
Book 1



Group Theory:an example ofa first order axiomatic system
An informal proofin group theory
#woven If G is a (multiplicative group ofexponents, then G is abelian.

It has exponent n ifgs for all ge 6.7
(Informal proof:Leta,b56. Since abab=(ab)" = 1. multiplying on the leftby "a"and on therightby "b"

gives asbabb:alb, i.e.ba=ab. #
Start with names for variables x,y,t.... (symbols)

Axioms of Grouptheory: special symbols for firstorder logic:5. V, parentheses, v. v,i.3.nfu(x,y),z)=

a(X,plyit)has aconstants:....(3:(VX))(y*1 =x)r(1*X =x)) ↓
ASSOC:(Vx(Fy)(V(z) ((x*y) *z =xA(y+z)) Symbols for functions:1. ... My means m(x,y)
INV:(VX) (7y)((X+y=1)1(y*x =0)) symbols for relations:

We happen toknow some groups including in (cyclic group oforders v), S. (symmetric group ofdegreen), ...
GROUPS =3ID, ASSOC, INV3 =9(Vx) ((*1) =...
Sois a group,

i.e. S, F GROUPS 1Sis a nod ofyouthesetconsisting of our threeaxioms of grouptheoryand

ABEL:(V() (y) (x+y =

y+x)

ABEC.GPS =GROUPSU SABEL3S isa non-abelian group;SABEL;S5# ABELGPS.

A structure has an underlying set ofelements, togetherwith an interpretation ofall the symbols for constants,
functions, and relations.



How do we rewrite our informal proof labove) as a formal proofin first order logic?
2:GROUPSU SEXP23 where EXP2:(0x(x*x =1)
ABE is a theorem in the theory ofgroups ofexponent 2, i.e. 21 ABEL.

Atheorem is a sequence ofsteps 2t π in whichverystepfollowsfrompreviousstepsare logic,
I+

or a rub of inference.2+
: This is a formal (symbolic proof!2 +7

An outline ofa formal proof:2t EXP2 since EXP2 >=

2r (EXpz - (Va)(a+a =1))(A4)9.86

2 r(fa)(a+a =1) Modus Porens (R1) p.86

Ei(Vb)(btb =1)
S F

.(Na)(Vb)((a+b)+(a+b)
=1)

25(Va)(Vb))(a+((a+b)+2a+b)) =a+1)

2t (Va)(Vb)(a+b =b+a)
RICHARDS BORCHERDS

JOEL DAVIDHAMKINS
x +y x z yz
mm

0RD3:(5x(5y)(z)7g3((9=x) - (g=y) - (g=z))uf)ANAPSE&ereare atmosttreeelements
ABIL is independent ofGROUPS (you cannoteitherprove or disprove thata general group is

ablian). GROUPS I ABEL and GROUPSH LABEL. This is because CF GROUPS
CIFABEL but STEGROUPS!STHABEL



In an arbitraryfirstorder theory, with axioms I, a statement &is independent of if

SB and EH=8:

Soundness Theorem: If 250 thenI holds in every model of2 i.e. MEP whenever ME2.

completeness theorem:converse holds:If aholds in every model of 5, then itis provable from [i.e.

if MFG whenever ME, then 5+8.
-utAssumeis consist

So:O is independent of iff there are models of 1 in which aholds, and models ofAin which

&fails.

& is consistent if we cannotprove a contradiction from 2, i.e. [# (8n 28) for some .

Equivalently, I is consistent ifit has a model.

Eg. ABEL is independent of GROUPS.

ORD3--.-...,

GROUPS is consistent.

GROUPS USORD33 is consistent since ithas a model. In fact ithas a unique
the cyclic group C

oforder 3. The group(s (or its theory) is amodelto isomorphism:

GROUPS is notcategorial. (There are models, butnota ringwe model.

An alternative toINV:(Vx) (7y) ((x*y =1) 1 (y*X
= 1)) is toadd a function symbol ((.) tothelanguage

We already have a binaryfunction symbolnamely (vx)((x *v(x) =1)x(i(x)*x =1)) M(.,.),u(x,y)=xy
Atheorem of is a statementthat can be proved from. A proof is a sequence ofstatements

such....

