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handout for Math 5530: Topics in Finite Groups

version of December 2, 1992 Eric Moorhouse

1. Representations and Characters

Let V' be an n-dimensional vector space over a field F'. (All vector spaces considered will
be finite dimensional.) A (linear) representation of a group G is a homomorphism
m: G — GL(V). (Unless otherwise specified, G is finite.) Often we will take V' = F™,
written as column vectors over a field F, so we may consider a representation to be a
homomorphism G — GL(n, F).

We must first distinguish between modular representations (those for which F
has nonzero prime characteristic) and ordinary representations (those in characteristic
zero). Our focus will be on ordinary representation theory, which is easier and has broader
applications. In this case we will usually take FF = C, which has the additional nice
property of being algebraically closed. Often it is advantageous to instead take F' to be a
finite extension of Q, but we will try to avoid the technicalities involved in this choice.

The degree of the representation 7 is n, the dimension of the vector space V. The
representation 7 is reducible if there exists a nonzero proper subspace W (i.e. 0 < W < V)
which is invariant under all 7(g), g € G; otherwise V' is irreducible. A representation of
degree one is called linear. Clearly any linear representation is irreducible, and is nothing
other than a homomorphism G — F*, where F'* is the multiplicative group of nonzero
field elements. An important special case is the trivial representation m(g) = (1)
of degree 1. We say that the representation 7 is faithful if kerm = 1, or equivalently,
m(G) =2 G.

To each representation 7 : G — GL(V) we associate its character y : G — F defined
by x(g9) = trm(g), and we say that 7 affords y. Note that x(h~1gh) = trr(h~1gh) =
tr(w(h)"'m(g)m(h)) = trm(g) = x(g), so x is a class function defined on G, i.e. its
value is constant on conjugacy classes. Since 7(1) is an n X n identity matrix, we have
X(1) = tr I = n, which is the degree of 7, also called the degree of y. Again, characters of
degree one are called linear. It is easy to see that every linear character is a homomorphism,
but that in general, nonlinear characters are not homomorphisms.

Two representations 7 : G — GL(V) and o : G — GL(W) are equivalent if there
exists a fixed F-isomorphism (i.e. isomorphism of vector spaces over F') T': V — W such
that T'om(g) = o(g) o T for all g € G. In this case we write m ~ o. Note that this does
indeed define an equivalence relation on the set of all representations of G over a field F.
In matrix terminology, two representations 7,0 : G — GL(n, F') are equivalent if there is a
change of basis such that for all g € G, there is a linear transformation represented by 7 (g)
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with respect to the first basis, and by o(g) with respect to the second basis. Equivalent
representations afford the same character. To see this, let m ~ ¢ via T as above; then

trm(g) = tr(T'o(g)T) = tro(g).

The converse, which is not obvious, will be proven later: if two ordinary representations
afford the same character, then they are equivalent.

Let k£ be the number of conjugacy classes of G, and let g1=1, g2, ..., g be repre-
sentatives of the distinct conjugacy classes. Recall that the conjugacy class containing g;
has size [gF| = [G : Cq(g:)]. The set of all class functions G — C is a vector space of
dimension k. We define an inner product on this space by

G )
[6,n] = 29 = a1 > Z|gz 10(g:)n(g:) Z \CG a1f (e

gGG
It will be shown that there are exactly k inequivalent irreducible representations 7y, ..., 7k
over F' = C, and that the corresponding characters x1, ..., x% form an orthonormal basis

for the space of all class functions on G.

Given two representations of G, say 7 : G — GL(V) and ¢ : G — GL(W), we may
form their direct sum 1@ o : G — GL(VOW). If we identify each linear transformation
with its matrix, then

7(9) 0 ) _

(m@o)(g) =7(g) @olg) = ( 0 a(9)

The representation p is completely reducible if we may decompose p = p; & p2 &
-+ @® pm where each p; is irreducible; that is tosay, V =V, & Vo & --- & V,;, where each
subspace V; < V is invariant under p(g) for all g € G, and moreover each of the restricted
representations p; : G — GL(V;), g — W(g)‘vi
Not every representation is completely reducible. For example, let G' be the additive
group of a field F' = F,, of prime order p, and consider the representation 7 : G — GL(2, F)
defined by w(a) = ((1) ¢). Then V = F? is reducible but not completely reducible, since
<((1))> is the unique nonzero proper invariant subspace, which therefore has no comple-
mentary invariant subspace. In the next section we will see that such anomalies cannot
arise with ordinary representations: every representation 7 : G — GL(n,C) is completely
reducible, as a direct sum of [y, x;| copies of m; where {m;}; are the irreducible complex

representations of G, {x;}; are the corresponding characters, and x is the character of .

is irreducible.

1.1 Example. Let G = S3. We will see later that G has exactly three (up to equivalence)
irreducible representations over F' = C, of degree 1, 1, 2 respectively. These may be
denoted

m1(g9) = (1) for all g € G (the trivial representation);
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(1 ), g an even permutation,
1

wﬂm=(%mm>={(_> 4 odd:

73(g) is determined by 3((12)) = ((1)(1)), m3((123)) = (‘5%) where w € C is a

primitive cube root of 1.
The values of the corresponding characters are conveniently expressed by the character

table
(1) (12) (123)

Y1 11 1
Ya 1 -1 1
Y3 2 0 -1

The reader should check that {x1,x2, X3} is an orthonormal basis for the space of class
functions on G. Now consider, for example, the matrix representation p : G — GL(3,C)
determined by

o(02) = (§31): - el0z9) = (13)

The corresponding character satisfies x(1) = 3, x((12)) =1, x((123)) = 0. One computes
[x,xi] = 1,0,1 for i = 1,2, 3 respectively. Thus p ~ 7w @ 73. It is possible to decompose

1 0 0
p directly with a little geometric insight: G permutes the vertices <8>, (é), (?) of an

1
equilateral triangle in the plane x + y + z = 1, and G fixes the normal vector v; = (%)

to this plane. Choose a new basis for C3 by taking v; together with a basis for vi; say,

1 1
vy = (—01>, V3 = (01>. We have V' = (v1) @ (v2,v3) in which both (v;) and (vy,v3) are

invariant under p(G). Relative to the new basis {v1, v2,v3}, the new matrix representation
p G — GL(3,C) is determined by

)= (G0 Y

, ~ ([ p1((123)) 0 B
glam) = (MG ) -

These matrices were found by taking images of the basis vectors; for example p((123))v3 =
0
vy — v3, which gives ( 11> as the third column of p’((123)). Evidently p} ~ 73; and with

a little fussing we find that m3(g) = (f“f)_lpé(g)(ff) for all g € G.



2. Modules

The language of modules may be considered equivalent to the language of representations.
We introduce both sets of terminology since each choice of language has its merits.

Let R be a ring with identity 1 € R. A (left) R-module is an additive abelian group

M together with a definition of scalar multiplication rv € M for r € R, v € M such that
(i) r(v+w)=rv+rw,

(ii) (r+s)v=rv+ sv,

(iii) r(sv) = (rs)v,

(iv) lv=w
for all ;s € R; v,w € M. (In case R is a field, a left R-module is the same thing as a left
vector space over R.)

Recall that a vector space A over a field F' which is at the same time a ring, is
called an algebra over F', assuming some compatibility between the vector space and ring
structures, namely A(zy) = z(\y) = (Az)y forall A\ € F', 2,y € A; also 1,z = x where 1 is
the multiplicative identity in F. If A is an F-algebra, then any A-module is in particular
a vector space over F, and as such we can speak of its dimension over F. We will be
primarily interested in the case of the group ring R = FG = {deG agg : ag € F},
which is also an algebra, called the group algebra of G over F. Given a representation
7 : G — GL(V), we make V into an FG-module by defining scalar multiplication as
(deG agg)v = > gec @gm(g)v € V; one easily checks that properties (i)-(iv) follow. Note
however that this F'G-module depends not only on F'; G and V, but also on the choice of
representation .

The trivial F'G-module is a one-dimensional module F' which carries the trivial rep-
resentation of F'G. This is nothing other than F' itself, where for geG g9 € F G and
v € F, we have (deG agg)v = (deG ag)v € F.

A nonzero R-module M is simple if it has no nonzero proper submodules. Thus an
FG-module is simple if and only if the corresponding representation of GG is irreducible.

An R-module is semisimple if it is a direct sum of simple R-submodules. Thus an
FG-module is semisimple if and only if the corresponding representation is completely
reducible. The following is a useful criterion for semisimplicity.

2.1 Lemma. An R-module V is semisimple if and only if for every submodule U < V
there exists a (complementary) submodule U’ such that V =U & U’.

Proof. Suppose that V =V, & Vo ® --- &V, as a direct sum of simple R-submodules,
and let U < V be any submodule. Define U’ to be maximal among all submodules of V'
which intersect U in 0. (The class C :{submodules WLV . WnU = 0} contains the
zero submodule and so C is nonempty. Since V is finite dimensional, C has a maximal
member.) We must show that the submodule U+ U’ = V. Suppose not. Then there exists
some ¢ such that V; € U+ U’. Then V; N (U+U’) is a proper R-submodule of V;, and
since V; is simple, we have V; N (U+U’) = 0. Thus (U'+V;)NU =0, and U'+V; is an
R-module properly containing U’, a contradiction.
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The converse follows easily by induction on dim V. O

Let V and W be two F'G-modules. Then Homp(V, W) denotes the set of all F-linear
transformations V' — W. But Hompg(V, W) denotes the set of all maps 7' : V' — W such
that T(v+v") = T(v) + T(v') and T(rv) = rT(v) for all v,o" € V and r € R. Thus
T € Hompg(V, W) if and only if

(i) T € Homp(V,W), and
(ii) T is G-equivariant, i.e. T'(m(g)v) = o(g)T(v) for all g € G, v € V, which is to say
that T' ‘commutes’ with G in its respective actions. Here 7 : G — GL(V) and
o : G — GL(W) are the respective actions.
Also let Endr (V') = Hompg(V, V), the ring of all R~endomorphisms of V. In case R is an
F-algebra, note that Hompg(V, W) is a vector space over F' and Endg(V) is an F-algebra.
Note that Endp(V) = M(n,F) where n = dimV, and Endg(V) = Cuyn.r) (7(G)) =
{he M(n,F) : hr(g) =n(g)h for all g€ G}, the centralizer of 7(G) in M(n, F).

