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In group theory we have
fation of degreen

· permutation representations : homomorphisms # : 6-> S
- permutation represen

presentation : then #(G) - S
- ](if i is 1-to-1 then It is a faithful in EG

· linear representations : homomorphism # : G-> GL [F7 F : field
linear representation

If F = D (or R or ... ) then it is an adivary representation.
of degree: over #

presentation .

#f char F = p (prime) then it is a modular rel

G : unless otherwise specified,
G finite

group
. (Until water ... >

Usually F= K (or 1R7 and 11:00 ·

-

# : Gre GLC) (i = 12) then DET : G-GLn), grejisarepresenta
--

+: G-> fL() is decomposable if there is a decomposition= U*V such that" U,
V + 0

U
,
V invariant under all matrices #g) gy G.

(din U = up
,

din V= 12

,u posite

G= S
, acting naturally on Is by permeating the standard

basis rectors e
= (6] , (i) , e

= (:)
vic 0 : e, Posil This is a faithful representation of degree 3.

i.e .

(12) > 10] It is decomposable:"= U* V
,

U = < /i7y,== <:)
·
EY

-(123) ↳ 1988) Z
- U indecomposable-

1 - 1007 3 the representation : S
,
-> EL

,
(4)

For a permutation representation
has (affords) character

+: G-> S(GL(()# Y(g) = to+(g)

the associated character
called the permutation chara

trag

- Y X()
= 3 = degree of D-deg

isig)
= no.

of fixed points of I & y(())
= X((3))= X(()) = 1

: Idi : gli) = 13)
,
Kisa

.

* I aggrechar blues are not yxx =Xcl



Given a representation +: G-GL(K)
,
the character of + is

#(g) = trig) ->
.

Character values y(g) - D are always algebraic integers (geG ,

18101

and character values of Su are ordinary inle-gar
X(g) depends only on the conjugacy class of g.

El g .

h + G then grigh (conjugate i.6) So

#(high) = +Ch]n(g) + (h) ~ +(g) (similar in GL1C) i.e
. conjugate

wa So to plg) = tr(h)(g) +chi) = foigh)
inverses in GL() to (AB) = fr(BA)

to (BAB) = fr /AB.B") =fr A

E) +: G->GL(K) is any represention X(high) = Y(g).
i.e . homomorphism,

and BeGLCID) ,
then

Fi(g) = 1giB EGL(K)
is also a representation

Fight = B+ IgLB = B+(g)+hiB
= BgB . BThi

# It are nivalent (via a change of basis). - Fghch) .

They have the same character : the character ofIt is

*(g) = tr(g) = fr (B1gB) = for #g) = X1g3 .

It's not obvious but the converse is true : X determines -

up
to equivalence.

Two representations have the same character if they are equivalent.

Let +: G-> GL(K) be a representation (i.e, homomorphism)·
⑦ is reducible if there exists nontrivial subspace UCCV (dim Ut91, 2

: n-13) suchthat
- proper

U is invariant under Dig) For all ge G i
.

e. #g) UCU for all ge G.

k= dim K . when 1810 and D : G-GL
, [F)i

.

e
. Dig)=-

for all ge G.
charF = 0 is reduciblea it decomposableI

- irreducible # indecomposable



In general ,

+ decomposable ->> reducible

=
i indecomposable # + irreducible.

The representation D : R-> GL(RT
, Pla = (oi],a+b) =C

+b
) = 109]C]=(a) +(b)

additive

group
is reducible : < 10]) is an invariant subspace. There is no complementary invariant subspace (in particular
the complementTry subspace < /Y is not invariant).

Maschke's Theorem Leto be a finite group
and F = I /or more generally E is any field

- reduducible
of characteristic not dividing 181) Then

any representation
#: G-> GL(F) is

iff it's decomposable (i .e .

+ is irreducible iff i is indecomposable ; i

.

e, whenever every
invariant

subspace U & F"has a complementary subspace U which is also invariant) .

V= YOU
.
If dimV= n and dimU = k then U is a complement

UEV has a complementary subspace v'e
to u iff dimu-n-k and U+ H1 = V

iff dim U= a b and U1U = 903.

In this case everywell is uniquely represented as v=y+u
,

nel
,

well.