The they ofE is Th12):statements provable from51: theorems of 13.



Firstorder theory ofraphs has no symbols for constants or functions;thereis only one relation
symbol RC, .), for the binary relation of adjacency. We will abbreviate R(x,y) as xay.
Axioms ofgraph theory: twoaxioms to indicate that our relation is symmetric and irreflexive.

IRREFL: (VX)(i(x-x))
SYM:(Nx)(fy) ((x - y) - (y - x))
GRAPHS =GIRREFL, STM3 MIN7: (7X,)(7(2)..(EX7)(f(X, =x2))X...nt(X,=4z)))

"There are atleast 7vertices
!

·Tot FGRAPHS COIGRAPHS
MAX7: (74,)(742)... (FXz)(Vy)((y=x)v...v(y=xx))
"There are at most 7vertices"

To say thatIhas exactly avertices, we could unite

ORDF:(5x.)(702)...(7X,)[(f(x,=x2))x....((x,=4))) x(fy)((y=x,)v(y=xa)V...v(y=47))]

GRAPHSUSORAY:axioms for graphs with exactly avertices

Axioms for infinite graphs:
GRAPHS US MINA, MINZ, MING, MIN4, ... 3
In first order graph theory, we cannotexpress the condition that a graph is finite.
We can express the condition thata graph has atmost 17vertices.

we cannotexpress the conditionthata"graph is comminute infinite
The diameter ofa graph is the max, distance betweentwo vertices,

This distance between twovertices is the length ofthe shortestpathbetween them.
at most

Diameter2:
eg. To say that a graph has diameters in first order logic:

&diameter atmost2) x (EX (y) (G (x-y)) v(x
=y)

(x)(xy)((x=y)) - ((-y) v7zr(z - y)))
mean

dist (x,y)=1 dist(x,y) =z



In first order theory, we can express thecondition
that a graph has diameter ofor diametes atmost 7

but we cannot express the notion that a graph is connected.

Graphs ofdiameter 11 (i.e. cliques): GRAPHSU S(X(Fy)(x=3) v(x- y(73= COMPL_GRPHS

has models 1, K,.p oe
For each cardinality (eg. 12: 0.5, 10, 250, ...) there is a model K.F COMPL_GRPHS

I & (R1 :continuum
and
any two

models ofthe tableinfinite
same cardinality are isomorphic.

COMPL_GRPHSU SORD43 has a unique model 12x up toisomorphism.
Th(K4) =5 all statements in graph theory that hold in K43
1 Cor Th(k4)) is categorical:44is the miqus model (up toisomorphisms of

COMPL_GRPHS U9ORD43 or ofTh(Ky)

COMPL_GRAPHS USMNTMIN2,..3has infinitely many models.
Butfor each cardinality is, thereis only one

-

"There are inf model (upto isomorphism) of cardinalityK.
many ventiess" This theory is not categorical but it is k-catagorical.



consider the graph withcountably infinite verters set32, 13, 17,29,37,41,53,31,...3 (all primes =1 mod 4).

We say pog if p is a nonsquare mode (if a is a monsquare mode, by Quadratic Reciprocity).

eg. 5013 14are squares modsbut23
are monsquares

mod5).

Quadratic Reciprocity
Let's call this graph REGRAPHSUSINF3U SVm,nim,n -> 1N3 Dirichlet's theorem

Chinese RemaindenTheorem·-iXii Um.n:(Vx()(Nx2)...(Fxm)(Wy)(Nyz).. (Fyn) ((xi,y;distinct)->(727(zrx, .... . znXmnzty,1... .zNyn))
-

X(74z = x(4>1...1x,Ey,1...rYuryn

172,0..,0,
8-- -g8
2
1

11
1

R:Random graph:Erdo's- Renyi graph:Rado graph =Universal Graph
Take any tountably infinite set V as vertices.

For all say in V, Hlip a coin. Heads?join cry. Tails?*4i(unjoined),
With probability , REUm, for allmin, even ifthe coin is biased.

