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In group theory we have

· permutation representations : hononophisms # : G-> Sn permutation representation of degreen
(if e is 1-to-1 then It is a faithful representation : then #(G) - S- ]

EG

· linear representations : homomorphism # : G-> GL [F7 F : field

If F = D (or R or ... ) then it is an
andnearrepresentation

of degree on a

#f char F = p (prime) then it is a modular representation.
G : unless otherwise specified, G finite

group
. (Until water ... >

#sually F= K (or 1R7 and 186100 .

# : Gre GLC) (i = 12) then DET : G-GLn), grejisarepresenta
--

+: G-> fL() is decomposable if there is a decomposition= U*V such that" U, V + 0

U
,
V invariant under all matrices #g) gy G.

(din U = up , din
V= 12
,u posite

G= S
, acting naturally on Is by permeating the standard

basis rectors e = (6] , (i) , e= (:)
vic 0 : e, Posil This is a faithful representation of degree 3.
i.e . (12) > 10] It is decomposable : D= U& V

,

U = <Lily, 1),y
(123) ↳ 1988) Z

- U indecomposable-
1 - 1007

For a permutation representation
has (affords) character

+: G-> S(GL(() Y(g) = to+(g)

isig)
= no.of fixed points of I
↳

the representation : S,-> EL, (4)

the associated character ylg)
: trung

X()
= 3 = degree of D-deg

I called the permutation character) Y y(())
= X((3))= X(()) = 1

: Idi : gli) = 13)
,
Kisa

.

* I
, tgeneral

character values are no y(x =x()
-gls .



Given a representation +: G-GL(K) , the character of + is

#(g) = trig) -> .

Character values y(g) - D are always algebraic integers (geG ,

18101

and character values of Su are ordinary integers
.

X(g) depends only on the conjugacy class of g.

El g .

L + G then grigh (conjugate i.6) So

#(high) = +Ch) + (g) + (h) ~ +(g) (similar in GL1C) i.e
. conjugate

wa So to plg) = tr(h)(g) +chi) = foigh)
inverses in GL() to (AB) = fr(BA)

to (BAB) = fr /AB.B") =fr A

E) +: G->GL(K) is any represention X(high) = Y(g).
i.e . homomorphism,

and BeGLCID) , then

Fi(g) = 1giB EGL(K)
is also a representation

Fight = B+ IgLB = B+(g)+hiB
= BgB . BThi

# It are nivalent (via a change of basis). - Fghch) .

They have the same character : the character ofIt is

*(g) = tr(g) = fr (B1gB) = for #g) = X1g3 .

It's not obvious but the converse is true : X determines - up
to equivalence.

Two representations have the same character if they are equivalent.

Let +: G-> GL(K) be a representation (i.e, homomorphism)·
I is reducible if there exists nontrivial subspace UCC" (dim Ut91, 2:; n-13) suchthat

proper
U is invariant under D(g) For all g+ 2 i

.e

.g) UCU for all ge G.

k= dim K . when 1810 and D : G-GL
, [F)i

.

e
. Dig)=-

for all ge G.
chart = o

,
is reduciblezt decomposable
- irreducible # indecomposable



In general , + decomposable ->> reducible

=
i indecomposable # + irreducible.

The representation D : R-> GL(RT
, Pla = (oi],a+b) =C

+b
) = 109]C]=(a) +(b)

additive

group
is reducible : < 10]) is an invariant subspace. There is no complementary invariant subspace (in particular
the complementary subspace < /Y is not invariant).

Mask'sTheoremLetbeat group
and F= (or more grerally E is alas

-

if it's decomposable (i .e .

I is irreducible
thenanyrepresentationisredudee e

subspace U & F"has a complementary subspace U which is also invariant) .

UIV has a complementary subspace UEC
V= UDU' .

If dim Vin and dim U = k then U is a complement
to u iff dimu-n-k and U+ H1 = V

if dimU'= ab and U1U = 903.

In this case everywell is uniquely represented as v=y+u
,

nel
,

well.

In this
,

the projection X-U along U is the map P : &Prin .

P:Yiah
I has image PV

= U ; berp = U. Note : E-P is the projection from Vorton k
along U.

A linear transformation P : V-V is a projection if PEP
.
In this case t is a root of -x

so the eigenvalues of P are in 10.13 ·
Take U= 1- eigenspace ot P = ben (E-P), U= benD.



Proofof Musclke's Theorem : (in the nontrivial direction)

Suppose # : G->GL() is a representation having an invariant subspace U I i
. e.

#(g)UI U for all go t .
Wewant to find a complementary subspace W&

"which is also

invariant .

Start with any complementary subspace U'where I= YOU dim U = k,

dimuk every vismigulyexpressible,tation into v along I

i.e . P(u) Plutu) = u
,
So U = PV

,
U= kep .

Consider the new map F : V-V

defined by P

-Sincea
For all ut U

,
Pr = u i.e . Fly-id , Why ?

↑ n=g :.
Next : show P commutes with all +g) , g+ G.

(P doesn't satisfy this ingeneral ! (
↳ x=hgThe Fig)=Ph()=Pg) x = ght
gx = 4

= ng)P = #,

Finish this proof on Wed.