We provide here a glossary of terminology for representations of G, together with

equivalent terminology for F'G-modules.

Representation-theoretic terminology Module terminology
vector space over F' FG-module
with representation of G
invariant subspace submodule
irreducible representation simple module
completely reducible semisimple
equivalent representations isomorphic modules
G-equivariant module homomorphism

linear transformation

trivial representation g — (1) trivial FG-module F'

TABLE 2.2: Glossary

The following says that if the characteristic of F' is zero or a prime not dividing |G|,
then every representation of G' over F' is completely reducible.

2.3 Maschke’s Theorem. If |G| is not divisible by the characteristic of F, then every
FG-module is semisimple.

Proof. Let m: G — GL(V) be a representation where V' = F" and let U be a subspace of
V invariant under 7(G). By Lemma 2.1, it suffices to find an invariant subspace U’ such
that V=U@aU’.



Certainly we can find a subspace W such that V' = U & W. The problem is that
in general, this W is not invariant under 7(G). Let P : V — U be the projection of V'
onto U along W, i.e. every vector v € V is expressible uniquely as Pv + (v — Pv) with
Pv e U, (v—Pv) € W, and this property uniquely determines P € Homp(V,U). Define

T:V = U by
Tv = |G|Z h)v.

Note that |G| is invertible as a field element, according to the hypothesis, so our definition
of T makes sense, and it is clear that 7' € Homp(V,U). We must check that moreover
T € Hompg(V,U) where R = FG. To see this, let g € G and v € V; then

T (m(g)v) ]G! Z YPr(hg)v |G| Z m(gu V) Pr(u)v = 7(g)T(v).

ueG

It is likewise easy to check that 72 = T and that T‘U is the identity on U. Let U’ =
{v=T(v) : g =0and UNU’ = 0. Every vector v € V' is expressible as
T(w)+ (u—T(v)) eU+U',s0oV =U®U’. Moreover U’ is an FG-submodule since it is
the kernel of the FFG-homomorphism 7. ]

For any ring R with identity, an important special R-module is R itself, called the
regular R-module. Note that the submodules of this module are the left ideals of R, and
the simple submodules are the minimal left ideals. We say that the ring R is semisimple
if the regular module is semisimple, ie. if R = I; ®Io® --- &1, as a direct sum of
minimal left ideals. By Maschke’s Theorem, this is true of a group ring R = F'G whenever
char(F) /|G|. We shall see that decomposing an arbitrary R-module, depends on being
able to decompose the regular R-module.

2.4 Corollary. Suppose R is semisimple. Then every simple R-module is isomorphic to
some minimal left ideal I C R.

Proof. Let V be a simple R-module, and choose a nonzero vy € V. Define ¢ : R — V
be ¢(r) = rvg. Clearly ¢ is an R-module homomorphism; that is, ¢ € Hompg(R,V).
The image of ¢ is ¢(R) = Rwvp, a nonzero submodule of V' containing vy. Since V' is
simple, we have ¢(R) = Rvy = V. The kernel of ¢ is ker¢p = {rER : rvozo}, a left
ideal of R. Since R is semisimple, it has a left ideal J such that R = J @ ker ¢. Thus
J = R/ker¢ = ¢(R) = V as R-modules. Since V is simple, the left ideal J C R is

minimal. L]

The following shows that if |G| is not divisible by char F', then G has only finitely
many irreducible representations over F' (up to equivalence).

6



2.5 Corollary. Suppose that R is semisimple, and choose a decomposition R = I; & 15 &
-+~ @1, where each I; is a minimal left ideal of R. Then every simple R-module is
isomorphic to I; for some i, 1<i<m. In particular, R has only finitely many simple
modules (up to isomorphism).

Proof. Let M be a simple R-module. By Corollary 2.4, we may assume that M is a
minimal left ideal of R. Since R is semisimple, it has a left ideal J such that R = M & J.
Now J is a proper ideal, so there exists ¢ such that I; ¢ J. Then I; N J is a proper
R-submodule of I;, and since I; is simple, we have I, NJ = 0. Now

LeL/(LinJ)2(I;+J)/J<R/J=M.

Since M is simple, we in fact have M = I;. []

3. Schur’s Lemma

A number of related results, beginning with the following, are collectively known as Schur’s
Lemma. First, suppose that 7 : G — GL(n, F) and 0 : G — GL(m, F) are two irreducible
representations. Our first result, Lemma 3.1, says that if T" is an m X n matrix over F
such that Tw(g) = o(g)T for all g € G, then either 7' = 0 or T is square invertible and
m ~ 0. We have phrased the statement and proof more concisely, however, using module
terminology.

Recall that a ring A with identity 1 such that the nonzero elements are invertible, is
called a division ring or skewfield. A field is the same thing as a commutative division
ring.

3.1 Lemma. Let M and N be simple R-modules. If M and N are not isomorphic, then
Hompr(M,N) = 0. If M and N are isomorphic, then Homp(M,N) = Homgr(M, M) =
Endg(M) is a division ring.

Proof. Suppose that ¢ : M — N is a homomorphism of simple R-modules. Then ker ¢ <
M and ¢(M) < N are R-submodules. Since M and N are simple, either

(i) kerop =M, (M) = M/ker¢p = M/M =0, so ¢ =0, or

(ii) ker¢p =0, ¢(M) = M/0= M and ¢ is an R-isomorphism.
Clearly Endg(M) is a ring with identity. If ¢ is a nonzero R-endomorphism of M, then
the above shows that ¢ : M — M is an isomorphism; in this case there is an inverse map
¢~ 1: M — M, and it is easy to see that ¢~ € Endgr(M). ]

The following corollary says that if 7 : G — GL(n, C) is irreducible, and T is any n xn
complex matrix commuting with all matrices 7(G), then 7' = AI for some A € C. In other
words, the centralizer of 7(G) in M (n,C) consists of scalar multiples of the identity. This
is true more generally for representations over any algebraically closed field, regardless of
the characteristic.



3.2 Corollary. Let F' be an algebraically closed field, G a finite group, R = F'G the group
algebra, and M a finite dimensional simple R-module. Then Endr(M) ={\ : A€ F} =
F.

Proof of Corollary 3.2. Let ¢ : M — M be an R-module homomorphism. Then in
particular ¢ is an F-linear transformation. Since F' is algebraically closed, we may choose
A € F to be a root of the characteristic polynomial of ¢, and there exists a nonzero v € M
such that ¢(v) = Av. Define U = ker(¢ — \I), the eigenspace with eigenvalue A\. Then for
any v € U and r € R, we have ¢(ru) = r¢(u) = rAu = A(ru), so U is an R-submodule
of M. Since U # 0 and M is simple, we have U = M, which says that ¢(u) = Au for zlmjll
ue M.

To see why the hypothesis on F' was necessary, observe that there is a representation of
G = {1, g, % ¢} = Cy of degree 2 determined by 7(g) = ((1) _01). If we take FF = R
then 7 is irreducible and the centralizer of m(G) in M(2,R) is {({ ) a,b € R}, which
consists of more than just scalar multiples of (0 1) If 1nstead we take F = C, then 7 is not
irreducible; we have C? = <( )> &) <(_11)> as a direct sum of one-dimensional submodules.

4. The Regular Module

Let R be a semisimple ring (for example a group ring FG such that char(F) f|G|). Our
aim is to be able to decompose every R-modules as a direct sum of irreducibles. We will
accomplish this by decomposing, in particular, the regular R-module R. We begin with
two examples.

4.1 Example. We continue with the notation of Example 1.1 for G = S3. The group ring
R = C@ is six-dimensional. We know R is semisimple by Maschke’s Theorem, but here
we provide an explicit decomposition of R into minimal left ideals. Consider the following
elements of R:

U1 =D geq 9 = (1) +(123) + (132) + (12) + (23) + (13),
132) — (12) — (23) — (13),

vy = (1) + (123) + (

vy = (12) + w(13) +w(23),
:( ) +w(123) +w(132),
= (1) +@(123) + w(132),
= (12) + w(13) + w(23).

Then R = < 1) @ (va) @ (vs3,v4) @ (vs,v6) Where each of the four summands is a minimal
left ideal of R. The representation of G on each of these ideals is given by 7y, mo, m3 and
w3 respectively. Thus the irreducible representations occur with multiplicities 1, 1 and 2.

4.2 Example. Let R = M(n, F), the ring of all n x n matrices over an arbitrary field F.
For 1<i<n, let

0 * 0

0 * 0
]i: : )

0 * 0



the set of all matrices in R with arbitrary entries in the ¢-th column and zeroes elsewhere.
Then R=1, ® I & --- & I, where each I; is a minimal left ideal. Thus R is semisimple.

Our goal is to express every group ring CG as a direct sum of simple ideals isomorphic
to M(n;,C). An example of this, using the notation of Example 4.1 for G = Ss, is

CG = <’U1> S¥ <’l)2> & <U3,U4,’U5,’U6> = M(l,@) s> M(l,(C) ©® M(Q,C).