In this
,

the projection V-U along U is the map P : /Le Pr = n
.

P:Jimuch
I has image PV

= U ; berp = U. Note : E-P is the projection from Vorton
along U.

A linear transformation P : V-V is a projection if PEP
.
In this case t is a root of -x

so the eigenvalues of P are in 10.13 ·
Take U= 1- eigenspace ot P = ben (E-P), U= benD.



Proofof Musclke's Theorem : (in the nontrivial direction)

Suppose # : G->GL() is a representation having an invariant subspace U I i
. e.

+(g) U for all get .

Wewant to find a complementary subspace W & D"which is also

invariant .

Start with any complementary subspace U'where I= YOU dim U = k,

dim U= n-k
., every v- is uniquely expressible a v= n + n'

,
-U

,

'Yel,

UnfortunatelyI is not invariant in general
. Let P : -U be the

i.e . P(u)P(e + u) - u
,
So U = PV

,
U= berP .

Consider the new map
projectioninto U alongis

defined by P

-Sincea
For all ut U

,
Pr = u i.e . Fly-id , Why ?

↑ n=g :.
Next : show P commutes with all +g) , g+ G

.
(P doesn't satisfy this ingeneral ! (

↳ x =hgThe Fig)=Ph()=Pg) x = ght
gx = 4

= ng)P = #,

Next :
show DEP. If vel then PveU so = Ex = Ex

.

So Pis idempotent so

↑ is a projection on PV = H along W=berP. Note : ifa dimU = ranp = tr i
& N

dim W = dimken P = n-K
.
W is also invariant under ng) : if veW then PV = 0

-

so giv=g)0 = 0 so +IgE W

it
PT(g)y



The irreducible representations of Su are

↑ (g) = (1) EGL
,
/C) trivial representation

↑ (g) = (sgn(g)] -> GL
,
(C) sign representation : syn(1)) = 1 sgn((12))= sgn((x)) = sgn((23)):+

sgn (1123)) = 1

= C#1] according as g is an even Sgn ((1323) = 1

or old permutation. sqnigh) = syn(g) squch)
T :S-> Gl()
[i]

(12) m : i)
[ -;]/: -i) = (ii)
[i -1](ijj = Co, ]

(123) []
# ((123) (12)) =B((123)) T((121)

(132)- [% "6] T((3))
Y

= G1,7 /Ty = 196]
(13)- 196] #z((22)) = 4(2123)(13)) :

(1)(io] = (ii)
1237 (2 ,]

An irreducible character is a
map 6 -> K

whereIt is an irreducible represed
32 trilg #(123))= #, 11 has char- poly .

x*= x + 1

ation
T ((137)

= Ci6] has char. poly .
I

0, <%: ])
,
< HSL

,
2 are the only subspaces invariantunder Teigenspaces <(i)) ,

< (i))
#((13)) ; but thedivensional invariant subspaces Jeigenvalue 1

,
-1 respectively)

are not invariant under ty /(123). (1)(i) = (2)
The character table of SS is

(1) ( = To']

a
O

- I



Given
any finite group G,

a class function on G
Character table of 53

-

is a function F : G-> & which only depends on

conjugacy
class

,

i
.e. Alg's = fig) wherever g .gt 2 are

conjugate i
.e. g = igu for some neG.

iAll characters of f (irreducible or otherwise) are

class functions
.

Ve E class functions on Gi is a complex vector space

Pf - Y => f+ f'tV ,
(f+ f'((x) = f(x) + f(x)

V is in fact a complex inner product space :

(7, 77 = (7
, 7 =[F [f; f) : Eff

XEG

classes
.

sesquilinear (X,X,]=X,(g)

dimV =
number of conjugacy linear = -(1 . 1 + 1. ) + 1) + 1.1 + 1+x)

The irreducible characters of G always give an
= I

orthonormal basis for V = Sclass functions on 63. [x1
,
X2] =X,(g) alg

presentationRecall the permutation rel with permutationcharacter = +(1 . 1 -1-1-1. 1 +(( +) 1)
↑: S

,
-> G(k) X(()) = 3 = 0

D :einsil X(((2)) = 1 (x1
,
X3]=+ (1.2+0+00 -1-1) = 0

(12) - 100 ↓ (1123)) =0 (x2
,
Xe] = y((+ 1 + 1+ 1+ |+1) = 1

(Xa
,
X3] = + (2+0+0+0-1-1)

