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We say a prime p

is regular it Br ,
By

,
" Bpy have no umerators divisible by p.

-

otherwise
p

isregular .
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Heuristically ,
about 61% of the princes are regular

37 is the smallest irregular prime

Hilbert Irreducibility Theorem love form)

If f(x
, y) -> Q(x

,y) is irreducible then there exists be Q such that F(x
,
bitQ[xT is irreducible.

(xi +yz)(x+3yz) = x+ 4xy+ 3y
* reducible in &(x,y >

E2Q
,
/F : Q) = n Galois

.

E= Q(x)
,

a root of m()-Q(x] irreducible of degree n .

G= AntE = Galois group
of E

.
G transitively permutes the n roofs of m(x).

If n= 3 then GECy · m() = xi+ x
=

- 2x-1
, ECQ15]·

Usually if m(x)+ Q(x] is irreducible of degrees then QIICQ is not Galois ;

its Galois closure has degree 6 over Q with Galois group S, penting the three roots of mix in

all 3!-6 ways .

Inverse problem of Galois theory : Given G
,

find an extension EIQ having G as its

group of automorphisms.

Try to realize 6
S
.
fransitive subgroup) as the Galois

group of EXQ ,
E = Q(x, .

.

., xn],
m(x) - Q(x) of degreen ,

m(x) = (x-x,) ... (x- Mn)



If we can find an extension ES QC) then specialize + to some rational number

& indeterminate i.
.
e .
transcendental

hope to get a finite extension of $ with given Galois group.

A Hadamadix of ordern is an nxn matrixwith entries #1 such that HHT= I (ie. H=I

i.e. H= if ie
. it is real orthogonal).
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,
7

,
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For 131
,
if there exists a Hadaward matrix of ordern ,

then n = 1 or 2 or n= 0 mod 4.

Question : If n = 4k for k31
,
does there necessarily exist a Hadeward matrix of order n?

The smallest open case was for n = 668· until 2026.

If n32 them order n Hadaward requiresn even since the dot product of the firsttwo rows

is n mod 2.

If n > 3 then we actually require n =0 mod4.

LetIt be a Hadaward matrix of order 12.3
.

First three rows :

+ + + + ..
- + + + ... ... + n = 2

+ x + ...... - ......
-

↓ ..... - .... - fe-f-
nosee f - 1k-f) -

(k-b) +1 = 40-2k=

& k -l k-l I => n=2k=41

---

k k

Circulant matrix : K each now is a cyclic shift of the previouso a
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↓ Ex7 circulant matrix
can replace of by any prime PE3 mod4

or any g = 3 mod 4
, prime power eg.

II I I7 It] There are many invalid claims to have proved the Hadsward MatrixLFz] o GIFE
Conjecture.

n = 4k A
,
B

,

C,Darekxk circulant Bernard Schmidt is the expert.
matrices with entries I A

,
B

,

C
,
D commite with each other

Ar HHT=
②

I
A

,
B

,
C

,D symmetric
OTo

o T O Need AFBFC+D
=

= nI = 4kI
o oT

Complex Hadamand matrix of ordern : nxn matrix H with entries hij , /hijl = 1.

such that HH = H
*
H = nI

.
These exist for all n> 1.

eg .
3 : En

, hy= giozi
,jen

Using blocks of circulant matrices to construct new Hadaward matrices : why ?
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& (x] = algebra of polynomials in x with rational /number crefficients algebra-ring +

vectorare
overQ

①[x] t & algebra homomorphism ; surjective
over

-

infinite-dimensional 7-dimensional

ken & P(X) is an ideal
.

It is a subspace such that fxgN) -> keep forallg-benda
kend = (x*- 1) = principal ideal generated by 17,

= <f(x)(x1) : F - &(73 ·

First Isomorphism Thory : Q(C) =Q/1
= Tatax +... + a : a)

with "wrap-around" E

#f G is cyclic of order7 , say multiplicative,
G = <g : g= 1 = 31

, g , g, . . . 933

& (G]
= 59 + a

,g +ag+ -. - + ag : 9QY gi git
exponents mod7.

the group algebra of t over Q
i
.