In this case (vs,v4,v5,06) = (v3,v4) B (vs,v6) as a direct sum of minimal left ideals.
There are lots of additional submodules of R isomorphic to (vs,vs4), all of the form
(avz+Pus, avy+Pvg) for constants o, B € C, all of which are submodules of (vs, vy, v5, vg).
Therefore we may obtain (vs,v4, vs,vs) as the (not direct!) sum of all ideals of R which
are isomorphic (as R-modules) to (vs, v4).

Let us express this idea more generally. Let R be a semisimple ring, and let M7, Mo,
..., M} be the distinct irreducible R-modules. (We saw in Corollary 2.5 that there are
only finitely many irreducible R-modules up to isomorphism.) Let M;(R) be the sum
(not direct!) of all minimal left ideals of R isomorphic to M; (as R-modules), called the
M;-homogeneous part of R.

Returning to Example 4.2 with R = M(n, F'), we have V = F™, which is a simple
R-module under the usual matrix action. Note that every I; = V as R-modules. It
follows from Corollary 2.5 that V is the unique simple R-module (up to isomorphism).
In this case R has only one V-homogeneous part, V(R) = I1+Ix+---+1, + (other such
submodules) = R. Here again we get our wish: the V-homogeneous part is R = M(n, F),
a full matrix algebra.

Before we prove our desired decomposition theorem, we observe the following easy
result.

4.3 Lemma. The ring Endr(R) is anti-isomorphic to R.

Proof. For each a € R, let p, : R — R denote right-multiplication by a; that is, for x € R
we have p,(x) = za € R. Now p, € Endg(R), since for r, s, z,y € R we have p,(rz + sy) =
(re+sy)a =r(za)+s(ya) = rpa(x)+$pa(y). The map p : R — Endgr(R) given by a — p,
is one-to-one since if p, = pp, then p,(1) = pp(1) yields a = b. Also p is surjective, since
if ¢ € Endr(R), we may let a = ¢(1); then ¢(x) = ¢(z1) = z9¢(1) = za = p,(z) for all
z € R so that p, = 9. Also p is an anti-isomorphism since pgp(z) = zab = py(pa(z)). [

A number of results are collectively known as Wedderburn’s Theorem. The spirit of
these is that every semisimple algebra is a direct sum of simple algebras, each of which is
a full matrix algebra over a division ring extending the original field. Parts (i) and (ii) of
the following are part of Wedderburn’s Theorem.
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4.4 Theorem. Let My, M, ..., My be the distinct irreducible R-modules (up to isomor-
phism) for the group ring R = CG.
(i) Each homogeneous part M;(R) is a simple ideal of R. We have a ring isomorphism
M;(R) = M(n;,C) where n; is the number of minimal left ideals (each isomorphic
to M;) in a direct sum decomposition of M;(R). Also n; = dim M;.
(ii) R=Mi(R)® My(R)® - & Mi(R) = M(ny,C)® M(ne,C) P --- B M(ny,C) as
rings. In particular, |G| = n? +n3 + -+ n3.
(iii) The number k equals the number of conjugacy classes of G.

Proof. Decompose R = I[1®15®- - -P 1, as a direct sum of minimal left ideals. With respect
to this decomposition, every R-endomorphism ¢ of R has a unique matrix representation

Y11 Pim

¢m1 o mem
where ¢;; € Hompg(/;, I;). (This means that for z € R, we express x = . x; uniquely
where x; € I;, and then ¢(z) = ZZ(Z] ¢ij(x;)) where >_; ij(z;) is the component of
o(z) in I;.)

Recall from Lemma 3.1 and Corollary 3.2 that Hompg(f;, ;) = 0 if I; 2 I; as R-
modules; otherwise Hompg(I;, ;) = C. We may assume that Mi(R) = I; @ -+ & I,
Ms(R) =1y, 11D ®Ln,4nys -y Mi(R) = Iy 41D+ - - ® I, It follows that Endg(R) =
M(ny,C)®d M(n2,C) @ ---® M(ng,C). The previous Lemma gives an anti-automorphism
from R — Endg(R); also the transpose map gives an anti-automorphism M (n,,C)&--- &
M(ny,C) — M(n1,C) @ --- & M(ng,C). Composing maps in the right order gives an
isomorphism R — M(ny,C) @ --- & M (ng,C). This isomorphism takes M;(R) to the i-
th summand M (n;, C), which is clearly a simple ideal of R (cf. Example 4.2). Also the
minimal left ideals of M (n,,C)®---® M (ng, C) contained in M (n;, C) are n;-dimensional,
so dim I; = n; for every summand I; = M;. Comparing dimensions gives |G| = n? + n3 +
-+++n2. This proves (i) and (ii).

To prove (iii), first note that each M (n;,C) has a one-dimensional center consisting
of scalar transformations; therefore Z(M(ny,C)® - - - ®M (n,C)) is k-dimensional, a direct
sum of scalar transformations in the k& summands. But }_ .- a,9 € Z(R) if and only if
the coefficients a, are constant on conjugacy classes of G; this is obvious from comparing
coefficients of g € G in ) 5 a49 = h(ZgEG’ agg)h™t = > gec n-1gng for h € G. Thus
if K1, Ko,..., K, are the conjugacy classes of G, then the elements deKi g for 1<i</
form a basis of Z(R) and we must have ¢ = k. ]
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5. Orthogonality Relations

Let K;, Ko, ..., K be the conjugacy classes of G. We have seen that G has exactly k
inequivalent complex representations my, mo, ..., . Let x1, X2, ..., X& be the corre-
sponding characters, called the irreducible characters of G. Our goal in this section is
to prove that Irrg = {x1,---, Xk} is an orthonormal basis for the space of class functions
on (G. First, we prove a lemma. Note: All representations and characters in this section
are over the field C.

5.1 Lemma. Let x be any character of G. Then x(g~') = x(g) for all g € G.

Proof. Let n=|G|, so that ¢" =1. If 7 is a representation of G of degree r which affords
X, then w(g)" = w(¢g™) = I. Therefore every eigenvalue of 7(g) is an n-th root of unity.
Let A1, Ao, ..., A, be the (not necessarily distinct) eigenvalues of 7(g). Then x(¢~!) =

ZZ-)\Zl:Zi)\_;:@-

5.2 Lemma. Let 7 : G — GL(r,C) and 0 : G — GL(s,C) be inequivalent irreducible
matrix rerpesentations of G. Let m;;(g) be the (i,j)-entry of w(g) (1 < 4,j < r), and
similarly for o. For all i, j,k,{ we have

(i) > mij(9)oke(9t) =0, and
geG

.. _ G
(i) > mij(9)mhe(9™") = u5i€5jk~
geqG r
Proof. (i) Let V. =C" and W = C® be the modules on which G acts via 7 and o respectively.
Let T be the s x r matrix whose (j, k)-entry is 1, and all other entries are zero. We define

a linear transformation ¢ = ¢, € Homg (V, W) by

p=> olg)Tr(g™").
geG
If h € G then

er(h) =Y o(g)Tn(g"h) =Y o(ha)Tr(z™") = o(h)e.
geG zelG
That is, ¢ € Homeg(V, W). By Schur’s Lemma 3.1, we have ¢ = 0. The (i, ¢)-entry of ¢
is 0=3",cqmij(g)ore(g™").
(ii) As above, we obtain ¢ = 3, 7; (9)T7ke(g7 ) € Endeg(V). By Schur’s Lemma 3.2,
we have ¢ = \j;I. Comparing (4, £)-entries on both sides of the latter equality yields

(53) ezGﬂ'ij(g)ﬂ'kg(g_l) = )\jk(sig .

Interchanging i «+ ¢ and j <k in (5.3) gives > ¢ ok (9)m;i(97) = Niedjk ; however, re-
Lin the latter summation gives an expression identical to (5.3). Therefore
the expression in (5.3) becomes \;;d;0 = Ai¢d;i , which simplifies to Ad;¢d;, where A = Ay,
independent of . Substituting this into (5.3) yields

placing h = g~

11



(5.4) > ogec Tij(@)Tre(g™h) = Aiedj -

In particular, A =3 i (9)mji(g~1). Summing the latter expression over j yields

rA = Z(ZTI‘” 9)mji(g > Z(ZWU 9)mji(g ))

j=1 geG geG j=1

But 3, mij(9)mji(g~") is just the (4,i)-entry of 7(g)m(¢~") = I, which is 1. Thus rA =
>_gec 1 = |G|, i.e. A =|G|/r. Substituting this into (5.4) gives (ii). []

Recall that a class function on G is a function G — C which is constant on each
conjugacy class K;. Such functions form a k-dimensional vector space over C, which is an
inner product space where for any two class functions 6,7 we define

k

1
0, K;|0(g; g ———0(g:)n(9;
where g; € K; are representatives of the conjugacy classes.
5.5 Theorem (Frobenius). Irrg = {x1,...,Xx} is an orthonormal basis for the space

of complex-valued class functions on G.

