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*Eften on X is a collection I consisting of subsets of X such that

· 85, xt F
· If AtA and ACB1X, then B-5.

· If A,Artof then ARA'tF

=>

very
ultrafittes is a fitter, but not conversely.

A collectionof subsets of X has the site insection peaty (tip.) if
for all A,

... And 8, A,lArd... An8.

A litter has the hip. If I is any collection
of subsets of a having sip. Then I generates a

Eitten:
F = E supersets of finite intersections of sets in 84
= SBCX:AlArd... lAndB for some A,An, .... Ane 53.

This is the (unique) smallest collection of subsets of X which contains 8 and is a fittes.

If I, II are filters on X, we say frefines of
if 52G

the collection of all fitters onis partially ordered by refinement.

Given a filter to on X, the collection of filters refining 5. has a maximal member by Form's
Lanna. This is guaranteed to be an ultrafilten.

Assume we are given a nonprincipal intrafilten 4 on = S0,1,2,3, ...3.
*

Construction of the nonstandard real numbers (hypereals) *

A or M or M.
Ms and R are examples of ordered fields. Es and he are very similar from first appearances.

eg. it fixe MIX] or #SKS (polynomial in x) of degrees then I has a root (inor M respectively).
If f'so then this root is unique. Positive elements have a unique square root.



But: M is an Archimedean field: it has no infinite or infinitismal elements. More precisely, if
a - R satisfies 01axt for all n=1,2,3,4, ... then a =0.

i has infinitesimal elements (it is Now. Archimedian Field).

Construction: Start with RV = 9190.9,9,9, ...): ait1Y (all sequences of real numbers).
9

Given a,b+ R" we can addmultiply/aubtract pointwise
aIb = 190160,9,16., aztba, ...)
ab = Laobo, abanks....

commentative
making RV into a ring with identify = (, //, /,). It's not a field; it has zero divisions e.g.

(1, 0,0, 1, 0, ...) (0, 1, 0, 1,0,,...) = (0,0,0,0,0,0, ...) =8.- R

But take an ultrafilten 4) on (M noprincipal),
Ia=b; for all it U+91 then arb; (equivalence mod 9).

In this case (0,1,0101, ...) n (1.1, 1, 1, ;/...) = 1

3, 0, 1.0, 1,0, ...) a (0,0,0,0,0,07 = 0

Given a,be RV, let A = [ieW:9 =6.3. Either AC4 (in which case arb) or WAE91 (in which

case a+b). = RY/w ·9192: 9AY 3, 1932- equire
class of a = ExtMS:xra3.

#is a field. If a to the actually a 40 (19) + 103) so Siew:a+0329. (most coordinates

of a are nonzero). Then = 1:iew)
a Anywhere that a zo, ignore or replaceby

9= 1



*is an ordered field. Given abet, either ask or arb
or bea

~= 3ew:9cb.3 WSiew:9-b.} Wgiec: bia;3
Exactly one ofthese three sets is an ultrafifty set. Correspondingly, ab or and or bea

8)CRCRW
↑

Given a CR, identify with 19,9,9a, ...) ERV. This way R is embedded in R.

standard
The topology on

its is the order topology: basic open sets are open intervals (ab),

ab- .

Eg. s = (it, 5, 4, 5, ... 17. -> is an infinitsmal, 191 = 50, 1) = 240, IF1= 2
"0

*= (C, 2, 3,4, 5, ...) 7n+R is infinite. ④ 2R <R

IRW: IR/=240)4 = 24040 =2"o

I

very hyperreal is either infinite (at #, (d) > n for every positive integens) or it's bounded in which case a has

a unique standard part stla)-IR (the closest real number to ac

Tcompute fix) where Fix = x+3x+7 using nonstandard analysis, let at A
,
and we want to compute fa) ER.

Pick EM, stial: a
,
ra = 2 is an infinitesimal, 1197-f1a) = fla+2) - f1a) = (atg+39a+s7 +7 - (a+39 +7) = 299 + 9"4

+39s

difla): 2a+3 +2, stRat3): 2a = f'cal.



