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Induction takes class functions on H to class functions on G
-

characters ..... -
- characters on G

representations ofH- .. representations of2

i.e . X : H- C
, X (xhil = y(h)Let y

be a class function on H G

for all x
,
he H.

To get a class function on G
,

start with the trivial.

extension
Y : G-

M

X (g)
= 5X19)

if gett;

O if gett .

To make this into a class function
,

we an averaging over conjugates as we

did before. This leads to X* : 6 - > C :

y(g)=xg 1Xo is induced from X . X = Ind,x)
w= ix
w = Xu

If ned then Yongis= Yangx")= logwt) INK = X

So XS is a class function on
G.

= xf(g) .

Note : Let T be a set of right coset representatives for H in G.

So every element get is uniquely expressible as g : ht
,

hel
,

tet.

121 = IH/ITI (Lagrange's Theorem ,
ITI= = 16 : H].



X : H-> & is a class function on Hi T is a right transversal for I
in G (set of right coset

representatives
T= &t

,,
"

, to]
y(g)=xg G= Ht

, wHtzN-- . WHte
x= ht, = (Ht .

- Chtgtht htgth- H
teT

- YAgt" · # tgt'- H
-

IHI terms equal to YItgt']
-E

+
/ Yitgt = EYgt") = EYigt

Special case : X
= X,

= trivial (principal) character of H , (14) = 1
.

Y
o isn't the principal clarates of G unless G=H .

G permites the right costs of H by right multiplication giving a permutation
representation gef permutes Ht; > Hig = Hy

Xo = (f) is the perm.
G- So l= 16 : H] = IT 1 ·

character of G acting on cosets of H
.



Eg
. Construct the character table of G-S, making use of the character table of

S = H = G
.

[et
,
ete] = 0

116 2 3 6 : S : 11244834 -
(12) (123) g

-I 2
,

it : Eatii) I - I I -
[2

, 2) =++
-

I its 2 O 27 O - 3 + 2+9+ 0+ 2

--
= 25

Check : CH
, 4.] * 1

43 - Ea
i=1

513 2I,tsee(degree2)
2 31 30 19 : (4

, %)= + y + 3+ ++ =

St has k= 5
&

1 --

Se, Ay,
=greatSp has normal subgroups

of degree n
,
"

,

"

, 31 ,
until

= 24

So permutes the conjugacy class of (12)(34)
in all 31-6 possible ways

There is a permutation action Sp-> Sym[(12)(34), (137(24)
, (147223)3ESa

with Kernel K of order 4.
This gives a permutation
presentation of S4 .rel(1234) of degree 3

&

Its permutation ter is

(((13)(247) <((D)(23)) ((((2)(34))
ef(x2)= 1

↑((1)) = 3

&(62347=, 4(3)=0
fork-



4834

(12)
3

[, yG]=
I#·

constituents of

- I I - + 5+
2 O 2 - O = 2

3 + + O I
=> Yo has irreducible

T: <(1234)Y
431 -1 0 + ofmultiplicity t,

1
,

0
,

0
.

0

= (1)
,
(1234)

,
(137(24)

, (143233
right transversal for # in G

y
&

.4 -20 I O
(0,
4) =-Esti

= OX opt is a character ono
(y6, 2)

= y +y +8 + 5 ++= 1

X (g) = 2 YIgt") y
*

(i) = 1 + 1 + 1 + 1 = 4

E-T x
*

(2) = Y((() + Y((3)) + y (4)) + y (4)
where Y : G-> =

- 1 - 1 + 0 + 0 == 2 ①

* (g) = <X9) ig x
*

((((34))= Y((((34) = 0 +0+ 0 + 0=

0

x= + + 44 + X((23)(41))
+p = X: He + Y((34)(12))

(4 ,44]= + + +y + f+ t=
+ y((D(23))

X
*

((23)) = Y ((22) + X(24))
+ *(4) + xX4(2))

= 1 +0+0 +0 =
1



Tbenins Reprocity Let X be a class function on HG and let it be a

class function on G
.
Then

(4 · X]y = 14
, 4% Nig)= (xgx) Y (g)= [Xg)if

↑
H = 2/

Proof (44), = isNig

XE G = HT in St Y (g) eTg)
x= ht

,

ht H
,

teT

(2) = IHIITI MTH ghttgt

"H Ihtgth is Eig

-Metical teas for both
=Xh = iYIg+)g)

