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g= pe , p prime,

es,

F2 # : #(0) ,

o root of mix) + #(x) irreducible of degree .

[: ) = e Aut = Sc
,

0
, 02 ...,83 where o(a) = at

o(ab) = (ab)" = ab o : Fate is linear

&(a+b) = (a+b)) =
a" + b = o(a) + w(p) If at #g and 2+then 0( = <P= c (Fermat's Little Theorem

o is one-to-one :

~ ((x) = o()o() = co(x)
or Lagrange's Theorem

IfB + # then o(x-s) = (x- 3) = 0 EX AB = 0.

0(x) : C= #20 so o has will space 903 so t is 101
. O is one-toone.

~(a) = Hap(P) "P = al
, k = 0

,
1
,
2

, ..., e- 1

r (a) = a = ap = gi= a

If 1 le+ then oht1 = identity .

(If oh , then the polynomial XI-X has gip roots in
g

G= Aut : < 0 : o= 1) = cyclic of order e

lAnti : ( : ]= so the extension is Galois

Subgroups of 6 > subfields of,
G-

# = &x : +(a) = 23
-

Gi = X
a

= o(a)
To : # - #p o/Tr(s))
If atE then 01 has the same clear

. poly and min
. poly.

(01) is an algebraic conjugate of a) and in particular Tr(0(a)) = Trix).

Tr(x) = a + x4 + g+... + x9 = 208 = Se
geG

Tr(a>
"

= [18 = Ext - Tr() so Trae
gfGgef



A finite field #g , g-pe has

· an additive group
: addition in an e-dimensional rector space overi

Can elementary abian group
·E is a cyclic multiplicative group of order

Gauss Sus keep track of how the two operationsnesh with each other
. # multiplication inI"

addition
in

The fieldby has two kinds of characters #g - I E
nonzero

&

Anadditive character ofFe is a mapt : -> &" such that HW*y) = 2(x)4y Fr all xye lig.

Chomomorphism)
Note : 201 = 1 and H =4+) = 210) = 1

So it(a) -> 31
, 9 , 9 ...,g

A multiplicative character of #g is a map 1 : #q+ C satisfying y(0)=0 and X(p) = X()X1p) for all
- nonzero

Exception : The principal multiplicative

-
Also Y IBe .Xi

i
.

e. (linear characte.
character 4

.

(x) = 1 for all at Eg

I
x-0

+

= Ea
,
xi

is a hom, ofgroups

y(0)
= X10 . 1) = X(0)% )

lin
-

X
Y What is 0 ? 0= 1 but

Theprincipal additivecharacter why ?

4(x) = 1
. (orall x- #g) · f(x) = 90 + a

,
x + a

,
x2+ .. + axh

n

Every additive character i=0

satisfies 2 (0) = 1 because
SIT= Q f(0) = 9

=
a:
0 => 0

& &
2x = 2x + 24 Is = product of all elements ofS

xes xet
eSUT seSef(x) = 10 + a) = 2(0)2(a)

& s = sum of all elements ofSE -DetXeT seS

2 = 0
#x = (4)IsXESUT

=()()



The most important additive character is 4
,
11 = giva where Tr :F Fix-**primitive athroot itSa

4:-
"

Tr(+B) = Tra + ToB . # - K

2
,
k+ 3) = yTrk+b)

= y tra+Tib
= 373559 am ga

More generally , Fix Ut Fi define
=

2
,
174

,28 ·

4(a) = gir(a)

Uk+p)
= gTr(Vk+B1) gT(Vx

+Vp) yTr(a)++rivp) = yTuSta)y5-(2p) = e()2(9) .

When 8: 0xts ,
this gives us the principal character to as a special case.

There are exactlya additive characters of F and these are all ofthem .




