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Group Theory:an example ofa first order axiomatic system
An informal proofin group theory
#woven If G is a (multiplicative group ofexponents, then G is abelian.

It has exponent n ifgs for all ge 6.7
(Informal proof:Leta,b56. Since abab=(ab)" = 1. multiplying on the leftby "a"and on therightby "b"

gives asbabb:alb, i.e.ba=ab. #
Start with names for variables x,y,t.... (symbols)

Axioms of Grouptheory: special symbols for firstorder logic:5. V, parentheses, v. v,i.3.nfu(x,y),z)=

a(X,plyit)has aconstants:....(3:(VX))(y*1 =x)r(1*X =x)) ↓
ASSOC:(Vx(Fy)(V(z) ((x*y) *z =xA(y+z)) Symbols for functions:1. ... My means m(x,y)
INV:(VX) (7y)((X+y=1)1(y*x =0)) symbols for relations:

We happen toknow some groups including in (cyclic group oforders v), S. (symmetric group ofdegreen), ...
GROUPS =3ID, ASSOC, INV3 =9(Vx) ((*1) =...
Sois a group,

i.e. S, F GROUPS 1Sis a nod ofyouthesetconsisting of our threeaxioms of grouptheoryand

ABEL:(V() (y) (x+y =

y+x)

ABEC.GPS =GROUPSU SABEL3S isa non-abelian group;SABEL;S5# ABELGPS.

A structure has an underlying set ofelements, togetherwith an interpretation ofall the symbols for constants,
functions, and relations.



How do we rewrite our informal proof labove) as a formal proofin first order logic?
2:GROUPSU SEXP23 where EXP2:(0x(x*x =1)
ABE is a theorem in the theory ofgroups ofexponent 2, i.e. 21 ABET.

Atheorem is a sequence ofsteps 2t π in which every stop follows from previous steps by
a statementin 1, oran axion of firstorder logic,

I+
or a rub of inference.2+

: This is a formal (symbolic proof!2 +7

An outline ofa formal proof:2t EXP2 since EXP2 >=

2r (EXpz - (Va)(a+a =1))(A4)9.86

2 r(fa)(a+a =1) Modus Porens (R1) p.86

Ei(Vb)(btb =1)
S F

.(Na)(Vb)((a+b)+(a+b)
=1)

25(Va)(Vb))(a+((a+b)+2a+b)) =a+1)

2t (Va)(Vb)(a+b =b+a)