Proof. Let x and v be irreducible characters of G afforded by representations 7 and o of
degree r and s respectively. Then in the notation of Lemma 5.2, we have

Gl vl = 3 x(@v(9) = X x(@)v(g™) = 2 Z Zﬂu%( B

geG geG geGi=1j=
= > > > mioj(g7h) =0,
i=17=1geG
IGllx.x1 = > x(9)x(9) = > x(g)x(g™") = 2 Z Z (g™ ")
geG geG geGi=1j=1
= ZT: XS: Ty (g7t = XT: XS: ué,-jdij = 7‘@ = |GJ.
=1 5=1 gec i=1j=1 T r L]

Now let 7 : G — GL(n,C) be any representation, and let y be its character. By
Maschke’s Theorem, 7 is equivalent to a direct sum of copies of the irreducible represen-
tations 7y, ..., mx of G, with corresponding multiplicities ny, ..., ng. By the previous
theorem the multiplicities are determined by n; = [x, x;]. Consequently, we have

12



5.6 Corollary. Any complex representation of a given group G is determined (to within
equivalence) by its character.

If G is a finite group, a character table for GG is a k X k matrix with rows indexed by
the irreducible complex characters y; of G, and columns indexed by the conjugacy classes
K of G, having (i, j)-entry x;(g;) where g; € K;. Usually we order our indices such that
X1 is the trivial character and K7 ={1}; then the first row of the character table consists
of 1’s, and the first column gives the degrees n; = x;(1) of the irreducible representations
of G.

Let M be the k x k character table of G (as above), and let D = diag(dy,da, ... ,d)
where d; = |Cq(g:)|~"/?. Then by Theorem 5.5, the rows of M D form an orthonormal
basis of C* with respect to the standard inner product, i.e. M D is unitary in the usual
sense, i.e. (M D)WT = I. Therefore the columns of M D also form an orthonormal
basis of C*, which proves the following.

k

5.7 Corollary. If Irr¢ = {x1,--., X}, then Y xi(9;)xi(9x) = |Cc(g;)|0;k-
i=1

Before continuing, we show the following, which will be useful later.

5.8 Theorem. The set of characters of G is closed under addition and under multiplica-

tion.

Proof. Let m: G — GL(r,C) and 0 : G — GL(s,C) be representations, with associated
characters x,n. Then 7 @ o is a representation of degree r + s which affords x + n, so the
set of characters of GG is closed under addition.

Also 7 ® o is a representation of degree rs, where (1 ® 0)(g) = 7(g9) ® 0(g). Note that

(m@0)(gh) = 7(gh) ® o(gh) = (7(g9) @ a(g)) (7(g9) ® 0(g))
= (r®a)(g)(r®a)(g),

som®o : G — GL(rs,C) is a homomorphism. Also tr(7(g) ® o(g)) = (trw(g))(tro(g))
x(g)n(g), which proves that the product of two characters is a character.

LT
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6. Linear Characters

An important special case, historically the first case to be considered, is the case G
is abelian. In this case, G = (z1) X (x2) X -+ X (xp) = Cppy X Cppy X -+ X Cpp,, m=
|G| =mims - --my. We construct m linear characters of G as follows:

14
Xe (20252 - xpt) = exp(2mi Y. f;l—e:), f=(f1,..., fe), 0<fi<m;.
i=1

Since the x;’s are distinct linear characters, they correspond to m inequivalent irreducible
characters of degree 1. But G has exactly m conjugacy classes, each class a singleton
K;={g;}. So by Theorem 4.4, these are all the irreducible characters of G. Indeed, we
shall see that the abelian property of G is equivalent to the property that every irreducible
character of GG is linear. More generally, we wish to find all linear characters of a given
finite group G.

We first recall some notation and terminology. We define the commutator of two
elements z,y € G by

1

[z,y] =2 'y lay € G.

We define the commutator subgroup of two given subgroups H, K < G by
[H,K]={([h,k] :heH, ke K).

In particular the derived subgroup of G is G’ = [G,G|. Note that subgroups H and
K commute if and only if [H, K] = 1. Also G is abelian if and only if G’ = 1; in the
opposite extreme case that G’ = G, we say that the group G is perfect. For example
every nonabelian simple group is perfect; and if n>2, then SL(n,F) is perfect except
when n=2 and ¢ < 3.

6.1 Lemma. Let G be a finite group. Then G’ < G, and the quotient group G/G" is
abelian. Moreover, G’ is the unique smallest normal subgroup of G whose quotient group
is abelian.

Proof. For x,y,g € G, we have [z,y]9 = [29,y9]. Therefore the set of all commutators
in G is invariant under conjugation, so the commutators form a normal subgroup. For
G yG" € G/G', we have (zG')(yG') = (yG')(«G")[z,y] = (yG')(«G’) since [z,y] € G'.
Thus G/G’ is abelian.

Conversely, suppose that K <G such that G/N is abelian. For all z,y € G, we have

N = [zN,yN] = (zN)"H(yN) " (zN)(yN) = (z~ 'y 'zy)N = [z, y]N,
so [x,y] € N and G’ < N. ]

Now let G be any finite group, and let v : G — G/G’ be the canonical projection
x — xG'. If x is any irreducible character of G/G’ then x is linear, so the composition
G 1 G/G" % X
is a homomorphism, and hence is a linear character of G.
Conversely, suppose 1 : G — C* is a linear character. Then n(G) is a finite subgroup of
C*, which is abelian. So G /ker(n) = n(G) is abelian. By Lemma 6.1 we have ker(n) O G'.

Therefore there exists a homomorphism x : G/G’ — C* such that n = x o. This proves
the following.
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6.2 Corollary. The number of linear characters of G equals |G : G']. These linear charac-
ters are just the functions x o~y such that x € Irrg g wherey : G — G /G’ is the canonical
projection.

6.3 Example. Let G = Ay. Then G has four conjugacy classes, with representa-
tives (1), (12)(34), (123) and (124); hence G has 4 irreducible characters. Since G’ =
((12)(34), (13)(24)) = 22 of index 3, G has exactly three linear characters x1, x2, x3 deter-
mined by the three homomorphisms G/G’ — (w) where w € C is a primitive cube root of 1.
Solving |G| = 12 = 124+ 12+ 12 +n3 gives x4(1) = ny = 3. The orthogonality relations
completely determine the character table of G to be the following;:

|ICa(9)| 12 4 3 3
g 1) (12)(34) (123) (124)
X1 1 1 1 1
X2 1 1 w w
X3 1 1 w w
X4 3 -1 0 0

This doesn’t indicate how to find a representation of degree 3 which affords x4, but this
will come in the next section.

7. Permutation Modules

It is easy to turn any permutation action of a group, into a matrix representation: simply
represent each of the permutations by its corresponding matrix. We may use ideas from
permutation groups to aid in understanding linear representations; and conversely, some
representation theory is very useful in studying permutation groups.

So we begin with a permutation action of a finite group G on a finite set 2 of cardi-
nality n. By definition, such an action is a homomorphism 7 : G — Sym €2, where Sym ()
is the group of all bijections Q — Q. Often we will simply take Q@ = {1,2,...,n}, so that
Sym 2 = S,,. Now choose a field F', and let V' be the n-dimensional vector space with basis
Q. (If using 2 as a basis causes notational confusion, we instead introduce n new symbols
ex for X € Q, and use these symbols as our basis.) There is a unique extension of 7 to
a linear representation on V', also denoted 7; namely, 7 : G — GL(V) is determined by
(X xen ax X)™9) = Yo xen ax X™9). If no confusion is possible, we write X9 in place of
X7 and v9 in place of v™9) for v € V. Note that in this description, linear transfor-
mations act on the right; this is done to conform with notation from permutation groups,
and it causes no significant problems with our linear representation theory, except that
we must now represent a typical vector )y _,axX € V by a row vector (aX X e Q)
If we identify each permutation 7m(g) (and the corresponding linear transformation) with
its matrix with respect to the basis €2, we have 7(g) = ((5Xg,y : X, Y e Q), a permuta-
tion matrix. We consider V' as a module for F'G, the permutation module. Note that
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n = |Q| = dim V is the degree of 7 in either sense: as a permutation representation, or as
a linear representation.

The character x associated to m is called the permutation character. Note that
xX(9) = trm(g) = Y yeqdxox = {X€Q : X9=X}|. In other words, x(g) is just the
number of points of (2 fixed by g.

An example is the representation p : S5 — GL(3,C) of Example 1.1, in which the
associated space V = C? is the permutation module for G = S5 in its natural representation
of degree 3 on Q = {1,2,3}. In this case the natural basis for V is {ex : X €Q} =
{e1, e, e3}, the standard basis for C3.

In the following, we denote the principal character by x; =1 as usual.

7.1 Proposition. The number of orbits of G on ) is [x, x1]-

Proof. Note that [y, x1] = ﬁ >_gec X(g) is the average number of fixed points of the
permutations 7(G).

Consider first the case that G acts transitively on 2. Let S = {(X,g9): X €, g€G,
X9=X}. We count |S| in two different ways. For each g € G, the number of pairs (X, g)
such that X9=X is x(g), so [S| = >_ cc x(9) = |G[[x, x1]. On the other hand, for each
point X € Q, the number of pairs (X, g) such that X9 =X, is the order of the stabilizer
Gx, so |S| = |9Q||Gx| = |G|. This gives [x, x1] = 1 as required.

For the general case, let 2 = Q1 UQy U --- U, as a disjoint union of orbits for
G. Clearly this gives a decomposition V = () = (1) ® (Q3) & --- @ () where each
(€;) is invariant under m(G). Let m, (g) be the restriction of 7(g) to (£2;), and let x,
be the character afforded by Tg,- LThenm=my & - @ m, and x = Sy Xq, - Since
G acts transitively on each orbit, by the previous case we have [XQZJXl] = 1, and so

X x1) = 21 [xq, » xa] = w, the number of orbits. ]

It is evident from the latter proof that if G is not transitive on €2, then the per-
mutation module decomposes as a direct sum of submodules (€2;). If we understand the
representations 7, , where GG acts transitively on each orbit €2;, then by taking direct sums
we can expect to understand w. So for the rest of this Section we will assume that G acts
transitively on €2. Also we will take F' = C. Please keep in mind Example 1.1 as you read
the following statements.