For each +T

- (X
,
]. I (Yitgt's) rparameterize the innerI -

sun
,

u = tet" , g
: fut

-/ * (:)4(Eu+]
=Th Xch4Lt) : is th



If It is a class function onG then so is it where (g):q = 4(g) .
Indeed if it is a character, it (g) = tratgi ·

T : G-> Gl
.
(4)

homomorphismD(g)) /actually Pj] in the case of finitegroups
d . , ...,

In are inth roots of unity
where m = exponent of 6 = km (1g) : ged)

Ji = I, Since Ji = 1, Jib = (xi/2 = 1

16:/m
= 1

16;1 = 1

-(g) = Eb :

4) (g)= [a
= Edi = Fig

For everyFinitegroup
G

,

the irreducible representations of can bees a

U
.
(4) = SA+ K: AAFAA-13 ,

A
*==

.

eg . for Sa
,
we

have an irreducible representation of degree 2.



T :S-> Gl() A different chice of basisfor yieldsXg) resentationan equivalent ref using unitary[i] 2 matrices . Xagi
(12) m : i) O 1)aso I 2

24i/z
(123) [] - I (123)- %], - w= 2

(132)- [% "6] - I T = w
=

=w
(132)- %07 - 1

roof of y+ X+ 1
(13)- 196] O w+ w + 1 = 0

12372 [2 ,] O (12) [ii] O +w =+= Y

This representation uses integer matrix (13)-> [0ygg=y=1 a
entries.

8

left-to-right composition (23)-[ %]
j

(13) = (123) (12) (132)

Character values :

X(g) = +w + (g)
A change of basis from 10)

,
1%)

takes one representation to the other.



To prove the
claim (that every finite group has its irred , repus . equivalent

to equivalent to unitary representation)
we use a fact from linear

algebra : any innew" product on K" is equivalent funder change of
basis) to standard inner product B(x

,g) = Exiti

Any innew product has the form (x
,y) +> X My

* where x: (x, . .

.,Xu)

*
M = M nx a matrix detM + 0. y = (2)

Hermitian

If we perform an
invertible change of variablesX re XA It invertible

-
uxu matrix

then B(xA , yA) = (A)M(yA)* = x(AMAYy* i.e. At fL()
-

congruent to M
For all nonsingular Hermitian M ,

we can find AtGLL) such that

AMA* I Lusing Gram-Schmidt)
i
.
e .

any
two inner products on

⑫" are equivalent by change of bases.

Given a representation #G-> G (K)
,

we will find an inner product
B(x

, y) on i such that all matrices Hg) ,
get preserve the

inner product :

↓ B(x
,x730 , equality ift x = o :

VB(x
,y) linear in x

, conjugate linearing ; Blyx)=gl :

- B(x +(g) , yp(g)) = B(x
,y] .



To obtain the inner product Bly,y) :

B(x,y) = & (x +(g))(yp(y))
*

=&xp(g)p(g)y
*

= xMyt
gEG

M=& DIg)NIg
* is Hermitian.

B(x
, x) = g(Xi(g)(x+(g))

*

= x +g ,/30
B(x

,x) >0 unless x= 0
.

B(xπ(y) , yπ(g)) =z(xig)(u))(yj
*

= 2(Cyc
- weG

#(w]
= B(x ,y]

w = gu

Suppose H G
:
let T be a right transversal for I in G i

.

e
.

a set

of right coset representatives . Every get can beuniquely factored
as giht ,

hel
,
tet. LLagrange's Theorem) 161 : IHT/

G permutes the right cosets of H by right-multiplication :

H + -> H+g
: Ht' for some +T.

This
costs give apementation representation

of G acting on the itthe
disen

we have a homomor
,

D : G-> So <GLLD) :
with perm. character 4(g) = triig)=nooffi



Ifeorn 2 = (1)
"

:
.
e, the perm. character is the induced character

obtained from 1 = principal character , Ih) = 1 for all heH,
induced up to G.

M

#roof (g) = 3 t , ig.HO

(1)(g) =[Hgt) = number of tgt H +T) which are in H

= 1Stet:
tgtitH E HgtHg At

= <(g) . It is fixed under

right multiplication by
g + G

.

From the character table of G
,

we can see what all normal

subgroups of G are.



4834 22 : 6-> K" is a homomorphism

· Since oflg) = to E1g) of degree
- I I - (1) = A

.

2 02 - O Elbemed is 59e6 : 42 (g) = 133 + + O I
- E elements conjugate to (2

,
(127(34)

431 -1 0 + = Ay
or 12313

Another normal subge :
all elements get

sit. 2
, (g) = it (1) = 2