Warm-up to the proof of Tychoroff's theorem
Let I be a collection of subsets of X. I was the finite intion pentry (f.p.) if every finite intersection

of sets in 2 is nonempty i.e.

S. Sc.suta = S4Sed ... AS.8.

(Recall: it I has fip. then supersets of finite intersections of sets in 5 is a fitter. (

Lama1.1 Let be a top, space. Then the following are equivalent.
(i) X is compact. (Every open coves of X has a finite subcover.) *

via complementation (use de Morgan's laws
(ii) If 2 is any collection of closed sets with tip, then 1G8

#roof: exercise ↳ filter such that for every AX, either AC91 or X2A-91, not both.

copen) (A ubid is a superset ofAn ultrafilte 9) o X converges to a point x+ X if every ubid of x is in 41.
-

We write M5X in this case. (Recall: The nbleds of x form a filter.)
an open abled. 3

Much topology is readily formulated in the language of ultrafilters e.g.
· X is Hansdorff iff every ultrafilter converges to at most one point.
· X is compact if every

ultrafittes converges to
at least one point.

· A function fX- Y is continuous iff it maps convergent ultrafilters to convergent
ultrafilters.

In2.1a) Let be a top space. Then is tausdorff if every ultrafilten ony converges to
at most one print ofX.

Proof ECsuppose
x
isHausdorffSmeppse9isarutwalteronconverging totwo differentan~

I
Since 92X, Ht 91. Similarly Vt 9). Then UNv = 8291, contradiction.
(E) Suppose every ultrafilter on X converges to at most one point of X.



(E) Suppose every ultrafilter on converges to at most one point ofX.Let x+in X.

By way of contradiction, suppose that UNV#& for every open abled ofx and

every open
abled Uofy. Then

& open nbids of 19 5 Sopen nbids ofhas fip.
This generates a fitter which in turn refines to an ultrafilte 4. GNC, Ivy,
a contradiction, So X must be Hausdorff.

-eb)Let be a top space. The X is compact if every
ultrafitter on X converges

toat least one point of X.
Eroof () Suppose X is compact. Let it be an ultrafilter on X. Suppose 9 does not converge

tanypointof1. Soforeachto thereexists anenabled
Ux of x suchfact (xfe

*UxVUxaVUaV... UU, for some n3 I; x... Xu tX.

So U., 2 9) for somei, contradiction.

(E) Suppose every ultrafitten on X converges to
at least one point of X. We must show that y

is compact, Let I be a collection of closed subsets of X with tip; we must show 10.
Now s generates a filter which refines to an ultra fitter 412S. By assumption, 90x
For some point x- X. We will show xt 78. If not, then there exists K-8 such

that xAK. Then X-K is an open abled ofX.So XK2M.
But also KeS1M,

contradiction. I



ultrafittess gives the following characterization of open sets.

tn 2.2 Let x be a top, space, and let UI X. The following are equivalent: &My
ii) 1) is open
iii) Whenever an attrafittes converges to a pointx+4, we have U+,

Proof (E) Trivial. Suppose 1 is open. Suppose also 4 is an ultrafilter converging to a pointxeU.
Then 912xzU so UE M.

IF) Suppose his holds. We must prove U is open.
If not, then there is some xeU

such that every open
bid of a meets X2U (i.e. has points outside U).

The collection

& open nblids of x3 VEX-U9 has fp.
It generates a filter which

refines to an uttafiten 4xx2U, Bycii, UE9.
Also X-U - 9), contradiction. I

let 7: x- Y. Given an ultrafitenaonx, I pushes a forward to an ultrafilten fad on Y.

This works just like for measures. If I was a measure on X them for each measurable subset

AY, MA)210.07We'llbe interested in probability measures so MCA) - 10,1, 100is
usually require

countable additivity (stronger
the finite additivity) so when it's only finitely additive we call is a finitely additive measure.

·

If A291;
ultrafilters can be viewed as finitely additive measures. But MCA) = 5' if At 91.