For a transitive action of G on €2, Proposition 7.1 shows that the trivial representation
occurs with multiplicity 1 in 7. Indeed, it is easy to see that if vy = )y X, represented
by the all-1’s vector, then (v1) is a one-dimensional submodule of V', and in fact this is the
trivial module bearing the trivial representation m(g) = ( 1 ) Over the complex numbers,
7 is completely reducible, so V' = (v1) @ U for some (n — 1)-dimensional submodule U. It
is easy to see that U = {3 v.qaxX : Y ax=0}. (The fact that (v;) N U = 0 follows
from the fact that C has characteristic 0.) This gives a decomposition 7 ~ w1 @ 7', where
7'(g) is the restriction of 7w(g) to U. Let x’ be the character of degree n — 1 afforded by =’.
Then [x/, x1] = [x, x1] —[x1,x1] = 1 —1 = 0, so the trivial representation does not occur
in 7. Is @’ irreducible? The answer is provided by the following.
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7.2 Theorem. Suppose that G acts transitively on (), and let x be the permutation
character. Then [x, x| is the number of orbits of Gx, the point stabilizer, on Q. In
particular, G acts doubly transitively if and only if [x, x| = 2, if and only if n’ (as above)
is irreducible.

Proof. Note that G acts on Q x Q componentwise via (Y, Z)? = (Y9,7Z9). Since G acts
transitively on €2, the number of point orbits of Gx on 2 equals the number of orbits of
G on Qx Q. Let V = (Q) be the permutation module for the representation = of G, so
that dimV = n = |Q]. Then the n2-dimensional permutation module for the action of G
on O xNis VeV = (QxQ) (cf. Theorem 5.8). To see this, we have an obvious C-linear
transformation ¢ : V@V — (@ x Q) defined by >y ycqav,zY @ Z = >y 7o qav,z(Y, Z).
Furthermore, ¢ is an isomorphism of CG-modules, since

(X avzY ®2)9) =o(X ay,zYI®29) = > ayz(Y9,29) = (X av,z(Y, Z))g.
Y,Z Y, Z Y,Z Y, Z

By Theorem 5.8, the permutation character for G on Q x € is x2. Therefore the number
of orbits of Gx on 2, equals the number of orbits of G on €2 x €2, which by Proposition 7.1
is [x*, x1] = 167 Lgea X(9)* = D X-

Now G acts doubly transitively on € if and only if Gx has only two orbits {X}
and Q ~ {X}, which by the above, is equivalent to [x,x] = 2. Let k& be the number of
conjugacy classes of GG, and let w1, 7o, ..., mr be the irreducible complex representations
of G, with Irrg = {x1, x2,---, Xx}- In the preceding notation, we have m = 7 & 7’ where
7’ decomposes as a direct sum of irreducibles, in which the irreducible m; occurs with
multiplicity r;, say. Then x = x1 + Z?:z riXi, S0 [x,x] =1+ Z?:z r?. The only way to
have [x, x] = 2 is if one r; is 1 and the remaining r;’s are zero, which says that «’ ~ 7; is
irreducible. ]

7.3 Example. Consider G = Ay in its usual representation of degree 4 on Q2 = {1,2, 3, 4}.
This is a doubly transitive action, and the permutation character y satisfies X((l)) =4,
x((12)(34)) =0, x((123)) =x((124)) =1. One verifies directly that [x,x] = 15 + 9 +
% + % = 2. It follows that x' = x — x1 is an irreducible character of degree 3, which
of course is the character y4 of Example 6.3. But now we have a representation of G
which affords y4. Starting with the permutation module V = C* with standard basis
{ex : X €Q} = {e1,eq,e3,e4}, we have V = (v1) @ U where v; = (1,1,1,1) and U =
{(a1,a2,as,a4) : > a;=0}. Here U is the required three-dimensional CG-module, and if
explicit 3 x 3 matrices m4(g) are required, these may be found just as in Example 1.1.

7.4 Example. We compute the character table of G = A;. We know that G has exactly
five conjugacy classes, with representatives (1), (12)(34), (123), (12345) and (12354); the
respective centralizer orders are 60, 4, 3, 5 and 5. Since G is a nonabelian simple group,
G is perfect, so its only linear character is the principal character y;. Let x be the
permutation character of G in its usual (doubly transitive) representation on five points.

def

By Theorem 7.2, xyo = x — x1 is irreducible of degree 4. We have entered the values
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of x2 in the table below. Now the degrees of the irreducible characters must satisfy
|G| = 60 = 12 4+ 42 + n3 +n3 + n?. It is easy to check that the remaining degrees can only
be 3, 3 and 5.

Note that G = PSL(2,5) acts 2-transitively on the 6 points of the projective line over
F5. In this representation, (12)(34) <> (?_01) fixes two points <(;)> and <(é)>, similarly
(123) < ((1)_11) fixes zero points, and every element of order 5, conjugate to (o 1) or to
((1) i), fixes exactly one point. By Theorem 7.2, subtracting off y; from this permutation
character, gives the irreducible character ys of degree 5 with values as shown here:

Calg)] 60 4 3 5 5
g (1) (12)(34) (123) (12345) (12354)
1 1 1 1 1 1
X2 4 1 1 1
X3 5 1 1 0 0
X4 3
X5 3

It is now possible to complete the character table using the orthogonality relations (Theo-
rems 5.5 and 5.7), and we leave this as an exercise. Instead, we produce the missing three-
dimensional representations and determine the corresponding characters. To do this, we
represent G as the group of rotational symmetries of a regular dodecahedron, with vertices
labelled by the 20 ordered pairs (i, 7) such that 4, j are distinct members of {1,2,3,4,5}.
This dodecahedron is as pictured:

This representation of G must be irreducible over C; for otherwise, it would decompose
as a direct sum of three copies of the trivial representation, which would mean that G
acts as the identity of order 3, a contradiction. So we have an irreducible representation
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Ty G — GL(3,R) C GL(3,C), and we may suppose that x4 is its character, one of the
irreducible characters of degree 3.

Now the effect of (12)(34) is a 180° rotation about an axis which joins the midpoints
of the edges 14—23 and 41—32. The remaining conjugacy class representatives also act
as rotations about certain axes, through the angles indicated by the following pictures:

action of (123) action of (12345) action of (12354)

In general, any rotation about an axis through an angle § may be represented (with respect
to an appropriate basis) by the matrix

cosf —sinf O
sinf cosf 0 |,
0 0 1

whose trace is 1 + 2 cos 6. This gives the values of x4 given in the table below.

Finally, the values of the remaining irreducible character ys are determined using
the orthogonality relations. Alternatively, let ¢ : G — G be an outer automorphism, for
example conjugation by (45). Then g — m4(¢?) is also a homomorphism, and hence is an
irreducible representation of degree 3, whose character is xs.

ICalg)) 60 4 3 5 5
g (1) (12)(34) (123) (12345) (12354)
X1 1 1 1 1 1
X2 4 0 1 -1 -1
X3 5 1 -1 0 0
X4 3 -1 0 1—2f 1+2f
1 5 1-v5
X5 3 -1 0 +2 2

With the small groups we have looked at so far, we have been fortunate to discover most
of the irreducible characters quickly, and then the remaining irreducible characters, if any,
have been determined using the orthogonality relations. For larger groups we will not
always be so lucky, and other methods must be used to complete the character table. In
the next section, we will learn how to determine characters of a given group using the
character tables of its proper subgroups.
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8. Induced Characters

Given any character v of G and any subgroup H < G, the restriction of 1) to H, denoted
Yy, is a character. This much is clear. (Be warned, however, that ¥ might be irreducible
without ¥y being irreducible.)
Now consider the reverse problem: Given a character x of H < (G, does this ‘lift’ in
any sense to a character of G? Warning: It is not true in general that every character of H
is the restriction of a character of G. Therefore we cannot hope that ‘lift’ means to extend
in the usual sense for functions. Nevertheless, there is a natural way, given y, to produce
an induced character of G, denoted x&. Moreover, the theory of induced characters is very
important in understanding the subgroup structure of groups. For the present, however,
we are content to motivate this topic by saying that it can be used to help determine the
character table of a group from those of its proper subgroups.
Let x be a character of H, where H < G. We first extend x to all of G in the easiest
possible way, by defining
<g) = {x(g), g € G;
X9 0, otherwise.
Now define the ‘induced character’

Z rlgx), geq.
mGG

It is not yet clear that this is a character of GG, which is why we used quotes * > above. In the
next section, we will produce a representation which affords ¢, to justify the terminology.
For now, though, let us accept Y& as the function defined above, and consider its properties.
First, it is easy to see that XG : G — C is a class function. For if g,y € G, then

9" = 1 H| Z T ;ej(;y(gx’) =x(9).

Since x is a class function on G, it makes sense to write [x,v] for any class function
1 of G. Now we must be careful: does [, ] mean inner product of class functions of
G, or inner product of class functions of H? Although the context will usually prevent
ambiguity, we will play it safe by using subscripts to indicate the correct space, thus:

[, Z »(9)'(g9)
gEG
for any two class functions v, 1)’ of GG, and

0,0y Ze

hGH

for any two class functions 6,60" of H. Also we denote the principal characters of H and
G by 1y and 1¢ in order to distinguish them; thus 1y (h)=1 and 1g(g)=1 for all he H,
geaq.

Our first example of induced characters is something we have seen already: permuta-
tion characters!
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8.1 Theorem. Suppose G acts transitively on ). Then the permutation character is
(15)% where H = G x is the stabilizer of any point X € .

