounded . If A is unbounded then diana= • .

Lemma 1.1 Consider a chain K, ? Kz? K} ? Ka? . . . of nonempty closed sets in a complete
-

metric space ✗ with diam kn → 0
.

Then I kn f- ∅
.

Lenma Every closed subspace of a complete metric space is complete . Proof : Exercise
.

In a metric space (✗ , d) , if 8<2 then Bgla) ≤ BgCaT ≤ Beta) .

Let ✗ be a top. space . A subset A ≤ ✗ is of first category if it's a countable union of

nowhere dense sets iie . A = A
,
V AN Asu - - -

, An nowhere dense
. Eg . Ql is of first

category .
However R is not of first category .

This follows from

Bairecategoryheorem If ✗ is a complete metric space then ✗ is of second category i.e
.

not of first category .

coroclavy-CA.k.it Baire CategoryTheorem Part I) let ✗ be a completemetric space and suppose
D. ,Dz

,
D
} ,

. . . ≤ ✗ are dense open -
sets

. Then D.AD
,
AD
,
AD}D . . . ≠ ∅ .



F-
g. Let d.

,
lz
,
d
}
,

. . . be lines in 1123 . Then µ In ≠ Ñ .

Proof Take D= 1123- bn . (dense open set in RT.

R' is a complete metric space .

Eg .

Color the points of IÑ using a countable set of colors . Then at least one of

the color sets is somewhere dense .

Application There exist functions *→R which are continuous but nowhere differentiable .

Proof uses Baire Category Theory .
Continuous

11 = C( 10,1]) : { functions 10,17 → R } . This vector space is a metric space

using Hf /I = sup { Ifa) 1 : ✗c- to, I]} < • for all fell ,
d /f.g) = 11 f-gll .

Define subsets Am,nC 11 where min are pos . integers by
Amin ' { f- c- Y : If'Py¥ / < m whenever ◦< k-yl - ti } .

Closed
,
nowhere dense . (see Lemma 4. 1)

Also if ftv is differentiable then f-c- Am
,
For some min≥ 1 .




