
Finitely Additive Probability Measures

Denote the power set P 1 A A E213
A f a p finitelyadditive probability measure on 21 is a

map u P Z 10,11 such that u o o a 2 1 and
M A H AzLl 4 An MCADAM Az t M Au

Such a measure is translation invariant if for all A EZ Xe Z
M Atx MIA where Atx at x at A

Goal construct a translation invariant f a p measure on21
The same can be done for IR in place of21 Or for any
amenable group

We cannot have u a 0 otherwise
M 12,3 n

nm a i for n sufficiently large

So u a O and u A 0 whenever I Also



Ultra filters

Warm up Lets be an infinite set Lookfor a fa p measure
X Pls 0 I Notranslation invariance S isjusta set
Every AES is either an almostnowhere set ACA o or

an almost everywhere set d A 1 The set
21 A ES A A I is an ultrafilter

I 0421 S E91
2 21 isclosedunder finite intersections and supersets
3 Whenever S A HAzH 4 An exactlyone of Ai E 21

How dowe construct an ultrafilter Trivial principal ultrafilter

Fix seS and take 21 AES seA AVOID THIS Wewant a
nonprincipal ultrafilter i.e It contains no finite sets So21
contains every cofinite set S A I Also The cofinite sets
form a filter F E P S satisfying i 2 ByZorn's Lemma
we extend F E 21 where It is an ultrafilter necessarily
nonprincipal

But an ultrafilter on 21 cannotbe translation invariant
Every translation invariant f ap measure on21 hasMlevens n odds t



A Better C Notion of Limits

If xn is a sequence in la b then xn has at
least one limit point cluster point accumulation point
in a b One of these which one is the A limit
of xn Every bounded sequence xn has a

A limit satisfying
If Xn x then A lim Xn limXu x

A lim at yn Ahim in A limy
A lim xayn d lim xn d limyn
If Xnsyn then A liarXn Him yn

To define the d limit choose a nonprincipal ultrafilter
21 on N X limXu I 1 iff forall e o n xu Lte e U

A lim Xu L iff for all e 0 n Xu Ed e 21

There is a unique real number L satisfying both conditions



A Translation Invariant f ap on 2

Fix a nonprincipalultrafilter U on IN Given A E21
define

µ A A him
l A n En n I
2 n t 1

This is a translation invariant f a p measure on 21

The sequence of subsets In n't c 21 is a Folmer sequence

Every amenable group has such a sequence

Application

The Banach Tarski Theorem for balls in R has no

analogue in R or IR





The Hyperreal

Consider the ring R can.az as aa ai e IR with
coordinatewise addition and multiplication This is not a

field but if we identify two sequences wheneverthey
agree almost everywhere i.e a bn whenever

n an bn e 21 then we get the field extension

I IR of hyperreal numbers

If can is bounded then A liman is the standardpart
of Ca which is the unique real number closest to can