Proof. The points of ) are in one-to-one correspondence with the right cosets Hg, g € G,
and G acts on these right cosets by right multiplication, giving a transitive permutation
action equivalent to the action on ). The premutation character is given by

¥ (g) = number of points of 2 fixed by ¢
= number of right cosets Hu such that Hug = Hu

1
= W‘{UEG : Hug= Hu}|

= (11)%(g)- []

8.2 Frobenius Reciprocity Theorem. Let 1) be a character of G, and x a character of
H < G. Then
X% Yle = [ ¢ulm

Proof.
[X, Yla = |G|ZX
gEG

Xz gz)Y(g)

geG zeG
(1Y)

|G|| Z Z (zuz=t)
uEGwEG

substituting v = 27 'gz. Now ¢(xux~!) = 1(u) since 9 is a class function on G. Also
X(u) vanishes unless u € H, so

r€GueEH
1 -
= (w)br (u) =[x, Yula -

As an example of how to apply the previous two results, let G act transitively on 2, with
point stabilizer H = Gx. Then the permutation character is (1), and the multiplicity of
the trivial representation 1¢ in the permutation character is [(17)%, 1¢le = [1g, 1x] = 1,
a fact already known by Proposition 7.1.
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For purposes of computing induced characters, calculations are simplified by choosing
a right transversal 7' for H in GG, which is a set of representatives of the distinct right
cosets of H in G. Thus |T'| = [G : H] and G = |J,p Ht. Note that in general T" is only a
subset, not a subgroup, of G. Then for g € G,

6(g) = ,—;” S Rlwgrt) = ﬁ SOS (htgtthY)

z€G teT heH
But clearly Y(huh™!) = X(u) for all u€ G, h € H. This proves the following.

8.3 Lemma. x%(g) = Z)?(tgt_l) .
teT

8.4 Example. For this example, assume that induced characters are characters. (We still
have yet to prove this.) Let us determine the character table of G = S5. First, G’ = Aj, so
G has exactly two linear characters, x1 and ys , corresponding to the two linear characters
of G/G' = C5. These, of course, are the principal character and the ‘sign’ character
analogous to the situation of Example 1.1. Also, G has two doubly transitive permutation
actions: one of degree 5, acting naturally as Ss; and the other as PGL(2,5), acting on the
6 points of the projective line over GF'(5). Using Theorem 7.2, just as in Example 7.4,
this gives irreducible characters x3 and x4 of degree 4 and 5 respectively. Details of these
computations are left to the reader, and we have this much of the character table of G so
far:

|ICc(9g)] 120 12 8 6 4 5} 6
g (1) (12) (12)(34) (123) (1234) (12345) (123)(45)
X1 1 1 1 1 1 1 1
X2 1 —1 1 -1 1 -1
X3 4 2 0 -1 -1
X4 5 -1 1 -1 1 0 -1
X5
X6
X7

The degrees of the remaining irreducible characters must satisfy |G| = 120 = 11 + 12 +
42 4+ 52 + nZ 4+ n2 + nZ. There are two possible solutions for the missing degrees: 2,3,8
or 4,5,6. In this instance the orthogonality relations are not adequate to determine the
rest of the table. Instead, we induce characters from the subgroup H = As. We have a
right transversal 7' = {(1), (12)}, and so for each character x of H, we obtain an induced
character x(g) = x(¢9) +x(9*®) (from Lemma 8.3, instead of the definition, which would
give 120 terms). Let x be one of the irreducible characters of H of degree 3 (say, x4 of
Example 7.4). Then we obtain an induced character Y with values

g | ) 12 234 (123) (1234) (12345) (123)(45)
Sg) | 6 0 —2 0 0 1 0
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Of course there is no guarantee that an induced character is irreducible. However, if
x% = >, rixi then [x¢, x% = Y,;r2. In this case we easily compute [y, x¢] = 1.
Therefore ¢ is irreducible, and we may add it to our table. Next let n be the irreducible
character of H of degree 4 (called x2 in Example 7.4). In the same way, we compute the

following values for the induced character n<:

g | (1) (12) (1234 (123) (1234) (12345) (123)(45)
ng) | 8 0 0 2 0 —2 0

Now we determine [n“,n%] = 2. The only way to have Y ,7? = 2 is if two r;’s are 1 and
the rest zero; therefore % is the sum of two distinct irreducible characters of G. It is easy
to check that [n%, x;] = 0 for i =1,2. But [, x3] = 1, so n¢ is the sum of y3 and another
irreducible character of degree 4, say xg. This gives the values of xg = 7 — x3, and the
remaining irreducible character y7 is determined by the orthogonality relations. Finally,

the character table of G is as follows:

ICalg)] 120 12 8 6 4 5 6
g (1) (12) (12)(34) (123) (1234) (12345) (123)(45)
X1 11 1 1 1 1 1
X2 1 -1 1 1 ~1 1 ~1
X3 4 2 0 1 0 ~1 ~1
X4 5 —1 1 ~1 1 0 ~1
X5 6 0 —2 1 0
X6 4 -2 0 1 ~1 1
X7 5 1 1 -1 -1 0 1

Finally, let us give a further illustration of Frobenius reciprocity using the above notation:

we may directly compute
1, =3 o0r6

0, otherwise

% xile = {

and this agrees with [0, (x;)m|m, which is also easy to compute using the information of

Example 7.4.
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9. Induced Representations

Now we show how representations of a subgroup H < GG may be ‘induced’ to representations
of GG. The character associated to such an induced representation will turn out to be the
induced character defined in the previous section, and this provides the justification for
calling the ¢ of Section 8 a character.

Let H < G, and choose a right transversal T' of H in G, so that |T'| = [G': H] and
G = Uer Ht, as we did prior to Lemma 8.3. Let 7 : H — GL(V) be a representation
of H. We assume that n = dim V' is finite, but it is not necessary to place any restrictions
on the field F'. We consider V' as not only a vector space over F', but also a module for
the group algebra F'G.

Now the usual tensor product of V' with FG (over F') gives a vector space of dimension
(dim V)(dim F'G) = n|G|, denoted V ® FG or V ®, FG. If {v1,va,...,v,} is a basis for
V, then {v; ®g : 1<i<n, g€ G} is a basis for V ®, FG. We make V ®, F'G into an
FG-module by defining (v®g)a =v ® (ga) forveV, ge G, a€ FG.

We are more interested in the tensor product of V and FG over F'H, denoted
V ®py FG. This is obtained as a quotient of V' ®. FG in which we identify v®hg =
vh®g for allveV, geG, he H. (Note: vh means h acts on the vector v via 7.) Since
every g € G can be written uniquely as g = ht for some h€ H and t €T, we may write
v®g =v®ht = vh®t. Thus {v;®t : 1<i<n, t €T} is a basis for V®FHFG, and we
have dim(V ®,,, FG) = n[G: H]. We define the induced module as V¢ =V &, FG,
with the action of F'G defined above. The induced representation is the corresponding
representation 7¢ : G — GL(VY).

9.1 Example. Consider the representation w3 of H = S3 defined in Example 1.1. Consider
H as a subgroup of G = Sy, with right transversal T' = {(1), (12)(34), (13)(24), (14)(23)}.
(Note: In general we cannot hope that 7" is a subgroup of G.) We will obtain the induced
representation 7§, of degree 2[G: H] = 8. Let {e1, ez} be the standard basis of V = C2,

the module corresponding to m3. Then

(e1® (1)) (12) = e1 ®(1)(12) = e1 ® (12) = e1(12) @ (1) = e2 ® (1),
(e2®(1)) (12) = e2®(1)(12) = e2® (12) = e2(12) ® (1) = €1 ® (1),
(e1®(12)(34))(12) = €1 ®(12)(34)(12) = €1 ® (12)(12)(34) = e1(12) ® (12)(34)

= 2 ®(12)(34),
(e2®(12)(34))(12) = e2® (12)(34)(12) = €2 ® (12)(12)(34) = e2(12) @ (12)(34)
= e2® (12)(34),
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(e1®(13)(24))(12) = €1 ® (13)(24)(12) = €3 ®(12)(14)(23) = e1(12) ® (14)(23)
= e2® (14)(23),

(e2®(13)(24))(12) = e2® (13)(24)(12) = e ® (12)(14)(23) = e2(12) @ (14)(23)
= e; ®(14)(23),

(e1® (14)(23))(12) = e ® (14)(23)(12) = €1 ® (12)(13)(24) = e1(12) ® (13)(24)
= ey ® (13)(24),

(e2®(14)(23))(12) = e2® (14)(23)(12) = e ® (12)(13)(24) = e2(12) @ (13)(24)
= e1 ®(13)(24).

This shows that with respect to the ordered basis {e1®(1), e2®(1), ..., e2®(14)(23) }, we
have the matrix

0
1

1
0

= o
O =

' ((12) =

= O
O =

01
10

Note the block form of this matrix. The blocks are in a 4 x 4 permutation matrix pattern,

corresponding to the way (12) permutes the four right cosets of H. Similar computations

give the remaining matrices 7§’ (g). We present here just a few more examples:

10 w 0
01 0w
10 w0
01 0w
W??((l)) = 10 ) 773?((123)) = w 0 )
01 0w
10 w 0
01 0w
10 0w
01 w 0
10 0w
G 01 G w0
T3 ((12)(34)) = tol|> T3 (<1234)) = 0w
01 w 0
10
01 o0

From these we may obtain the associated character Y&, which has values given by

g | 1) 12 264 (123 (1234)
xC(g) | 8 0 0 1 0

As an exercise, you can check that this agrees with the induced character x¢ defined in
Section 8, where x is the character associated with m3. The next result shows that this
works in general.
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9.2 Theorem. Let m: H — GL(V), where H < G, and let x be the character associated
with m. Then the character associated with 7€ is the induced character x© defined in
Section 8.

