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*Eften on X is a collection I consisting of subsets of X such that

· 85, xt F
· If AtA and ACB1X, then B-5.

· If A,Artof then ARA'tF

=>

very
ultrafittes is a fitter, but not conversely.

A collectionof subsets of X has the site insection peaty (tip.) if
for all A,

... And 8, A,lArd... An8.

A litter has the hip. If I is any collection
of subsets of a having sip. Then I generates a

Eitten:
F = E supersets of finite intersections of sets in 84
= SBCX:AlArd... lAndB for some A,An, .... Ane 53.

This is the (unique) smallest collection of subsets of X which contains 8 and is a fittes.

If I, II are filters on X, we say frefines of
if 52G

the collection of all fitters onis partially ordered by refinement.

Given a filter to on X, the collection of filters refining 5. has a maximal member by Form's
Lanna. This is guaranteed to be an ultrafilten.

Assume we are given a nonprincipal intrafilten 4 on = S0,1,2,3, ...3.
*

Construction of the nonstandard real numbers (hypereals) *

A or M or M.
Ms and R are examples of ordered fields. Es and he are very similar from first appearances.

eg. it fixe MIX] or #SKS (polynomial in x) of degrees then I has a root (inor M respectively).
If f'so then this root is unique. Positive elements have a unique square root.



But: M is an Archimedean field: it has no infinite or infinitismal elements. More precisely, if
a - R satisfies 01axt for all n=1,2,3,4, ... then a =0.

i has infinitesimal elements (it is Now. Archimedian Field).

Construction: Start with RV = 9190.9,9,9, ...): ait1Y (all sequences of real numbers).
9

Given a,b+ R" we can addmultiply/aubtract pointwise
aIb = 190160,9,16., aztba, ...)
ab = Laobo, abanks....

commentative
making RV into a ring with identify = (, //, /,). It's not a field; it has zero divisions e.g.

(1, 0,0, 1, 0, ...) (0, 1, 0, 1,0,,...) = (0,0,0,0,0,0, ...) =8.- R

But take an ultrafilten 4) on (M noprincipal),
Ia=b; for all it U+91 then arb; (equivalence mod 9).

In this case (0,1,0101, ...) n (1.1, 1, 1, ;/...) = 1

3, 0, 1.0, 1,0, ...) a (0,0,0,0,0,07 = 0

Given a,be RV, let A = [ieW:9 =6.3. Either AC4 (in which case arb) or WAE91 (in which

case a+b). = RY/w ·9192: 9AY 3, 1932- equire
class of a = ExtMS:xra3.

#is a field. If a to the actually a 40 (19) + 103) so Siew:a+0329. (most coordinates

of a are nonzero). Then = 1:iew)
a Anywhere that a zo, ignore or replaceby

9= 1



*is an ordered field. Given abet, either ask or arb
or bea

~= 3ew:9cb.3 WSiew:9-b.} Wgiec: bia;3
Exactly one ofthese three sets is an ultrafifty set. Correspondingly, ab or and or bea

8)CRCRW
↑

Given a CR, identify with 19,9,9a, ...) ERV. This way R is embedded in R.

standard
The topology on

its is the order topology: basic open sets are open intervals (ab),

ab- .

Eg. s = (it, 5, 4, 5, ... 17. -> is an infinitsmal, 191 = 50, 1) = 240, IF1= 2
"0

*= (C, 2, 3,4, 5, ...) 7n+R is infinite. ④ 2R <R

IRW: IR/=240)4 = 24040 =2"o

I

very hyperreal is either infinite (at #, (d) > n for every positive integens) or it's bounded in which case a has

a unique standard part stla)-IR (the closest real number to ac

Tcompute fix) where Fix = x+3x+7 using nonstandard analysis, let at A
,
and we want to compute fa) ER.

Pick EM, stial: a
,
ra = 2 is an infinitesimal, 1197-f1a) = fla+2) - f1a) = (atg+39a+s7 +7 - (a+39 +7) = 299 + 9"4

+39s

difla): 2a+3 +2, stRat3): 2a = f'cal.



Warm-up to the proof of Tychoroff's theorem
Let I be a collection of subsets of X. I was the finite intion pentry (f.p.) if every finite intersection

of sets in 2 is nonempty i.e.

S. Sc.suta = S4Sed ... AS.8.

(Recall: it I has fip. then supersets of finite intersections of sets in 5 is a fitter. (

Lama1.1 Let be a top, space. Then the following are equivalent.
(i) X is compact. (Every open coves of X has a finite subcover.) *

via complementation (use de Morgan's laws
(ii) If 2 is any collection of closed sets with tip, then 1G8

Proof: exercise. I fitter such that for every AX, either AC91 or X-A291, not both.

copen) (A ubid is a superset ofAn ultrafilte 9) o X converges to a point x+ X if every ubid of x is in 41.
-

We write M5X in this case. (Recall: The nbleds of x form a filter.)
an open abled.

Much topology is readily formulated in the language of ultrafilters e.g.
· X is Hansdorff iff every ultrafilter converges to at most one point.
· X is compact if every

ultrafitles converges to
at least one point.

· A function fX- Y is continuous iff it maps convergent ultrafilters to convergent
ultrafilters.