(123) ↳ 1988) (X
,

X
,) = +(13 + 1+ 1+ 1 +0) = 1 (x 3

,
xg] = + (4+0+0+0 +1)

S
=

0

(x, X z] = +(3-+-- +0+0) = 0 - I

1) - 100 7 (4
,
Xz] = +(6+0+0+0 +0 =1+T



Thelongwaytochecke decomposition = (i),=
basfor for
first invariant second invariant

H(g) has matrix] with respect to v , ,a subspace subspace

(see p.

3 of course notes).
Character tables also have orthogonality of columns.

(y(g) = Ex+2 : xg =gx]
(((g))6 The conjugacy class of get is
S

-
the index of the centralizeriI

0
- 1

16 : (Ig)]=g
12

The clum othogonality is expressed as : given g .
+6

, EXigith) : 9Scht
(k = number of irreducible characters = no · of conjugacy classes)

ar

Conjugate
Row orthogonality says :

Let 9: -,gutf be reps of corg· classes
-

(f
,F]Fa
(Xi

, Xj) = Sj = 50id it%



Let's construct the character table of As ,
1As/ = 60

,

the smallest monabelian simple
group.

6 = As has k =5 conjugacy classes
= 22. 3 .5

g, = () identity IA size
& (( (g)) = 50

Se= (12)(34) 2A size 15 (f(ge)1 = 4

93 = (123) 3A Size 20 ((olgy))
= 3

gy = (12345) 5A size 12 ((gy)) = 5

5B Size 12 Kolgt)
= 5

95
= (12354) To

(12345) and (12354) are conjugate in- Since (45" (12345) (45) = (12354)

(1234)" (12345)(1234) = (234/5) = (15234)

but 112345t and (12354) are not conjugate in As. (12355(123457(235) = (235417 = (12354)

character table of As :

ligs) 60 4 3 5 5

gi) (12)(34) (123) (12345) (12354) crincipal character

Xi I [ I I I
-1 X

, 19) = tripgs) = tr((1S) = 1

Xz 3

Is 3

*44

A5 5

x)5 I 2 O o
I

standard percentation characte

= I special caseof Write 60 = ni+ +mi + n where

↑

1. , 12
,

13
, my , 15 are positive integers.



X = a
,X, +X

+ +

X ,
Gi + 20

,
1
,
2,3 is theumber of copies of X, in X-
-

(X
,
X:]

= 9,

(X
,
X] = a+a++= +++=82

=> 9
,

92
, ..., 95

= 11, 0
,

0
,

0 in some order.

=> X = Xi+ X] for some itj ligs) 60 4 3 5 5

(X
,
X

, ) = 5 · 5. 1 + y :1 +5 .21 + 5 - 0. 1 + 5 . 0 % gi) (12)(34) (123) (12345) (12354)

Xi I [ I I I
= i + + + = + 0 +0

=
8 +

00=

Xz 3 -I O # 15
z

Y
3

3 - I O 155 #5

X = X
,

+Xj , ja 92,
3
,
4
, 53 .

= z

*44 O I -I - I

x(()) = X , (()) + X, (1)
As 5 B - I O O5 = 1+ x)5 I 2 O G

X = X
,

+ X4
I+ 3 + 3 - 4 + 55 = 0

(5 ,X: 0:+Po
= 1 .

Anotherway to get X to use the transitive permutation action of :Ao



(12345) rotates < (12345) acts as

O
a 72: rotation

· 81442

Dodecahedron with vertices (i,j),
& EveryrotationmaxAs is simila

ae
itj in 91

,
2
,

3
,
4
,53 angle

At acts on the dodecahedron as a
the rotation

rotational symmetry group.
frA = A + 2 cost

.

los 0 = 1 ⑪ trahalfturnCos = - 1

Cos --
-I5 =Roo

los = cos72=

#
cos I = cos144= -1 - I =72° golden ratio 1.68

#F
=144s N - 0.