Proof. Recall that {vi Rt : 1<in, t € T} is a basis for V¢, in our earlier notation. For
each g € G, we have (vV®1t)g =v®tg = v®ht' = vh®t', where we have written tg = ht’
for some h€ H and t’' € T uniquely determined by g and ¢. Thus g (or more precisely,
7%(g)) maps V®t to V@ t/, where V®t={v®t: veV}. Now V¢ is a direct sum
of the subspaces V ®t, each of dimension n, so the matrix of 7¢(g) consists of n xn
blocks in a permutation pattern, as in Example 9.1. The only blocks which contribute to
tr 7% (g) are those on the diagonal, i.e. those for which ' = t. Equivalently, those for which
h = tgt~t € H. For such g and ¢, we have (v®t)g = v(tgt~!)®@t, and the trace of the
corresponding n x n block is trm(tgt—1) = x(tgt~!). The total trace of 7%(g) is the total
contribution from such diagonal blocks, which is >, 1oy x(tgt™) =3, cr X(tgt™) =

X (9). ]

10. Frobenius Groups

In this section we present an application of character theory to Frobenius groups. However,
we begin with just a few further facts about characters and representations.

The kernel of a representation 7 : G — GL(n,C) is {g€ G : w(g) =1}. Interestingly,
it is possible to tell whether a given g € G lies in ker m simply by examining its trace,
x(g) = trm(g). For if m(g) = I (the n x n identity) then x(g) = n, the degree of the
representation. Conversely, suppose that y(g) = n. Recall from the proof of Lemma 5.1
that 7(g) is similar to diag(er, €2, ..., €,) where each ¢; is a root of unity, and x(g) = >, €.
By considering real parts, the only way to have )", ¢ = n is if every ¢; = 1, in which
case 7(g) is similar to I, so m(g) = I. This proves the following.

10.1 Proposition. Let 7 : G — GL(n,C) be a represetnation of a finite group G, and
let x be its associated character. Then mw(g) = I if and only if x(g) = n.

We define ker x = {g € G : x(g) =n}, the kernel of the character y. Since x is not a
homomorphism for n > 1, this is not the usual usage of the word ‘kernel’; however since
ker x = kerm, it is the kernel of some homomorphism (namely, ) and as such, it is a
normal subgroup of G. We can get several normal subgroups of G by taking intersections
of various ker y for certain choices of irreducible characters y. It may not be obvious that
every normal subgroup of G can be obtained in this way, but we will show this.

First, we show that ﬂx e Ker X = 1. To see this, suppose that 1# g € G. Then g and
1 lie in distinct conjugacy classes of GG, so by Corollary 5.7, the columns of the character
table of G corresponding to these two conjugacy classes are perpendicular, hence linearly
independent, and hence distinct. So x(g) # x(1) = n for some y € Irrg.

Next, suppose that K is any normal subgroup of G. By a homework assignment, every
irreducible character of G/ K gives an irreducible character of G. (For each ¥ € Irrg/, we
define ¢'(g) = ¥(gK). Then ¢’ is well-defined and ¢/’ € Irrg.) By the previous paragraph,
we have ﬂwehrcmkerw =K = ﬂwehrc/Kker ’. This proves the following.
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10.2 Proposition. Every normal subgroup of G is of the form (\ker x as x ranges over
some subset of Irrg.

We are now ready for Frobenius groups. Let G be a permutation group acting on a
finite set Q2 of cardinality n>1, i.e. G < SymQ = S,,. We call G a Frobenius group if

(i) G acts transitively on €,

(ii) the stabilizer of a point of 2 is nontrivial, and

(iii) every nonidentity element of G fixes at most one point.
Since every transitive permutation action is equivalent to the action on the right cosets
of the point stabilizer, we may give an alternative definition of Frobenius groups which
is completely internal to G, without regard to 2. Thus G is a Frobenius group if it has
a proper nontrivial subgroup H such that H N H9 = 1 for all ¢ € G ~ H. To see that
the second definition follows from the first, let G be a Frobenius group acting on €2, and
let H = Gx, the stabilizer of a point X € Q (chosen arbitrarily). Then H is a proper
subgroup of G since [G : H| = | =n > 1, and H # 1 by (ii). If g € G\ H, then
X9 # X and the stabilizer of X9 € Q is HY = g~ 'Hg. Condition (iii) says that only the
identity fixes both X and X9, so H N HY9 = 1. The converse is proven similarly. It may
seem possible that a given group G might be a Frobenius group relative to more than one
choice of subgroup H. However, this does not happen: if G is a Frobenius group, then
there exists (up to conjugacy) a unique subgroup H satisfying the above condition, and so
G has a unique (up to equivalence) permutation representation as a Frobenius group. We
will not prove this fact here.

The following is the main result of this section.

10.3 Theorem (Frobenius). Let G be a Frobenius group acting on Q). Then G = K x H
where H is a point stabilizer, and
K = (G\ U H9> U{1} = {g€G : g fixes no points of Q} U {1}.
geG

We call K (as above) the Frobenius kernel and H the Frobenius complement. Note
that it is easy to define K (and in fact we have given two equivalent conditions of K).
The hard part is showing that this K gives a subgroup of G, and amazingly, the only
known proof of this uses character theory! Indeed, it is possible to prove much more using
character theory. For example, K must be nilpotent, and there are strong restrictions on
H as well. We will not prove these further results here.

Before proceeding with a proof of Theorem 10.3, we require the following.

10.4 Lemma. Let 6 be a class function of H such that 6(1) = 0. Then (6%)g = 6.

o~

Proof. By definition, for each g € G we have (09) g (g) = ﬁ > weq O(xzgz™1). In particu-

lar,

0 (1) = %' > 6(1) =o0.



If 1 # h € H, then (%) (h) = ﬁ Y e f(xhz=1) only has nonzero values for x € H.
Then

w%ﬂmr=éﬂEZMWw*>=ﬁ%Mﬂwm:9m»
reH D

Proof of Theorem 10.3. Condition (iii) above shows that Ng(H) = H. Now the number
of conjugates of H in G is [G : Ng(H)] = [G : H] = n, and these conjugates intersect in
only the identity, so

K| =G|~ [G: H)(|H| 1) = |G| — |G| + [G: H] = [G: H].

Choose any nonprincipal character ¢ € Irry. Define a class function of H by 6 =
¥ —(1)1g, so that 6(1) = 0. Then Lemma 10.4 gives (0%)g = 6. Now define ¢* =
0% 4 (1)1g. Then by the Frobenius Reciprocity Theorem 8.2, we have

[0, ¥*]a = 109,06 + 2¢(1)[0%, 16le + ¥ (1)*[16, 16]a
=160, (%) ulm + 2010, Lu]a + ¥ (1)
= [0,0] + 20(1) (=9 (1)) + (1)
= 14+9(1)% = 2¢(1)* +9(1)?
= 1.

However, ¢* = 0% +(1)1¢ is a Z-linear combination of characters, so +1* € Irrg. But
if he H, then v*(h) = 0%(h) +v(1) = 6(h) + (1) = (h). This means that (¢*)g = ¥,
and in particular, ¢¥*(1) = ¥ (1) > 0, and so ¥* € Irr¢.

Define M = (¢, ker¢*. Then M < G. We will show that M = K. If he€ MNH,
then for every nonprincipal character ¥ € Irry, we have ¢ (h) = *(h) = ¥*(1) = ¢¥(1).
By the arguments preceding Proposition 10.2, this implies that h=1. Since M < G, for
every g€ G we obtain M N HI = (M NH)Y =19 =1, and so M C K. Conversely, if
1#g€ K (ie. g lies in no conjugate of H) then 6%(g) = |—I§| Y e g(a:ga:_l) = 0, and so
P*(g) = 0%(g) + (1) = (1) = *(1), i.e. g € ker)* for all ¢ € Irry. This means that
g€ M,ie. K C M, and so as claimed, K = M, a normal subgroup of G.

Finally, |KH| = |K||H|/|K "N H| = |K||H| =|G| and so G = KH = K x H. ]
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11. The Center of the Group Algebra

Let G be a finite group, with conjugacy classes K1 ={1}, K>, ..., Kj; irreducible rep-
resentations my, 7o, ..., Mg, and irreducible characters Irrg = {Xlzlg, X2y -« -, Xk}- As
seen before, the center of the group algebra, Z(CG), is k-dimensional. Namely, Z(CGQ)
is the set of all >° g
classes. So a basis for Z(CG) is {71=1, 72, ..., 7} where v; = > gek; 9- As we might
anticipate from Theorem 4.4, character theory has much to tell about CG and conjugacy
classes. Especially, we will use character theory to answer the question: can we write an
element g € K, as a product zy with x € K; and y € K;? If so, in how many ways is this
possible? Note that the answers to these questions cannot depend on which representative
g € K, we choose, since conjugation acts transitively on each conjugacy class. The answers

agg such that the coefficients a, € C are constant on conjugacy

can only depend on ¢, j and ¢.

Let a;j, be the number of ways each g € K, can be written as xy with z € K; and
y € K;. So the constants a;j, are non-negative integers, which we must evaluate. Also it
is clear that

(11.1) YiY; = Zaiﬂ’yl'

So the structure of the algebra Z(CG) is completely determined by the constants a;;¢, since
Z(CG) is first of all a k-dimensional vector space over C; and secondly, Z(CG) is a ring
with products defined by (11.1). So the constants a;;¢ are called structure constants of
the algebra Z(CG).