.
e, the rational group algebra of G

Because Q1G) is a commutative algebra ,

it can be "simultaneously diagonalized"
-



I has n eigenvales 1
.
3

,
92

, ...,
g in Q131 : E ? Q

with eigenvectors vi) , (vi)
V = (i) ,

v = (c) , .. basic of eigenvectoro

After congating by H(complex Hadaward
of order 7) Cus (B) Cyclic of order 7

G= <gy = 91
, g , g? ..., ga)

↓ gi= 1-g satisfies a nic identity : D=ggCG is a differea
-

set : every
XtG

,
X# 1

, is uniquely expressible as x=d,da
,
d.

,
dat D.

g .
i = 9 i . 1

---'
= I

SS
*

= (Hg + g) (1 + g + g3) = 2+ U
,

- I

gi i IG= RIG) -> integral group algebra
U=#

1 -j = 9 =
rational

QG= QIG) is an algebra with basis G

-I

If a = Zagg , age Q
geftakedidde group algebra

then **Sag

If G is any finite group of
order v = 161, d

.,
dzED

a (v
,

k
,
b) difference set in G is a

subset DCG dide
,
did in

-

of size IDl = b such that every monidentity elementof G can be expressed as
I ways



In a finite group
G

,

I/ = V
, a (v

,

k
,
vi-difference set is a subset DCG such that

IDI = R and every monidentity element+G can be expressed as X= d
.da"

di
,
det D, difdz in exactly r ways.

In order for a difference set to exist
,

the parameters (v
,

k
,
b) must satisfy

certain necessary conditions.

count in two different ways the
number of pairs (d

,
%2) -> D2 :

k = k + v(v-1 = kk = k(k-1) = r(v- 1) .

The condition for DCG to be a difference set is expressible in the

language of group rings/algebras. Example :

Consider 8 = 21 + IG and V= Eg -*G. (7
,

3
, ) - difference set

d=D 9 ina cyclicgoa
eg
. in G = (g : g ,

D = 91
, g , 933 ,

V= Ig +gi+ g + g
*

+g + gb,

S = 1 + g + g3 ,

f
*

= 1 + g + g3 = 1g4+ 96

SS
*

= (1 + g
+ g3)(t +g + 93) = 3 + g + g+g + g4 + g5+ g3 = z +y

In the general case : SS
*

= n + rV where n = k- r

= n +r+ r[9
- wa IgEG

If G were written additively as
k

G= 90
.

1
,
2

,
3

,
4

,
5
,63 then D = 30,

1
,
33

Every monidentity xEG is expressible as x = d
,
-d2 for exactly one

pair (d,d2) - D2
,
difdz.



How do we search for solutions of 88*
-n + rV in IG or QG ?

As a vector space ,
dim &G = 161 = Y

As an algebra over Q itG is abelianther QG Q =

QQQ:-e
-

algebra
↑ I

linear
(charactersThere are many homomorphisms &G->

i

.e . maps X : Q6->

X(ax + bb) = ay(a) + by1bi a
,

be Q

X(xp) = y()X* BeQG
X(c) = A

eg . X:: "-
(x,, ,

. .

., X
. ) > Xi

Assuming G is abelian
,

G has exactly v = 161 algebramorphisms
X: Q6->

ForBe PG ,

if X( = X(B) for all Xt
E = & algebra homomorphisma=B Q-3 .

If G : 91 , 93 , ge

Xo(1) = Xo (g) = A X(n) =+, (g) = +

Xo(a+bg) = a+ b X,
(a+bg) = a-b.

Apply these homomorphisms to the equation 65
*

= n + mp



Theorem Let G be an abelian mult - gp . of order v and consider a nonempty
-

subset DCG
,
IDI = b <0 and S : Ede 16

.

Then
deD

D is a (v
,

k
,
r)-diff. Set in Giff E-rv-ni= k-r and

(x(s)) =m

for every nontrivial X- E.

(v
,

k
,
r) difference set -> (v

,
k

,
r) design structure)

in
group G

combinatorial

Let Y be a set of cardinality IV I=1 and let K < v
,

+31 .

A (v
,

k
, r) design in V is a collection B : &B ,, ...,

B3 of subsets of 1 of sizesymmetric
Y (called blocks)-

IB . l = /Bel= - /B1 = k (block size] such that for all v.FV2 in V (points) we
Y

have exactlya blocks containing both
v

,

and v2
. Dually ,

we require

any two
blocks intersect in exactly /Bi1Bjl

= r
. (itj) . Every point is in kblocks.