Theorem Every countably infinite graph satisfying Um,for all my is isomorphic to R.

GRAPHSV SINF3 U SUm.n:m,n -N3 has only one countable mode. (up to isomorphism).

y
I don't need this axion;itfollowsfrom SVnnn:m, ntN3

i.e. R is so-categorical (countably categorical).

RANDOM: =



RoofFirst try, via greedy construction ofa map I-T'.

Suppose I, T'RANDOM and ithave a countably infinite set ofvertices.
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second try:Back, andforth construction ofisomorphism i
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Question:Is there a universal random graph on 141:240 vertices?

Statusof this problem is notfully known, but independent of Etc, depends on 2H; (Shelah]
-

chromatic numbers of graphs:
Given a graph is a proper (verty coloring oft is a coloring of the vertices so that no two

vertices of the same color are joined. The chromatic number ofM, (ii), isthesmallest number

ofcolors for which I has a proper coloring.Eg.

x() =3.
finite

Theorem (Appel-Haken) Ifi is a planar graph, then (ii) -4.
From this result, the generalization toinfinite planar graphs holds:
#fiis any planar graph, then 1(T) =4.

Firstexpress the condition XIT)=1 in first order logic:
language in any first-order system has symbols for constants, vary functions,vary relations.

We are given a graph 5 and apositive integerb.
Introduce constants vi,vz...., one for each verter ofthe graph. Also a many relations (1), ..., (h(.).
Axioms:(NQ ((P(X)VC(x) ... vG())v (22,(x)rG(x)) - (2,0)nC(x)] r... w((m,() - ((x())
For every pair ofadjacent vertices inin T, include an axion: (2p(vi) ((vi)and each 1 in 31,2, ...,43,
Letthe the set ofaxioms listed here. A model of Si,h, i.e. MEST,b, is a proper kcoloring
ofi. Such a model exists itsXCT)<k.



By the compactness theorem, 21.1 has a model if every finite subset ofEr,has a model i.e. iff

every finite subgraph of5 has chromatic number 14.

Moregenerally, it is any infinite graph, then 11: k itsevery finite subgraph ToT

up(0) 1k;and x(50) =b for some finite to CT.

Bythe way, the compactness theorem follows easilyfrom thecompleteness theorem. We won'tprove the
-mess theorem. Here's theargumentin the case of graph coloring:complete
If Er,has a model MF Zrib, then every finite subset 20? [+, h has a model M=5.

Conversely, suppose every finite subset2012, has a model ("every finite subgraph T.CT is properly
k-colorable) · Suppose it does not have a model itis not properly bicolorable). This says
Zi,h is inconsistent and we can desire a contradiction from Ei,i by thecompleteness theorem i.e.

ET,bt (8n(8)) for some . A proofofAnh87 from It, h only uses finitely many ofraw
C and relations

bii25. These vi's lie in a finite subgraph to CT. This is a contradiction.

* * * *is notplanar:ithas ksas a minor.



Axions for linear (total) order:

Language:single binary relation symbol RC,.). We denots R(x,y) by xxy.

Axioms for linear order:(VX)(vy) ((X=y) v (x<y) v (y<x))
Nonempty axion:(7x (x=x) (Vx)(Vy)(z(x =y) - ((x<y)v(y< X)))

(Vx)(Xy)(u((x-y)n(y<))

(VX)(Xy)(Vz)(((X(y)r(y(z)) - (X(z))
Dense linear order withoutendpoints:

axions for linear order

(VX)(fy)((x,y) - (Fz)((X<z)r(zy())
(Vx)(7y)(x< y)
(VX)(7y)(y< 4) =.

..

[Modelsofdenselinearorderwithoutendpoints":copc, withusual" isomoreseen
isomorphic, C withordinary

There are manyuncountable models. For every
incountable cardinalityis, [⑫U (0,1) withordinary

thereare many models ofcardinality K.