Consider any matrix representation 7 : G — GL(n,C). Then there is a unique
extension of 7 to an algebra homomorphism, also denoted 7, namely

7:CG — M(n,C), W(Z agg) = Zagﬂ(g).

geG geCG

It is easy to check that this extension preserves multiplication:

( Z agg Z bhh ) = 7r Z Z agbhgh Z Z agbpm(gh)

geG geG heG geG heGG
= > agbum(g)w(h) = (O agn(9)) (D bam(h))
geG heG geG heH
= 7r Z agg Z bhh
geqG heH

and similarly, 7 is C-linear, so in fact 7 : CG — M (n, C) is an algebra homomorphism.
Now suppose that & € CG and z € Z(CG). Then 7(2)n(a) = w(za) = w(az) =
m(a)m(z). This says that 7(z) commutes with all matrices 7(a) for a € CG, and in
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particular 7(z) commutes with all matrices 7(g) for g € G. By Schur’s Lemma 3.2, 7(2) is
a scalar multiple of the n x n identity matrix I, so

m(2) = wy(2)] for all z € Z(CQG).

Here we have called the scalar w,(z) € C. We could have called it w,(z), since it depends
on the choices of both z € Z(CG) and the representation 7; however, since 7 is uniquely
determined by its associated character x (see Corollary 5.6), it is customary to instead
write wy(g). Since 7 : CG — M(n,C) is an algebra homomorphism, it is easy to see that
wy : Z(CG) — C is an algebra homomorphism. The values of w, are determined by the
values on the basis {7;} of Z(CG). These values determined by the following.

11.2 Proposition. For any character x of G, and any class sum -, , the value of w,(v;)
is an algebraic integer given by
| Ki|x(gi)
oy () = X9
XZ x(1)
where g; € K;.

Proof. Take traces on both sides of the equation 7(7y;) = wy(y;)I. The left side gives
trm(vi) = |Kiltrm(g:) = |Ki|lx(g:). The right side gives wytrl = w,x(1) since I is a
square identity matrix of size degm = x(1). This gives the explicit formula for w, (;)
given above.

Applying the algebra homomorphism w, : Z(CG) — C to (11.1), we obtain

k
(11.3)  wy(rwx(v) = D agjews (1)
/=1

Consider the k x k matrix A = (aijg 1< 5,0 < k), where i is fixed, 1 <i< k. According
to the above,
wy (1)

wy(72)
Av = w, (7i)v, where v = *

wy ()
Let f(X) = det(XI—A), the characteristic polynomial of A. Then f(A) is the zero matrix,
so f(wy(7:))v = f(A)v = 0. Of course not all entries of v are zero; for example, the first
entry is wy (1) = [{1}|x(1)/x(1) = 1. Therefore f(wy (7)) = 0. So wy(7y;) is a root of
a monic polynomial f(X) having integer coefficients, since the entries of A are integers.
Thus w, (y;) is an algebraic integer. ]

11.4 Corollary. The structure constants of Z(CG) are given by

KK x(9i)x(9;)x(ge)
T 2 A

x€Elrrg
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Proof. Replace wy(v;) = |Ki|x(g:)/x(1), and similarly for j,¢ in (11.3) to obtain

g¢)
(1)

|K ||K | ZGZJ€|KE|

Multiply both sides by x(1)x(gs) and sum over x € Irrg to obtain

) Y XX Zawemr S xlgox(gs)

x€lrrg x€lrrg

== ZG/Z]£|KZ|‘K ’568 - |G|aij8a

using the column orthogonality relations, Corollary 5.7. O

11.5 Corollary. The degrees of the irreducible representations of G divide |G]|.
Proof. Let x be an irreducible character of G. From [y, x] = 1 we obtain

k

k
Gl = > IKilx(g)x(g:) = x(1) > wy(v)x(gi) -
1=1

i=1

Thus

G k
% = ; wy (Vi) x(g:) -

Since the set of algebraic integers form a ring, |G|/x(1) is an algebraic integer. However,
|G|/x(1) is rational; therefore |G|/x(1) € Z. That is, x(1), which is the degree of the
corresponding irreducible representation, divides |G|. []

Burnside’s Theorem

We come to another famous application of characther theory: a theorem of Burnside which
states that any group of order p®q® (for primes p, q) is solvable. We need only a little more
terminology and preparation to prove this.

Let m : G — GL(n,C) be an irreducible representation of a finite group G. When
does m(g) commute with (k) for all h € G? By Schur’s Lemma 3.2, this can only happen
if 7(g) is a scalar multiple of I. It is possible to detect whether this happens for a given
g € G directly from the values of the associated character x. Recall that 7(g) is similar

to diag(ey, €2, ..., €,) where each ¢; is a root of unity. The only way this can be a scalar
multiple of I isif e, = €5 = - -+ = ¢, and this is equivalent to ’ZZ ei| = n. This immediately
gives
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12.1 Lemma. If is an irreducible representation of G with associated character x, then
7(g) commutes with w(G) if and only if |x(g)| = x(1).

Accordingly, we define the center of x to be Z(x) = {g€G : [x(9)|=x(1)}.

12.2 Lemma. If x € Irrg, then g € Z(x) if and only if gkerx € Z(G/kerx). Thus
Z(x)/kerx = Z(G/kerx) and Z(x) <G.

Proof. The homomorphism 7 : G — 7(G) < GL(n,C) has kernel kerm = kery, so
7(G) = G/ ker x. Using this isomorphism and Lemma 12.1, we have g € Z(x) if and only
if 7(g) € Z(n(G)), if and only if gker x € Z(G/ker x).

The heart of Burnside’s p®q® theorem is the following. For this we need just a little
Galois Theory. If €1, €3, ..., €, are roots of unity, they are all powers of some root of unity,
say € where €™ = 1. (We may take m to be the least common multiple of my, ma, ..., m,
where €;"" = 1.) The field Q(eq,...,€,) = Q(e) is a Galois extension of Q, and it has
exactly ¢(m) = [Q(e): Q] automorphisms. We denote these automorphisms by o, for
those integers s such that 1 <s<m and (s,m) = 1. (The number of such integers denoted
¢(m), and ¢ is known as Euler’s function.) Each o, fixes every element of QQ, and maps
€ — €°. Since every element of Q(¢) is of the form f(e) for some polynomial f(X) € Q[X],
the action of o, on Q(e) is determined by f(€) — f(e®). These automorphisms form a
group Gal(Q(e)/Q) = {0, : 1<s<m, (s,m) =1}, called the Galois group of the extension
field Q(e€). By the Fundamental Theorem of Galois Theory, the only elements of Q(¢) fixed
by all o5 are the rationals x € Q.

12.3 Theorem (Burnside). Let x € Irrg, and let g € K; where K; is a conjugacy class
of G. Suppose that (x(g),|K;|) = 1. Then either g € Z(x) or x(g) = 0.

Proof. We may choose u,v € Z such that ux(1) + v|K;| = 1. Then

x(1)
Since x(g) and |K;|x(g)/x(1) are algebraic integers (see Proposition 11.2), it follows that
a = x(g)/x(1) is an algebraic integer. Suppose that g ¢ Z(x). Then |x(g)| < x(1), so
la] < 1. We must show that x(g) = 0, or equivalently that a = 0.

As usual, we have x(g) = Y_.-_, € where the ¢;’s are roots of unity. Since g ¢ Z(x), the
¢; are not all the same. Let o be an automorphism of Q(eq, ..., €,). Then €], ..., €7 are
roots of unity, not all the same, so |x(g)7| = |>_, €7| < n = x(1). This proves that |a| < 1
for every o € Gal(Q(¢)/Q). Define 8 = [[, @° € Q(¢), where the product ranges over
all o € Gal(Q(e)/Q). For any 7 € Gal(Q(e)/Q), we have 7 = [[, a°7 =[], a” = B,

so by the preceding remarks, f € Q. However, « is an algebraic integer, and so every

=

=

7 is an algebraic integer. This means that [ is an algebraic integer, so § € Z. Since

a
18] =11, |a?| < 1, we must have § = 0. This can only happen if a” = 0 for some o, i.e.

a = 0 as required. L]
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12.4 Theorem. Let G be a nonabelian simple group, and K; a conjugacy class of G. If
|K;| is a prime power, then K; = {1}.

Proof. Suppose that |K;| = p® where p is a prime, K; # {1}, and choose g € Kj.
Suppose that y # 1g is an irreducible character of G. Then kery = 1 since x # 1g;
and Z(x)/kerx = Z(G/kerx) = 1 implies that Z(x) = 1. If p f x(1), then x(g) = 0 by
Theorem 12.3. By the column orthogonality relations, Corollary 5.7, we have

0= Z x(g)m =1+ Z x(g)x(1)

xElrrg x€lrrg
plx(1)

(The term 1 comes from the principal character 1¢.) Thus

=1+ > «x XT’

XEIrrG
plx(1)

where the right side is an algebraic integer, but the left side is not, a contradiction. ]

12.5 Theorem (Burnside). Let G be a group of order p®q® where p, q are primes. Then
G is solvable.

Proof. If G has a nontrivial normal subgroup N, then by induction on |G|, both N and
G/N are solvable, so G is also. So we may assume that G is simple. Furthermore, G is
nonabelian simple; otherwise we are done.

We may suppose that a > 1. Let P be a Sylow p-subgroup of G. Then Z(P) # 1.
Let 1 # g € Z(P). Then Cg(P) O P, so the conjugacy class containing g has size
199 = [G: Ca(P)] | [G: P] = ¢*, contrary to Theorem 12.4. ]
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