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A (complex) nth root of unity is a value StD satisfying
"

=
1.

psx ①

·= eif
&

SBD

·&
multiplicative

Solutions of z"= 1 form a cyclic1

group of
order

S

There are $(n) quinitive nth roofs of unity
-

Euler's totient function

P(n) = number of generators in any cyclic group of order n.

eg. n = 6 $(6) = 2. 9
2

9)(n) = 19 31,
2

,
.... n3 : gad (in) = 131 -1,5 relatively prime to 6.suIf E= 1 and w= I then (zw >

m
= 1

The product of anin root of unity with an" root of unity



Atomised is a field Q151 where Ge D is a root of unity.

==+g ... + g = 0

z- 1 = (z- 1(1 + z +z ... +z)
&() (z) (z)

- I
-2

-3

n = 6 : z 1 = (z- T(z + j(z+z+ )(z2 z+ 1) (factorization into irreducible factors in

Roots :
↓ Eg 3234 E

,
95 Q(x7 or 2(x])

primitivee roots of
1
-

& (z) = minimal poly of E-ci/ over ① (or over 2)
(simplest movic poly ·

with rational coefficients having as a roof)

- 1 = T(z) product over all positive intega divisors of n.

din
d

Divisors of 6 are 11
,
12

,
13

,
16

Positive divisors of 6 are 1
,
2

,
3
,
6.

& () = M(z-g") has as its roots the primitive nth roots of
1.

kk14

gad(k ,
n)= 1

#15] = Epolynomials in 3 with coefficients in $3

= Elinear combinations of 1, 9
, 32 ... with rational coefficients ?

= & linear combinations of 1
,3

,
92- ... g""with coefficients in Q3

3 = G = ezti/



The roofs of unity in I form a multiplicative group
which is abelian but not cyclic

This multiplicative group is isomorphic to the additive group Q/2·

Groots of unity in13 = Se** x QY a+ a+ 1 doesn't change the value ofi

The homomorphism D22 Grootsof unity3 is onts but not one-to-one.
e

W &i

e

f(c+x) = f(c) f(x)
By theFirst isomorphism theorem forgroups ,

Groots of unity' =@
Zukerf

.

Integer-linear combinations of roots of unity are cyotomic integers.
This is a ring.
Q-linear combinations of roots of unity form a field

,
the fieldof cyclotomic numbers.

Both these (ring and field) are countably infinite. je

i =I is a cyclotomic integer (a 4th root of unity)
-..Fo is a cyclotomic integer. (not really obvious)

sof = 7's is not----
----

= g = 2% is a primitive 7th root of unity e -

x = E + g2 + g4 is a cyclotomic integer
2= y+ 34 + 3 + 23)+/ +(
0 =R+ 25 +29+ +29/5 +3) g5
-

x = - 2 - 5 -y z4 = 2- 4

+ a + 2 = 0=



2x+ 1 = tiff

Fi(ex+ 1) = V
Multiply both sidesby is

x = 3 + 92+ 94 -2 ,64575/31/ ...

= i(2x+ 1) = =i( +ze2yce = Josie
terms

- I (2 sin + 2 sin + sing) + i). . . - .)
-

2
. 64575/3/1 ...

= 2 sin + zsin + esin is a cyclotomic integer.

2 sin-i-y) = -if + isinE)-(sE-isin)

Let 9 : En primitive nth root of unity ,
so the roots of=1 are 1

,
9

,
92, ...,

"

e
.g. Go easi/ ,

The primitive nth roots of unity are g ke
, gad (k,

n)= 1.

The number of primitive nth roots of unity is plus Euleis totient function.

They are the roofs of the nth cyclotomic polynomial En(z)= I (z-g
*

) eX(x]
Ikan

(z) gcd(k,
n)= 1

z- 1 If p is prime , E() = ***+ zP
*

+... + z + 1

2 z+ 1

z+ z+ 1

· z+ 1 E(z) is irreducible in [12] and in Q1) for all n.

z4+ z3+
2+ z + 1

z- z + 1 (If n = p is prime ,

this uses Eisenstein)
37 z+ z5 + ... + z + 1

S z4 + I

zb + 23+ 1: z5- zP + z3-z+ 1

I/ z + z9 + z8 + ... + z + 1



If m(x) + Q(x) is irreducible of degree n them m(x) = (x- *1) ... (x-c)
,
and

x = X
, say ( algebraic

& CQ[X] = <polynomials in a with rational crefficients 3

Since a= and"" + - - + ax + 10 (90
,
9

, :amEQ) ,
Q( = 93+H + .... +C : Co

, "G

Q[X] is a field with basis 1
,

4
,
%2

,
-,
x" over Q

Q (x) IQ is an extension field of degree n ,
i.e.

dimension n.