(Cantor 7
Theorem (1,1) dense linear order without endpoints" istheunique countable

model up to isomorphism.
Iroof Backand forth.In

3
-

1.-ele
(0,5

The theory ofdense linear orders withoutendpoints is no-categorical
a

Other no-categorical theories:thetheory ofthecompletecountablygacategoriaareoftherandom graph.
"Douse linear order withoutendpoints"isnotcategorical for any uncountable cardinality.
Theorem (Morky) Ifa theory is iscategorical for some uncountable cardinality K, then it
⑮is categorical for all uncountable (hence "uncountably categorial").
Linear Algebra:whatare suitable axioms for vector spaces?Fixa field and

write down axioms for vector spaces over 7. One way:All
elements of the

domain (underlying setof themodel) are vectors. Implement scalar multiplication

usingmany functionsMile itin addition tobinary functionfor adding rotsare
Axiom Schema

CVv)(v((v)) =M(r)) (for every c,deF
Axioms:(NV)(tw) (v +w =w+v) we have such an axion

(NX)(VV)(Xw)((u+v) +w = u +(v+w)) (VV)(,(v) +Mp(r) =Mcd())
(VV)(0+1 =v) (Vv)(fw)(M,(vw) =u,(v) +M((w)]



(v)(n,(r) =v)
(Vv)(a.(V) =0)
Models ofthis theory are vector spaces over F.

There can be nonisomorphic models ofthe same cardinality.
ISuppose F:D. For every uncountable K, thereis a unique model

ofcardinality cy
to isomorphism (thetheory of rational vector spaces is uncountably categorical) but

not for keto: there are infinitely many vector spaces ofcardinalityso.

:0:00Ot"ONENO polynomials in a with rational costlistent;

⑫ :5 fct) -> [t]:deg fits < n3 has basis 91t,t2t3, ..."*

9 has basis [1,t,t, t, ...
1)

⑫ It]

Don'tconfuse with15]:all power series it withrational coefficients which had

uncountable dimension.

Theorem of Engler, Ryll-Nardzewski, Svenonius:o-categoricityof M is equivalent to
a "large"group ofautomorphisms of M:Art M

has only finitelymany orbits on
ktuples of points"(elements ofM). Such a group is calledmorphic. Examples



Any two k-sets ofdistinct rationals are in thesome orbit of Art (4,2).

For the countable random graph is, thenumber oforbits on besets ofdistinctvertices

for k=1,2,3,4,... gives a sequence

1, 2, 4, 11, 34,...

--

Nothing is better than a meal in a four-star restaurant.

A plain cafeteria meal isbetter than nothing,
Therefore a plain cafeteria meal is betterthana

meal in a four-star restaurant.

Why would we not allow the domain ofa model (the underlying sit) to be empty?
r (VX)(f(x) -> p(a)
1- q(a) - (3x)(0(x))
+ (VX)(d()) - (5x)(P(x))

clarification:structure vs. model

We startwith a language Li symbols for constants, relations, functions).
Any interpretation ofthesymbols in on an underlying sat(domain) is a structure

for (an Lnstructure). Given a language and a set ofsentences [ over 1,



a model of is an structure M satisfying i.e. every sentence -- is

satisfied by M.we denote MF2.

Howdo we understand the statementthat itis is an
uncountablecordinal, then a

rational vector space of dimension K is the same thing as a rational vector space
of

cardinalityi?
10) =10 =171:(N); (R1=240=18(N)) (PCA) :power set of A

18."1 =(8) by induction. If1A1
=40 then 1AxA1:40 ... & *

. . 1

8) & 1 ⑧
↑

1001:5. (unionof countably many countable sets .. A ⑧
&

is countable).
①
w
=80" - 8

⑧ ↓ 9

n=1

i
For 1.6 infinite cordinals, 1+6 =k6 =maxSis, 13

i.e. ifA, B are infinite sets then 1AUB1=1ANB1:1AXB1 = 'may S1A1, 1313.
This uses AC laxion of choice). (And its equivalent to AC.)
E.is is an infinite cordinal and v is a rational vector space, thendimV=1 => NF1.

