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assures us that thAACF) is complete. This uses:thetheory has no finiteghtTest models ; and thetheory is 2categorical
L Jerzy Los, Robert Vaught (1954)
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Let I be a language and let X be the collection ofall L-structures,
For
any set of sentences 5 over 2. letKs=sel ofofL-structures satisfying all the sentences in I

(i.e. the setof models of2).The X is a top, space withis as its basis closed set.
This space is topologically) compact. 9kp:A sentence over 23 are

"basic closed sets.

Eg. K=4 (52) =Sa+b:a,b- & 3 has two field automorphisms, 2 (atbis):atble,

+(a+biz) =a-biz.

=erinis- - II - 7
·

is---



ahas uncountably many automorphisms but only twoofthem are continuous.

where do we getthis?

kck(x) c((x) =kck

polynomial
The ring R(x) has automorphisms f(x) -> f(x+a)

k =D(x) =3f):f(x),g(x) = 4(x)3g(x)
is a field extension of D and it's not alg.closed.

KCt] has irreducible polys eg. E- x -> K(t]

I is an alg.closed field ofchar. 0, ITI =2=1D)

Butthere is only one algo closed field ofchar. 0 for each uncountable cardinality
(the theory of ACE is uncomitably categorical) so R = D.

is has lotsofautomorphisms i.e. D has lots ofautomorphisms.

I has only one automorphism, the identify 1(a) =a

Axious for R?
Field axiones
Orders axioms Introduce a new binary relation symbols(ach is a shorthandfor R(a,b)
and axious (a)(b)((9<b)v(a =b1v(b< a)) - vf(acb) - (bxa)) - vf(acb) - (a=b)) -:((bca)- (a =b)))

(Xa)(b)(fc)((acb) -(bx) - (acc))



(va)(*b)(vc)((92b) -ef(atc <b+x) n(10)- (ac<bd)])
R is the unique ordered field which is (Cauchy)complete and having as a dense subfield.

But we cannot state "

Cauchy complete"in first order theory of fields.

How much of the theory ofR can be captured in firstorder logic?
Ordered field axious

-(Xa)(a+0 -> aso)

(a)(a>0 - (76)(b
=

a)7 RCE
· Every polynomial f(x) -> R(x) ofodd degree has a roof. Eg. for degree[
(fa)(b)(Xc) (Ex) (x+ax+bx +c =0).

I
The first order theory of RR is complete.
Howeverthe theory is not K-categorical for any cardinality. (No models for is finite;
more than one for each infinite K.)

Eg.for K= 40:RMR

For 1 =240: R;hypereals *
Any model ofRCFis a real closed field.

Every real closed field is elemely exilent to R (i.e. has thesame first order theory).
⑰ and D are elementarily equivalent.



Artie(1925)proved
theHilbert 17thproblem using mathematical logicin

such that of 30 (i.e. f(x.,...,xn)3,0 for all X1,..,YnERL.

Let f(x, ..., xn] => R/1, . ., Xu], Is it necessary than 7 = sit... +sY for some
rational functions si(X,,. .,, xn) R(X,, . . ., xn)? (Pfister:1 = 2"7

Mzkin's ample:n=2. f(x,y) =1 -3x+xy* + x*y2.4" this is not expressible as a sun of

squares of poly's but

ex,y):(**)(**)(s)"+ (*)"
Note:y* -(I.x*y*x4)*:xy" by the arithmeticgeometric mean inequality
so f(x,y),0 for all xy.
If f = s,t...+s, for some silx,y) aR(y) then degs; 13, so sily may have times

&, x, y, x,xy, y,,,,
Six,y)

=

ai +bix +c,y +dixy+ e,x+fil
In R, thepositive elements are squares.

Si: zdixy+...
(Not truein 7
consequence:(ut RI:1. If o-AutRR i.e. 0: RTRis bjective and platb) =p(a) +6(b) for all
then $(a)=a for all set. Why?GlaY) =o(a)" so (a)so if aso.o(ab) =f(a)p(b) a.beRR



So G(a) < 6(b) E> acb. =
-

=>>4(b) -4(a)>0 -(2) =4(1+1) =0x) +6(1) =1
+1 =2

=-4(b -a) -0 o(n) =n

*b-a>0 %(a)=a for all a t Q

E> acb. ↓(a) =a for all a-> R.

Compare:4(2) is also an ordered field butithasnontrivial automorphism of(a+bin): abit
for all a,be B.

Hilbert's 17thproblem is true for n=1:every f(x) -> 1K] with fix)x0 for all xsatisfies

f(x) =g(x)" +h(x)" for some g(x,hix) cRIx). Why? Factor

fix =1,4(x-r].((x-5,ti) where 350, 5:

(a
+b2)(2+d2) =(ac-bd)" +(ad+bc)

Proofof Hilbert's 17th Problem (Artin;Servel
Let 7 :fly, ...,xa) - R(x., ..., xn). Suppose I is nota sum ofsquares of

rational functions;wemust

show fia....., an)20 for some a,...,9nR.
F =R(X., . . ., *u):field of rational functions in xs...., x withreal cofficients.
T=9suns ofsquares of rational functions in #3.