Eg .

V = 3 1
,

2
,
3

,
4

,
5
,
6

, 79
B = 991 ,

2
,
43

,
92

,

3
,

53
,
93 ,
4

,
63

,
94 ,
5

,
73

,
55,

6
, 13

,

96
,
7

,
23

.

97
,

1
, 333

(distinct]
This is a (7, 3,

17 - design
distinct blocks intersect in1Twopointsare inexactlyo block.A th

-

has exactly 3 points. B, B2 By By By Be

matrixohon
Point-block incidence matrix ~

i circulant



A 17
,
4

, 27 - design V = 91
,

2
,
3

,
4

,

5
,
6

,
73

7 poitos
B = 993

.

5
,
6

,
73, each block has a points

Incidence matrix :
94,
6

,
7

,
13

, each point is in 4 blocks.
95, 7,

6
, 23 ,

% 56 ,
1

,
2

,
33

,

Two different points in 2 blocks

57,
2

,
3

,
43,

91 ,
3

,
4

, 59
, k= my = n = k - r

92 ,
4 ,
5
, 633 (n+2- 1 . (n3= n+ 1) = n

A symmetric design with = I has arametersLa
which is aProjectiveare of Eden . k

Ca very special and important case of a symetric "design .(

Onewaytoconstruct
a symetric design (in particular a projective plas is

Let DCG be a (v
,

b
,
r) difference set in a group G ,

161 = *.

This means : IDl-k ,
and every IXEG can be expressed as X= d

,
d
:

"

For exactly
↓ choices of (d

,
d2)D2

,

diffe
.

From this we construct a symmetric (v
,

k
, r]-design in V = G with blocks

Dh = 5dh : deD3 ,
heG

.

Xe Dh 1 Dhhth in G

Eg .
G = 51

.9 ,92.93
,
g1 : D = 91g .933 #= d

,
h = del

Dg = 99 , 92943 => d
,

= dahh"
Dg = Egg ,

95 did , =Wht
i

Dg = Eg& +
, g23



Big question : for which a does there exist a projective placeof ordera

If g
= p2 pprime ,

es 1 (prime power ?
Then there exists a field t of orders

We have at least one projective plane of each prime power
order g
.

<points)
Let F = Eg.F159 ·

Ther F has g rectors
, ji9 one-dimensional subspaces

two-dimensional subspace
- -

(lines)

A projective plane is a symmetric (nin+ =
,

n + 1
,
1) - design i

.e. n= 1 13
,
2

,
17

n+ n + 1 points n32
lines - [ii]

n+ n + 1 lines
n+ 1 points on every line I

10001

n= G : 19,
n+ 1 lines through every

points. g7 = 1

out the first repoint without consCan we figure tracting & D = [ 1
, 9 , 933

the entire place 3

Mulier eLetDb differentinaabeliaggsSe
divisor ofLet nokr(the order

of the difaa
For d. de in D in exactly r ways .

set)
· Suppose p is a prime

D/P := [d" : d+DY = gDfor somef-.
If G: E/NI ,

6= 30
,

1
.

%

-; N-1] modN
,

DCG

inmultiplicative notation 6 = 31 , g ,g2gN
+

3 , g generator of G
dieg , da ge
d, d = ger er

WLOG D is closen such that
D = Eg, ..., gir]pip3 = D D(p) = Sgt? -

-, gP33



n = 2
,
take p = 2 +

IDI= 3 such that D13 = D.

Look for DCG
= 50,! - % b modt

,

Or> 0

I
becomes 2D

Multiplication, by 2 in G:12 :
1424-1

So D = 31,
2

, 43 on 53
,

5
, 63 3655m3

-

equivalent to 0
,

1
,
3: 356

460

013 50
124 6 12 I

23 023

450 · ↳34561
602

Now construct a projective place of order n.u.
. p

= 3
,

N = +n+= 13

6 : /12 =90
,

1
,

2
, ..., 123

mod is

The multiplier 3 : 6- 6 permutation (D) = k = n+ 1

00

1 - 329m

2+64502

42 12 - 10 m 4

7287