All the fields Q(:) (i= 1
,

2 , , n) are isomorphic but not necessarily equal.

eg .

m(x) = x= 7 = (x- x
, ](x- (2)(X- 43) There are three complexcube roots of 7
↑
x = x = 71

but only one of them is real

QIJEQ(WY EQkw] w = S = eit
but "they are distinct because -T
& (x] <R but Q(W]KR .

=
·Q(x) = Q(x]/(m(x) = 93 + <x +2x mod m(x) = xi-1)

Co ,
4,Q

-

For 3 = St ,
m()= (x) = y+x + x

+
+y+ y + x + 1 = (x- 3)(x- 37 ... (x- 99

Q (5) = Q(55 = Q19 = Q13* = Q195] = Q15"
IfG the las of) automorphisms (g)= Kkzu

,
p(k)= n .



An automorphism of a field F is a bijection F : F-s F such that

f (a+ b)
= f(x) + f()

flap) = f(c) f(p) For all a ,BeF.

If F2Q is an extension of degree: then E has at most a automorphisms.

Q (97] > @ is an extension of degree 6 basis 1
,
3

,
92, .., g5 g= -1 - 5- 32 339495

This field has exactly 6 automorphisms
If -AutQ(5]

, 3: St
i.e .

f
any automorphism then f(359

,
92..., 933

S1 = f(57) = f(i) = 1 Hy(0) = f(0+o) = ((0)+ f(0) = f(0)=0

f(p = f(s)8(D)- -·J : -159..g exy = f(m) = f( . 1) =(D)f() => f(i)= 1

Minimal polynomial of 3: % over& is m(x) = 1 + x +x+x+ x
*

+ x+ x* = G(x) = (x-b(x-y ... (x- 99

Aut Q43] = St, E2
,
to

,
F

,
55

.
E 3 f(s) = gi IEE : by

fo : Ets = fit - Et (g) = 119) = Els) = 194"= S' -Gofof = Es f,

AutQ[n] is abelian

Aut Q15T = (E/E]" = She: ken , god(kn)= 1) abelian
group

of order of(v)

.. n under
= [Q(Eu] : Q]

addition mod n

(a wing)

Whenever R is a ring with identity .

R= Quite in R3 is a multiplicative group.

T = S+ 13
Suxn real matrices ]

"

= GLu() = invertible nxu real matrices



Aut Q15] = Ef ,
t

,

5
,
f fj(5) = 95

==/ Sig Si has min
, poly ,

M+
32837

(x-3)(x-9)(x-35)(x-g)= Xt is te min. poly.
of S

f(9) = G7= g

F(z) = E

↓
lAutE) = (E : Q]

chenWhertrenEveryGuis extensionhavny
an abelian

group
Ata

Converse is easy : Aut Q1Sn] is abelian and if EC QIS] then AntE is abelian

Eg: Q ; E generates the extension E= Q1] = Saybit : a be Q3.

And E = S 1
,03 ·(a+b) = abie where abe Q

1(a + bi7) = a+bt
= (x-v)(x+v]

o= 1

I has min , poly .
m(x) = x-7 Q(x]

m((z) = 0

If - AntEthenm(flE)) = FLEF" -- = f(UE"-E = f(7)-X = 7-70

=> flue) eSie, S
f(a + biE) = f(a) + +(b) f((z) = a t bi

Q (EE) > Q is a Galois extension of degreez with automorphism group of order 2 Labelian) so

by the Kronecker-Weber Theorem FtQ(En] for some n . (Actually in Q152s] .7



a=F = 7 has min
, poly .

Y-F = (x- &(x-wa)(x-12) where w= etils crimitive
I

cube roof of
1.

-

(x(




