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A (complex) nth root of unity is a value StD satisfying
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Solutions of z"= 1 form a cyclic1

group of
order
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There are $(n) quinitive nth roofs of unity
-

Euler's totient function

P(n) = number of generators in any cyclic group of order n.

eg. n = 6 $(6) = 2. 9
2

9)(n) = 19 31, 2, .... n3 : gad (in) = 131 -1,5 relatively prime to 6.suIf E= 1 and w= I then (zw >
m
= 1

The product of anin root of unity with an" root of unity



Atomised is a field Q151 where Ge D is a root of unity.

==+g ... + g = 0

z- 1 = (z- 1(1 + z +z ... +z)
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n= 6 : z 1 = (z- T(z + j(z+z+ )(z2 z+ 1) (factorization into irreducible factors in

Roots : ↓ Eg 3234 E
,
95 Q(x7 or 2(x])

primitivee roots of
1
-

& (z) = minimal poly of E-ci/ over ① (or over 2)
(simplest movic poly ·

with rational coefficients having as a roof)

- 1 = T(z) product over all positive intega divisors of n.
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Divisors of 6 are 11
,
12

,
13
,
16

Positive divisors of 6 are 1
,
2
,
3
,
6.

& () = M(z-g") has as its roots the primitive nth roots of
1.
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gad(k , n)= 1

#15] = Epolynomials in 3 with coefficients in $3

= Elinear combinations of 1, 9
, 32 ... with rational coefficients ?

= & linear combinations of 1
,3
,
92- ... g""with coefficients in Q3

3 = G = ezti/



The roofs of unity in I form a multiplicative group
which is abelian but not cyclic

This multiplicative group is isomorphic to the additive group Q/2·

Groots of unity in13 = Se** x QY a+ a+ 1 doesn't change the value ofi
The homomorphism D22 Grootsof unity3 is onts but not one-to-one.
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f(c+x) = f(c) f(x)
By theFirst isomorphism theorem forgroups ,

Groots of unity' =@
Zukerf

.

Integer-linear combinations of roots of unity are cyotomic integers.
This is a ring.
Q-linear combinations of roots of unity form a field

,
the fieldof cyclotomic numbers.

Both these (ring and field) are countably infinite. je

i =I is a cyclotomic integer (a 4th root of unity)
-..Fo is a cyclotomic integer. (not really obvious)

sof = 7's is not----
----

= g = 2% is a primitive 7th root of unity e -

x = E + g2 + g4 is a cyclotomic integer
2= y+ 34 + 3 + 23)+/ +(
0 =R+ 25 +29+ +29/5 +3) g5
-

x = - 2 - 5 -y z4 = 2- 4
+ a +2 = 0=



2x+ 1 = tiff

Fi(ex+ 1) = V
Multiply both sidesby is

x = 3 + 92+ 94 -2 ,64575/31/ ...

= i(2x+ 1) = =i( +ze2yce = cosine terms

= - (2 sin + 2 sin + sin) + i)...>
-

2
. 64575/3/1 ...

= 2 sin + zsin + esin is a cyclotomic integer.

2 sin-i-y) = -if + isinE)-(sE-isin)