In general, measures on X give wise to measures on Y: For every 21 Y, MA) = mfB1,
Check: Me is a measure a Y; it's the push-formand of a viaf.



secial case:Let fiftyaluttrafilterThentheenforward ofa
The32 Let X andbe top, spaces and let fix- T. Then the following are

equivalent:
(i) f is continuous,

ciiy &maps convergent attrafilters to convergent ultrafitters; more precisely if 4)xxEX
(a) ultrafilter in X) the 19 x fixGY.

↳of 1) Suppose of is continuous, and let all be an ultrafilten on X such that 95x*X.

We must show that 19 & fix - 4. Given an open ubled 1 of fix) in Y, we must

show that We 1191, i.e. show fN-9. Since I is continuous, FM is an open

ubid of x, so 1 -9.

Suepose (ii)We mustheatis continuous letterbeopenwemust
tosee

9 <x - fYv). By assumption cii, 19() fix-V. Since I is an open

ubid of fixin X, Xef191) i.e. FVS-91. By Them 2.2, FY) is open. I

Theorem42 Let it be an ultrafites on X: TX, and let x = (d -X. Then 15x iff

(a9L xxatXa for all ox (1xix-Xd).
x

Iof() Suppose 95 x = 1x0 eX. Since to is continuous, (d9)5xa by Theorem3.2.



Theorem42 Let it be an ultrafites on X: TX, and let x = (d -X. Then 15x iff

(ad9L xxato for all ox. (*x:x2Xc)

E

roof (E) Suppose (99) N4x-Xs For alla and let x = (xda-X. We must show

9XX. Given an arbitrary open
ubled U of x icX, we must show U+4.

without loss of generality, U is a subbasic open set of the form

4 = +lUa) = (laxs] *Mo
I some as

This follows from them 3.2 because to is continuous. A

Theorem 5.1 (Tychonoff) If each to is compact them so is XiTXa.
-

Proof (e) Xo be compact. Let us be any ultrafile
on X= HXc; we must showthat

-

9l converges to at least one point
of X. But Hal9 &xatX for some point to since

Xis compact. Let x =121 and show MXX. This follows from theorem 4.2. B

typical application:



Let I be a normed vector space e.g. (01) or 60: sbounded sequences at RE
i.e. III: V-IR satisfies

ii) Iv>0, and equality holds iff veo;
(ii) 1V+w/l <Drll + Dwll

ciiix 1cv) = (lol) for all c+ 1R, vzV.

d)vw) = 1/v-w). A bounded linear functional on X is a map fiV-IR
such that

· flautbr) = of(u)+bf/v) for all a,baR;u,veR

· there exists (+R such that IfI = (Hull for all reX.

⑮* = I bounded linear functionals on VG is a normed rector space (but larger than US
unless dim V < or

Ear FtU*, DED = Sup9IEF): reBE, B: mithallin
V = 9veU: (Ive 13.

d (f.g ) = 117-gI.
3= 5721*: 1712 13 = [HtV*: Hall Nil for ve X3 ·

B
We can regard*H.1] = S functionsBF,173 (B consistsof all functions Be H, 1)
which extend to a linear function on X).
&is not compact in the III topology (unless dim V=dimvt <as)

Eg v=doo, B=5190,9, 92, ...): 9ieR, 19:114 is covered by open balls of radius, but

no finite number of these cover B. The point set 9IIt,#, fEz...13< B



The product topology in 71, 1" is really the topology of "pointwise convergence" which

is weaker than the nom topology i.e. if 7, f,h,fy, ... - X*

then saying Fef
in the moon topology (Ifn-711-0 asu+0) is a much stronger

statement than saying -> f pointwise (for all veU, full)->JN) as -as

which is weaker. I

h this topology. B is embedded as a closed (topological) subspace of
5 I, 173, hence B is compact,
Given a top. SpaceX, we would like to embed X in a "nice"

space
that we think we

understand. An ending of X in Y is an injection v = x - Y such that the

image (X) IY is homeomorphic to X viac. It is continuous and "lux): (x) -X
is continuous, In this case X is identified as a subspace of 4. as a dense subspace
Eg. a comation of a

metric space (X,d) is an embedding of (x,dllin a complete
metric space (, d').