ProofLetB be a basis ofV. Then 1B1N1

v=8U.Spansr,..,.3 where (Span'r,..., v.51=(99,0, .... anVn: 9i-431 = 50
n=1v,,.,VtB the number ofchoices of(r, ...,V.)- B" is IB"1:13 *B/=15 =k.
-
↳=k() =48K =k.



Thi:The theory of rational vector spaces is uncountably categorical butnot countably categoriza

A field I has charteristicp ifi+ 1 =0. (This requires p tobe prime
If 1 + 1 +1 +1 +1+ 1 = 0 thento. If there is no such of

themI has

charteristic zero.



Ifwewanttoforceonfieldtohavecharacteristicssay, add anaction
toengine

axioms
1+1 70
1+1+1 =0

1+1 +1 +1 =0

1 +1+1 +1 +1= 8

etc.
field of

The complex numbers is the unique (up
toisomorphism) algebraically closed field ofcharacteristic

zero having cardinality20
The theory ofalgebraically closed fields ofcharacteristic zero is uncountably categorical.
(Notcountably categorical.
First order axioms for "algebraically closed":
For each nx, we add an axionofthe form

(Vas)(Va.)... (Van,(7z)(z+an,z"+... +9z +9 =0)

& (((X) C K :alg. closure ofD(x)
=

1

AntDI =infinite



Given a field F, thealgebraiccure of Fis the smallestextension field F2F
which is algebraically closed, i.e. containing roots ofall polynomials in F(x].
eg. R =D, E =D,0:Salgebraic mambess? CK 15 1 =9.

Ep =50,1,2, ...,p-3, (F) =4, F =

185.
FIELD:9 field axioms' (finite set ofaxioms for all fields)
ALGCLOS =5 x,5,43. ... 3 ↑ is a statement in the language offields thatsays

every poly. ofdegreen has a roof.

eg. 43:(Va)(Vb)(Vc)(7x)(x+ax+by +c =0) here is an abbriation for
xxx =(XX)x

ALF =FIELDU ALGCLOS is a set ofaxioms for algebraically closed fields.

DFACF, FIFACF, JF ACF

The statement 11+1+1+1 +1+1=0 is true in g butnotin 1 or

The theory of algebraically closed fields is notcomplete ("complete" = "model complete").

Of:t
=0

a
set ofaxioms for

-

ALFP :ACFU 38p3 is the theory of Ep i.e. Th(p) =3 all statements in firstorder
1

This tasory is complete.
field theory which hold in IP

ACEP:ACFUS-E, 83, 85, 2E,...3 is a setof axioms for the theory ofalgebraically closed
-

fields ofcharacteristic zero eg. 4. @ so Th(4):Th(Q)=Th (ACF0) is complete.



For
Every statements in the first order theory of fields is either provable or disposable from
ACF. i.e. ACFOS or ALF+ 15).

#GrotelTheoremlet7:c"-i" be a polymonial map i.e.

f(x,...,Xu) =(7,(x,..., Xn), ..., f(x,..., Xn3) where fix,..., (a) -> D(x, ..., Xn].
If f is onetoone than 1is onto.

#Take one instance f(x,y)=(axbxy + cy- dx+ ey +g,hxjxy +ky+lx+my+n)
as an example. Consides the statement 8 in firstorder field theory given by

(VX,)(y,)(Xz)(Vyz)
8:(Va)(b)... (a)()(f(x,y,) =7(2,32)-(x,ay)- lvx)(vyz)(zx)(5y,)
m
y

=(xz,yz))]
"I is oneto one" it is onto"

We must prove DD. Ifnot them IF20 and ACF+70). Consider a proof of it

FromAltoSachaproofuses onlyintelymanyof Reasonson there
isone

satisfiessf (FF18). However po. Why?Given a,b,...,ntp =U
so pick a so thata,b,..., n->Fprfdefines a polymonial map Fr->Ap which

is
"onetoone

and therefore onto. Now Ap satisfies on 40), a contradiction. #



NaughtTest assures us that Th(ACF) is complete. This uses:thetheory has no finite
models ; and thetheory is 2categoria

1t Jerzy Kos, Robert Vaught (1954)