=(sit... + .:sie F3. Note:THTIT, TTET, act for all act.



I defines a pedes on F, namely for g,htF, we say gth if higzT.
77

"I is transitive but it'sa partial order in general.
It's an order if TV (-T) =F and Te (+) =303.

Stotal
order) -7:5-9:geT3

We are assuming fat.
Among all preordess containing + butnotcontaining 7, choose a maximal preorderusing
Zoin's Lemma. totally ordered
Let SP: cFAT be a collectionofpreordles on F withPast, fePa.

sine, for every ,+A, either PatP or PpPa)
19405 is a chain) then 4= WP. is an upper bound for the chain i.e. PoP

x=A
for all seA. Then P is a preorder (4+P&P, 4PIP, aP) and PIT, f-P.
ByZorn's Lemma these exists a maximal preorder as about

(i) Show-44. If + tPthen 7=(+(-1)( EP, a contradiction.
iii) Show-f->P. Suppose -f*P and consider B = P-47 =3a-b7: a,bep3 which isa preorder.

4

+4 =[(a,-b,7) +can-bet) =(9.192)-(b. +be)f: 9i,bizP3 = Y
l

IY: (a,-b,t)(ac-bit) I I
-ftP

-+ Fibbe-(ab,7-cT
IC

of -p
By maximalityof4, AEP. EP

- 7=a-b7, some a,beP. (Hbs7 =a =7 ==(Itb)ab



is Given geF, showgetor-gtE.
Assume gtP; show-g-P. WLOG gFO.
Consider P =P+ Pg. As in cii) B is a preorde, 424, BSP since gt4,

get. By maximalityof 4, we must have It Iso 7:a+ by, some a,bep.

- bg=a-f => -g =a =b.(a-f).(5) - P
(iv) P1(4) =303 Ifgto, gtp, getthen

---g. (g).EP, contraryto(i).

[E, 2) is an ordered field where ab b-acP.
It's an extension of14, 2) F

By the Task:Transfer Principle, if (y., ..., x2) satisfies a statementin firstorder theory
of ordered fields, then thereis (a.,...,an)-R" realizing this statement.

Here -feP is. Ac0 i.e. f(x,...,Mn) <0 so fla,..., an)<0 for some a.... andR.



nernibles ... coming soon

Axious for projective place geometry:Here we consider only points, lines and their

incidences.

Objects: points and
lines

(*x)(P(x)=(((x)))
Relations:theirinit (x)(vy) (E1x,y) -> (P(x)= ((y>))

binary
symbols relation symbol

Axions: (i)

Any
two distinctpointsare on a unique line.

(x)(Yy)(PX) -P(y) a -(x=y4 - (7z)(t(x,z)- I(ynz) 1 (wY(((x,w) nIly,w)
-> (w=z)))

iii)Any twodistinct lines meet in a unique point.

-
there existat least form

civic mondegueracy axion w points with no three

of themcollinear.

Models?There are some orders (sizes for which models are unique up to isomorphism
Finite projective planes: Infiniteplanes:

·
Ipoints n+n+1 points/lines Forevery fine
7lines my points/line

n+ 1 lines/point aremy pojPase
3 points/line n = order of theplane cardinality (7.
3 lines/point



Does there exist an infinite projective plane which is no-categorical i.e. its theory
has a unique

countable model?

-
...
-redQuadrangles (i).......... Any two points

are on atmost line

IfP is not out then there
is a

cis unique
& on I joined to P.

is nondegmeracy. *** *
In every case it ise
Can s200, t=?

If s=2 then 1 <4 (easy).
If S= 3 the +=914pages)
If s:4 than t-16 (Chealin)



Let A be a set offirst order sentences over a language (i.e. a theory) and let

MFI (a model of At).

A setof indiscernibles SIM such that for every distincts, ....,sptS
and t,,..., tpts

and every propositional
function 4(X...., xm3, os, ..., sm) ifPUt, ...,tnl.

anydistinct

Eletsbetheanionsoffield theis aseat feetaside......meade
nonzero
f(x, ...,xx) - & (X,;Yn) then fis, . . . ., s) F0.

eg. 943,9e3. These are alg.ind subsets of1ofuncountable size!

Is 94,2} alg, indep.?

mysetstCwhichisalg ndep
is

asetof indiscernibles thatlooke

where x., ...,45 are infinite cardinalsin Pick S.K.Sit Ka,
ES., ...,55] is a setof indiscernibles.


