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assures us that thAACF) is complete. This uses:thetheory has no finiteghtTest models ; and thetheory is 2categorical
L Jerzy Los, Robert Vaught (1954)
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Let I be a language and let X be the collection ofall L-structures,
For
any set of sentences 5 over 2. letKs=sel ofofL-structures satisfying all the sentences in I

(i.e. the setof models of2).The X is a top, space withis as its basis closed set.
This space is topologically) compact. 9kp:A sentence over 23 are

"basic closed sets.

Eg. K=4 (52) =Sa+b:a,b- & 3 has two field automorphisms, 2 (atbis):atble,

+(a+biz) =a-biz.
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is---



ahas uncountably many automorphisms but only twoofthem are continuous.

where do we getthis?

kck(x) c((x) =kck

polynomial
The ring R(x) has automorphisms f(x) -> f(x+a)

k =D(x) =3f):f(x),g(x) = 4(x)3g(x)
is a field extension of D and it's not alg.closed.

KCt] has irreducible polys eg. E- x -> K(t]

I is an alg.closed field ofchar. 0, ITI =2=1D)

Butthere is only one algo closed field ofchar. 0 for each uncountable cardinality
(the theory of ACE is uncomitably categorical) so R = D.

is has lotsofautomorphisms i.e. D has lots ofautomorphisms.

I has only one automorphism, the identify 1(a) =a

Axious for R?
Field axiones
Orders axioms Introduce a new binary relation symbols(ach is a shorthandfor R(a,b)
and axious (a)(b)((9<b)v(a =b1v(b< a)) - vf(acb) - (bxa)) - vf(acb) - (a=b)) -:((bca)- (a =b)))

(Xa)(b)(fc)((acb) -(bx) - (acc))



(va)(*b)(vc)((92b) -ef(atc <b+x) n(10)- (ac<bd)])
R is the unique ordered field which is (Cauchy)complete and having as a dense subfield.

But we cannot state "

Cauchy complete"in first order theory of fields.

How much of the theory ofR can be captured in firstorder logic?
Ordered field axious

-(Xa)(a+0 -> aso)

(a)(a>0 - (76)(b
=

a)7 RCE
· Every polynomial f(x) -> R(x) ofodd degree has a roof. Eg. for degree[
(fa)(b)(Xc) (Ex) (x+ax+bx +c =0).

I
The first order theory of RR is complete.
Howeverthe theory is not K-categorical for any cardinality. (No models for is finite;
more than one for each infinite K.)

Eg.for K= 40:RMR

For 1 =240: R;hypereals *
Any model ofRCFis a real closed field.

Every real closed field is elemely exilent to R (i.e. has thesame first order theory).
⑰ and D are elementarily equivalent.



Artie(1925)proved
theHilbert 17thproblem using mathematical logicin

such that of 30 (i.e. f(x.,...,xn)3,0 for all X1,..,YnERL.

Let f(x, ..., xn] => R/1, . ., Xu], Is it necessary than 7 = sit... +sY for some
rational functions si(X,,. .,, xn) R(X,, . . ., xn)? (Pfister:1 = 2"7

Mckin, amcle:2. f(x,y)=1-3xg2+ xy" +x*y2.4" this is notexpressible as a sum it

ex,y):(**)(**)(s)"+ (*)"


