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If++> -Ple,m Pilate of a filing of the Euclidean plane ,
we get a

filing of S (Euclidean sphere).
If te + in ++ <1
,thenweget

a filing of the hyperbolic plane by congment triagea

A spherical example : 6 = 612
,
3
,
47, + *+=

Eine Kleine spherical geometry
Let SCR2 be a mit sphere ; its surface area is Hr= 4 .

"Lines" onS are geodesics /greatcircles).

Triangles in S have area = angular excess = x+ B + V- + > 0
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ve (ptvy
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W consists of isometriesangularsoutside " of S preservingthe filing
:

(W:2) = 2
,

6= G(2
,
3
,4)

B= 2-B equatorArea =La
,
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161 = 24
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Case + in +* C 1 : G11m ,
n) preserves a triangulation of the hyperbolic plane with triangles

having angles
In hyperbolic plane ,

a triangle (sides are lines = geodesics) having angular defect #-K++2) = area.

DE)
-



Today : G= G(2
,
3
,
4) = Cab

,
< : a baby · So

W = We o ) ECX St

= [r , s , t /r B th (rst, (rt)3 1st)"
To

recognize
S without computer : G : Cost

,

tr :,
st

,
t are rotations by angle

about vertices of triangle shown)

Good neDecubealaposite vertics)
land regularly) .

If W = HK whice Hand K are normal subgroups
with HRK = 1 (So H and K commute with each
other

i.e
.

hk = kh for all htH,

h +K] then WEHXK = [14 ,k) : hel
,

kekY
(direct product)
In our case IW1=48, 181 = 24

,
W= GVGr

,
W has a subgroup H = <> of order 2

,

HOW
,

h = -

y Treversepreserveaeration orientation H= z(w)
Cube has 3 + 6 = 9 planes of symmetry

but altogether 24 orientation- reversingsymmetric



Similarly the regular decahedron (12 pentagonal faces) has rotational symmeting group G

with 181 = 60
,
6 = As (At5]

Elements of As give rotational symmetries of the
dodecahedron .

The full symmetry group of the regular
dodecahedron has order 260

160 orientation - preserving and 60 orientationeveral
- reflections + other
rotations

The full group of symmetries hasorder 120 and it
has a subgroup isomorphic to As but the group is

not 95 .

St is not a group of isonetries ofI
Instead the full group of isometries

of the regular
dodecahedron is isomorphic to* A5.

- -12 = 91
,23

e



A presentation of a group G is an expression G : <X : RY where X is a set of symbols (letters
and RC F(X) = free group onX = Exx. x : xjeX , jeR3 xix = x5+h(j, k +X ; x-X)

# setofgenerators"words in the gerotoa
x= 1 = identity .

If X is finite then G is finitelygenerated.
Xandare boththesenteafinitely presented.

6subgrouofgardbyRand heir conjugatea(x) having R in herel

universal as we'll discuss later - see handout.

Every group
has a presentation .

Given 6
,

for every get, introduce a generator Ig .
So X= 54g :g+63.

#orevery pairghf we want to force YgYg
but this doesn't happen in F=f) so interedare

R= Exgigh : gbe 67 .

Then F/5... R ... 3 = G.

If G is finitely generated then G is countable i
.

e . finite or countably infinite.
&

If X = Ex, .... Xn3 then F= F(X) = S products of, .... Xn
,

X,,"
+

3 =USe where
-

F is a countable finite products S = Expe : i...
unior offinitesa

Kel = 28 ejf 513

If G is countably generated (countable) then F: FIX) is countable.

Se = Swords of Length 13 is countable.



If IX1 = m and IR1 = n
, min positegers,

what can we say about 161 where G: (X1R] ?

If nam then G is infinite . That is (contrapositive form) in order for 1612
,

we need at least

as many
relators as generators.

g. m = ? X= Ex3
.

If R= 0 then G= (x 10) : E...., XX,, 1
,
x

,
42, .....

If R= 313 then G : <x (1) = F(x = 3 ...,xX,x ,

X
,
... 3

If R= Ex* 3 then G = (x /x
*

7 = 31 ,
x

,
x3
-; x

* 3 = Gs
If R=9x/, y* 3 then 8= (x1x *, x** = (x(x") = 31 ,

x
,

12
,
x3

,443
x5= (15(3(40)7

If G is a group then
a homomorphic image of G

is the image of G under a homomorphism
clace H by $123 [H . )G FTTH (subjective,

otherwise rel
Note : HE G/x where K = ke G

.

A homomorphic image of G is the same thing as a

quotient group G/2 ,
K **.