If moreover, preserves distances i.e. d'(1), (K = d(x'

for all xx2X) then is an immetric embedding.-
MY,d') is complete means that candy sequences converge i.e. if (Mn)is a candy sequence
in Y (for all 330 there exists a such that d'lyn, ye)<3 whenever mink N) then

these exists yet such that yoty (i.e.dlyn,g)-0)

Stepusual distasisametisspaentidiannotcompletepitcan
be

embeddedina



We regard &as 'the "completion of R: It is unique up
to equivalence.

a ma

We'll use: If fix- Y is a continuous map,
and if i is tansdorff, then

f is determined by its values on a dense subset of X. ISEX is dense if

every nonempty open subset of X meets 37. This says: if figix-Y are

continuous and they agree on a dense subset SIX, then fig.

suppose fog, i.e. there exists x + X such that fixgixin?. Then

there exist open nbleds fixeU, gixieV, UeV = 0.

dof a Then 7"CM), g/v) are open ubids of x-X. So there exists

sSn+1U) +g), so F1s1=g(s) -> Un, contradiction. It

Laranie Denver is a "universal hub" for most Go to the category of real vector spaces
LAR -> DEN Flights out of Laramie (objects are real vector spaces; arrows

(morphisms) are linear transformations).
Given: U.V rectorspaces; SEU any set of

rectors.
For Cutey T:U-V You are looking for a linear transformationAd

vanishing on S, there isI T: U-V vanishing on 5 (Tv=0 forall

LEork res).

asuniqueiM/s)estate us UksY 39?-zubspace sparedatM

i.e. T= To4. Tb canonical map Ur>4+9Y



The quotient UKS), and in fact the map 4: U-US) is

the unique such morphism making the above universal property hold.

up to equivalence). If Ill -> I
also had this universal property

i.e. for every tilevanishing
ons, there is a unique is makingthe

diagram i.e. Tob = T

x /E
then UE Uks] and V

By uniqueness fort
fo$ = i got: id: "13">'
go=+

Also
fogeid: U-y'

↑Yisi,id got 0D = 4

2s Ms>
ido += iT

*L*g U

UKY This is wheat we mean when we say Is Us
is "the" universal domain for maps on U

vanishing on S.

(existence requires a construction; uniqueness follows
From the universal property.)



Eg. in the category of groups ... objects aregroups; arrows (morphisms) are group
homomorphisms. T

every group of comes with an "abelianization" *45,2)
actually D: 6 -2/962) (the canonical homorphism which makes this

into the universal domain for morphisms 2-A (A abelian) ·

I.e,

given any 8: 2-A (A abelian) there exists a unique F: 0x2,s) -> A

making the diagram & Is 2/46,63 commute i.e. Fox = 1

In the category Top whoseobjects ↳L.ie ↑iscomebeaare top, spaces andarrowsand(morphisms) are (continuous &

maps: 2: x- x space

EgLet X be a metric space.
then acompletion of X is a mapa

such that for every XYthere
is a unique of making this

diagram commute; x -> Y metric space
i.e. f = for F ThereEverymeation and it is

At i essentially unique.

Y Irequires moreover that

Moreoverbeanembeddingto be dense.



·g. x = (R , usual metric) has 4 = R as its completion.
Eg. Conication Given a top. SpaceX, we want to define a kind of

universal compactification of X, vix- PX which is compact Hausdorff and
which is the universal object having this property i.e. for every fix ->Y
where is compact Hausdoff, these exists F: $x-Y making the following
commute:

xs RX
i.e. Foc = f

"I
↑

(stone. Sech)

Theorem X has such a universal compactification 1: X-RX iff X is completely
regular and Hansdoff. In this case 1:X->PX is unique and it's an

embedding of X in X as a dense subspace.