618



G : As E PS 15) acting as fractional linear transformations on USD3 = 50 ,
1
,

2,3, 4
, 03

PSL(5) = Grb] :
adba = 1

,

a
,

b
,

c
,de3/9 * 13

=lab] :+
&

identity fixes all six points, y()=element of order 2 : Eg
g2

= =fid] : xre- = -*

element of order 3 :

i
.
e . (0

,
01/1

,4)(2)(3) = (0
,
00) (1

,4) , X (g)
= 2.

9:ii) :-: i
.
e .

(04(123) , X(g) = 0

element of order 5 : ga (i) : XX+ 1 i

.

e. (012343(+)
= (01234) ,

X19) = 1

Another conjugacy class of elements of order
5 :

95= gi= (o4] : x next i
.
e

. 102413) Xz)= 1

(X
,
X]=

ligs) 60 4 3 5 5 = 3540
+ 1 + 1

= 1 = 2
5

gi) (12)(34) (123) (12345) (12354)
X = a

, X,
+ 9

,Xe+ ... + 95X5
Xi I [ I I I

[X
,
x] = Ea = 2

Xz 3 -I O H55 15 => a
, , ..., 9 : 1

,
1
,
0
,

0
,

0 in some order
Z z

Is 3 - I O # (
,
X

,]= ++++2

*44 O I -I - I)
X= X + 45

As 5 B - I O O

x16 2 O I I



LetG be a finite group
withb cony classes and 161=1 then its clar

-

table looks like

Kolsila ↑ *
ni = deg Xi = X,

(1)

-9h
,N,

1= /
9

i I
gr

X2 2

Xana
-

Y no - ---- - O

↑

nation of G: each get permites GLet X be the perm ,
character of the regular represent

by g : x-gy .

The perm -

character of this representation is

9X11)
= n

x(g) = o for g1.

X = (?) X ,
+ (i) Xe + ... + ( ? )Xm

x*x,) EX2] [
, Xa]

↑X
,
Xi]=i

+
0 + ... + o = n

X = n
,X,

+ 42X2 +- + Xm ,
" = X,(131

Every irreducible
character occurs with multiplicity nix, in the regular representation.

Evaluate at 1t G :

X(1) = n = n
,y,
b) +my + ... + nyy() = ni n +... + m

Character values are algebraic integers .

If X is a character of 6 with X19) = trig)
orders of

then High = +(g) = + (1) = where me is the exponent of G (km of elements o G
identity matrix of size ↑(1) = degp .

= n

Eigenvalues of19) are
not
roofs of

1
.



#(g)
has upper triangular form +g) - /] , 6 C.

↑(g) = (180) ,

X, = 1 for all j ... n. Roots of X-1 (roots of unity ; in

particular algebraic integers).

Y (g) = X ,
+... + In is an algebraic integer
.

Why do we care ?

An early success of character theory is Burnside's theorem : If p , q are

b

primes the every group
of order 19 19b positive integens) is solrable.

IAs) = 22.3 . 5

The proof of Burnside's Theorem uses the fact that character values are algebraic
integers .

I see handout)

Moreover the degree of each irreducible representation off divides 161.

eg. As has irreducible representations of degree+ ,
3

,
3

,
4

,

5 160.
finite

For any
abelian

group
G

,

all irreducible representations have degree 1.

If 16 = 1 then G has n conjugacyclassesleach of size i) so Ghasn irreducible
M

caracters X: (ki < n]
each of degree := X() = 1

. En = n.

G = <g) = 31
.9 , 9 ,

--

, g} then the clar
·
table :

#) G is cyclic of ordera
n - 1

gi go
/

or any primitiveith roof of unity.·



as of order n
,
myFor G=* Cm (direct productof cyclic grou

the character table is a tensor product (bronecker product) of clar
.

table

of C
.

and Em.
T CYCz

If G is Klein 4-group (H1,D3 under multiplication then

(1 , 1)(ii)12I I 1 - 4

I
- I

X3 1 -

Xyl
- I I Tortable

of C
.

I G is an abel,group
them the irreducible characters of G are homomorphisms .

(since X(g) = trilg) = +1g) in this case) .