In particular the abelianization ofG is the largest hono image of G which is abelian.
-

A normal subgroup K* 6 yields an abelian quotient group(/) iff KIG= derived subgroup of6

(g.
h) = g"high.i.

e

.Whghtake any two elements gk ,
LKG/

,
we

have

eg. the abelianization of
an abeliangp.hg (g .

h]=g.high = gh is itself.

Chk>/gkghgK
= ghk=

(g()(h) and conversely &g.abelianizationof S,
isno



The abelianization of GL
,
(F) (n> 1) is FY : Enonzero elements of 3

Gl(f) f bes (det) = S(y(t)

If F= F(X) free group onm generators X= SX,, ..., Xm 3 eg.
m= 3

The abelianization of F w = X,XX
*x5x, x2 ++ (- 2

,
2

,
27 2

#/ X"where F = EweF : every Xi has exponentsMultiplicatively, xiX&X3
in w adding to 03 2< (1,

2
, 32 14,

0,y

Hugo=Fixi
= F/1)

,
I is the normal subge of E generated by 1 ..., % and their

conjugates in F.

We want to show that if < m then 161 = 0.

To prove this ,
first consider F/E Here FK F ·

#1 = Sab : atF, be K3 - F.   *
F (Third Isomorphism Theorem ↳also sometimes called the Second Isomorphism Theorem).

F/F' is a homomorphic image of FA-
EE"

F/F) =
*

*

/ subgp - generated by n elements.

#4/f1 = /knEs (Second Iso .

Ther
. )
F-Ei



&3/< (1 , 0
,
07

,

10
,
2
,
03 = (4122)#

=/<(
,
0
,
0)

,
10

,
2
,
%)
,

10
,

0
,
37)

= (4(2x)0(4132)
Coxeter-Todd cost emmeration is the best algorithm we have for deciding urtain "word problems" in group
theory but it doesn't work in all cases.

Group order : Given a presentation G: <XIRY (X
,

R finite)
what is 181 ? Is it finite ?

Is G trivial ?

Given two words in F,
F(X)
do they yield the same element of G ?

The word problem for groups is undecidablee.

Matrixmortality probative integent and a
listof nxu integer matrices A, ..., Am

Is there a finite product of these A:
that equals the zeromatrix ? This is a decision problem.

For n = 1
,
this problem is decidable.

For >,
3

,
this problem is mdecidable.

For n= z
,

we don't know whether the problem is decidable.



Suppose G is a Tarski monster for prime pie.
· G is anfinan group
· gi = 1 for all ge G
· Given X

,Ye G With 1
,y+ 1

,

either (x
,y) is a subgroup of order p or (xy)= 2.

· The o subgroups of G are G

Then (B(2, p)1 = 0
.

N/III ...
- cyclicsubgroupso it

This is because G is a homomorphic image of 9
B

, p) .

BR
, p) is the "largest"group generated byLuniversal)two elements ab satisfying gl=1 for all g.

B12, p)-> & Cepimorphism
B(2

,p)/ = G for some normal subgroup K * BR, p).

Since IG1 = 0
,
wemust also have IB(, p)1 = 00

.

BG, p) has many subgroups not only cyclic oforders,

B,p) isnotsimple.ButG issimpleithas monoma sugroyotherHan- a bgroups
-

of order p. There can't be more than one normal subgroup of order p . Why?
If N

,
N' are

distinct normal subgroups (of order p7 then NIN= 1 and NN is normal

NN' = NXN
: For all neN, yeN', Yyixy =Nand Yyxy=



so Yy"xy= 1 => yx
=

xy = = NN' = NXN' of order p .

This cannot happen in a Tarski

monster .

Let N = 11,
x, · .

.,
xP* Y &G

N' = 4 1
, y ,y-;y36

jxyeN = jxy = xh for some k + 312
, ..., p-ig ,

Let It 91
,
2
,

:

: pis be the inverse

of k mod
p

i
.
e.
be = I modp .

Then

Claim : (yb"xy = Y Exy = jxy)y = yyy =

Ey,If we replace yeN by another generator of NI
then yx y = x :

.

e, xy =YX,
Then N and N commute -> WN'ENXN' = C XCp ,

contradiction.

So G is simple.

where do
groups arise naturally? What are the natural examples of group operation ?

o +, X in numbers

· functions under composition : permutatiogroupssubgrouof symioa
· fundamental groups in topology[· group presentations(XIR)

If E is a freegroup them every subgroup is free.

Nielsen - Schreier Theorem : LetFo be a free group ona generators i.
.
e. F = <X

,
,

- .