Comeare: the onepet compication X V903 of a space
x (where as $X)

is a compact space containing X as a subspace i.e. X - xU903, Xrx
is an embedding, constructed as follows:

In the new subset x<XV503, basic open ubids of xtX are same as in

the original space X. Basic open ublids of as are the complements of the

compact subsets of X.

-

Given X which is Hansdorff and not compact, the construction above givesTheorem

a compact extension XVGO3 if) X is locally compact i.e. every point of X has
a compact ubled (i.e. every x-X has an open ubled contained in a compact subset
of X). It's easy to see that local compactness of X is necessary; here we're
saying it's also sufficient.

Eg. B

hasgoneforcomestification
Hirsos =5 He zspel, it
↳-I embedding Stereographic projection

For 31, the onepoint compactification of R" is "

=oo ⑧ is the onepoint compactification.
Co, 1)



compare: The universal (Stone. Each) compactification of ECOD is 10, 1.

-o -> ao

Co, 1) Co, 17

The one-point compactification lacks the universal property.
=is 8 s
Co, 1)

↓"F does not exist.

A@

ooso

thanI existi
·ote no play

=10)is

·



What is the stone. Tech compactification of RE? #Iopen disk D=G/GR:(universal
Some different ways to compactify MS: xitye 13

· one-point compactification S-V983
= S"

· PTR = real projective plane If DVD where we identify antipodal pointst
· cT= closed disk. This is $45-PD.

The stone - Tech compactification theorem is proved in 2 parts:
ii) special case X is discrete; Note: Discrete spaces are completely regular

and Hansdorff.
ais general case.

Case it is not trivial! But it is the key to iii). From it, we get (ii)

by taking a quotient. To prove oil,

*x = 3 all ultrafilties on X9,: StoneTech compactification of $

x Is PX Given x+X, ( = er, +8x 8GACX: xeX3.
discrete principal ultrafittes.
top, space#

Y



If X is a finite discrete set them $X = x, vix-X,x5xx
*Js $X=x (x finite => X already compact).
*d9=- in this case

↑
what if X is infinite discrete? SX= Suttrafitters onX3. How big is $X?

1px) = (*) (doubly exponential in 1X1.) Proof; not hard, see e.g. Keisler,

Eg. X countably infinite, N= 40, 8x = 220 = I functions R+R = In

Center: If X is infinite them e=18(x)): number of subsets of X - 1X1.
1x (

The number of topologies on X is 2 no, of uttafittes;
E

very
ultrafiltes 91 on X is 912RX). =>42850(x)) 3If no. of topologie.IPF(x)= 22

Every topology 5m X is * CP1X). = IE P10(X)).

After proving (px) = 2
2) It follows that

⑨

Gay If X is infinite then the number of topologies on X is 22

E

roof the number of topologies issee above. For the lower bond, if I is an ultrafilter
on X then 910903 is a topology on X. This gives an injection M no. of topologies

3 ultrafittens on XY - Stopologies onXY.
O

on 31,2, ...,nT

=Istopologies on X 3/ x 19 ultrafittens on X31 = 22 1S ↳ i
Remark: For a small, the number of topologies on $1,2,...4 is

355· 6942
209527



The topology on PX= uttafittens on XY has basic 9CAY: Ax3 where <AX=391+BX: A9
the map. A -> A), PN -> OpX) satisfies

· <0) = x x-sB* ((x) = J
· <xX = P4 =1923Y

· If AsB then (A) [[BY =3 all subsets ofXAlit containing th
· CAUB = CA) U <BY Y

· CAMBY = (A) 1BY
If fix- Y is continuous where

· XXLAY = $X-CAY ↑is compact Hansdorff, then there
· The map Ar (A)

is injective.
is a unique continuous I: PleY

The proof of the stone. Each theorem in the such that FOL = f.
case X is discrete is easy.
1:x-((x) [BX embeds X as a dense

discrete subspace of $X. If x+ in X

then
8 o singleton open whids.

(x)= yg *(x)=Fx 19x3Y = Ex