If X
,
X'tErr(f) = Sall irred .

characters of 2)
then XX't ErrG and the irred

,

characters form a group E = How(G
,
(

" ) =6
but not canonically

Conside a
nonabelian group

of order 8
,
either G : dihedral of order 8 : Dy

D las z element of order 4
or G = Q =(H),

+i
,

=j, =k)
+...... z

Q has 6 elements of order 4 Bothhere (2(f) = 2
----I & -

·

2
↑

I .. --- G/2(2) * Klein 4-

group .

G has 5 conjugacy classes .



G (nonabel of order 87 has clar
-

table 2(f) = (1)
1 (a(gi))188444 99 , 94 , 95 are i

, Ij , He or ERB3
,
SH,
rY

,
SD

,D3Gi - 939495
I 111
& 1 - 1 - = (76] [i]

,

+ 100] ,;].....i
I 1 - 1 -)1

2 2000

Character tableFor 6/216) = Klein 4-
group↑

I

i12 I
I

- I

X3 1 -

Xyl
- I I

K* G (normal subgroup
If : G/x -> GL(K) is a representation them composing

with the

canonical gives a representation
6-> G- G(0) of 6.m is irreducible

gngk then lifting to2 gives an
irreducible representation of 6.



S
,
character table

-- S/AE C clic of order ?

I3 1 - y ..--

i

St has a
normal subgroup K= (((27(4)

,
(13)(24)X = &1, (12)(34, (13)(24)

, (147(23)3

SixyES3 .

Thee ired, representations of So give
three irr, repus

of S of degree 1
,

4
,
2.

8 = S = Ezek : (e) = 13 = Ge , PERYER/ (additively) ·

: = Hom(SK") = 30 : neR] , 11 =E
. P(z)=let =EC
= (z)0(z)

s acts on LCS') : square-integrable functions 9->K.
= 98 : fiS-> C

, JAp co 3
si

f is defined on SER/ iff If is a periodic function
FiR-> I

with f(z+= fez f(czip) = A-LA) = Fractional partof

· jodo = ze=
I

& do = Code=



Functions Sine*)
,

cos(2tkE7 (ke*) Span (a dense subspace of) EIS).

S' acts on LCS') by translation :

Alternatively :
Sephi : ke X ] .

Suppose HEG
.

Let Y be a class function on G
. By restricting we get a

class function XI
,

on H
.

Ef X
,
hel then

X hixhs = X1
,
(*).

Given a class function of on H
,
how does one construct a class function

on 6 ? There is one most natural
G
way to do this ,

called induction

fromIt to G.
Resi M

extraction
& class functions on 63 & class functions or H3

-

Fictio46
H

X-> ResX = X
,

Inde = 28 5-1 If

Adjunction : Ind is left adjoint to Res : Reset is right adjoint to Fudt

Frobemius Reciprocity : Let X be a class function on G and it a class function on H.

Then (x
, 4% = (

,+]n



Eg .

G = As
H = S = < (123)

,
(2)(45)y

(((x))6 2 3

kgs) 60m
4 A 5 5 IA 2A 3A
2A 5A 5B

g i) (12)(34) (123) (12345) (12354)

Xi I [ I I I

Xz 3 -I O H55 15 82Z z

z z
I

- I

*44 O I -I - I aIs 3 - I O 155 #5

-

A5 5 B - I O O

I

Let X= Xg class function on G. Then My is a class function on H
.
Since FrrH : 34

,
42

,
3)

is a basis for all class functions on H
,

we can express X
,

= 9
,
4

,
+ 9

. En + 1.4
Solve3 linear equations in > nuknowns :

Alternatively :

At1A : 5= a + 92 + Las
(Xz

,

2
,] = E + 2 - > = b = 1

At 2A : 1 = 9,
- an

(x+, 42]
= = - * - - = 5 = 0

At SA : -1 = a
,

+ 92-93

= 9:2
, a

= 0
,
9

,
71 (X5

,
43] = Y + Y+ = E = z

=> X
,

= 4, + 24



Character table of As
A = PS2(5) ,

las1= 60

ligs) 60 *A
3 5 5 1GL(5)) = 450

IA 3A 5A 5B

g i) (12)(34) (123) (12345) (12354) IS22(5)1= 120
Xi I [ I I I (PEL

,(5)1= 155) = 120

Xz 3 -I O H55 15
Z z

Is 3 - I O 155 #5

z z

*44 O I -I - I

A5 5 B - I O O

I

Atlas :