.. Any

If HE with e = (En : H] then H = F + In-1e



Let X be a pathconnected topological space X : given any points x
,y + X there exists a path

in X from to y i
.

e ,
a continuous map 10

,
1)-> X

04 Y

eg. X = FR-I is path-connected Inte aa
D = Sk ,y) +R : P+y< 1.3 not homotopic.

v' is homotopic to the

is not path-connected
constant path V : 10

,
13-)-Waxis) = 31yeR : y+07 C)

=

Tofor
Givenapathcome ledXandpoint y wecanconsiderclosed path in X fromo e

Twoclosed paths framtXave handic
if we can continuously distort U toh a

Write (V] as the equivalence class of U under the equivalence relation of homotopy (with
Fixed base point to) ·
# (X, 4) = 3187 : V paths in X from Votoxo7 is the fundamental group of X

with

The group operation is "concatenation" of paths. base point no
.



· #,(D)tree t

In a top, space X ,

we fix a base point xtX and consider the group,
(X

,
x0) whose elements are

xiblestrings inXstartingandendigat. T identityelementingXichshis
:. e . Vit = UCH)

. (Ort = 1) .

The group operation is splicing/concatenation of strings.

& & ot&;

: : 19p)st) =24- It = 1
,



·it with a ·
4, (

,
407 = <GB) is a free group ona generators.

(Van Kampen Theorem

Theoremindependent of doicof basepointassegipathcorneda-

Thomotopy classes of) loops with base point (pointed copies of S'1 .

=
XX Deabelian

group
on toarta

closed disk with antipodal boundary

real projective plane
points identified.

⑪Mobius
I

,
(PYR] has order 2. in R strip



82 is homotopia to a trivial path

& so +, (PR) = C or 4/22

·.Yo

#
, /real proj plane) # 1

There is a path Ut +, / real projplace) ·which is not homotopia to a trivial path
i.e .

real proj plane is not simply connected.

Example of a subgroup HFn , (F2 :H]=2,HEF+ 2-11
= Ee

(Nielsen-Schreier)

F = E = (a
, by

,
consider the homomorphism F-> C: 90

, 13 ,
an o

,

ba
.

Let H < F be the kernelof this homomorphism eg.

,eye... anyth > Eth mode.

abab""-H F = HL Hb
6335'* -H so (E :H = 2.

GainbabbandmoreoverHisFreely generatedbynav-bab", webrie . The free
group En,a



Consider the digraph (directed graph) a Got a Schreier graph on cosets of H.

Every vertex has "indegree" 2 and "out-degree" 2 ;
6

in each case one edge labelled a
,
the other b.

Everyelement we
defines a word or walk in our graph startingto a

936b-47H defines a walk starting at o
, ending a

63-35-a* - H defines a walk starting and ending at 0,

Given weE
,

we have well if the walk of type w in our graph starting at 0 ends at 0. (Clear.

[F : H] = 2

&art
plane usca



Given a graph T ,
the Elen characteristic of T is

(possiblywithloopsaa
Cundirected)

X(T) = 211) dim2 = St)"dimHi· it %0

,13 inthecase ofagrapdicodin do
e a

dim Co = no
. of vertices

C =
. . .

.

-
- - - /-cells - edges dim C,

= -- - edges
dinHo = no . of connected components : 1 ifI is connected.

dir
= independentde

no of edges that must be cut to mea

1-no of independent cycles = no of vertices - no
.
of edges.

1 - 2 = a -5 = - 1 = X(T) .

T

Nielsen . SchreiT : Ever subgroof afe grouisFreeMoreoveif FIa



Givenacountedgraph twhichwayhave loandmultipledges, butignore
arrows for now and vintis

If T =< then 15) =F +, (B)

O and My have the same homotopy type
-- B

Having the samehomstopytype is not the same thing as honeorphic.
-

a fines equir.a coarsen equire relation relation.
If two spaces are homeomorphic them they have the same homotopy type.
If X has the same homotopy type as Y them Hi(X) =Hi/Y]

H
,
(x)= +, (Y)

Y(X) = X(Y)
etc .

ForaConnected above
,
dimH= "nof independentcyles"--noof vertices + no.

of edee

dis independena -
= Phassamho &



Imagine F= F = Xa
,

b
,
cY n = 3

H F of index e = 4 eH is a Freegroup of rank

equal to the number of independent
cycles in its Schreier graph

rank ofI is 1-4 + 12 = 9 HE Fa
1 + (n- 1e = 1 + 13- 1 .4 = 9.

What does it mean to say Ev, ..., Y is a basis for a rector space V ?

(Equivalently ,

V is freely spanned by v... i) (The underlying field of scalars is fixed through out).

V is freely spared by v
, ..., In iff given any

rector space IN containing rectors w
.. . . Wa

,
there is a unique

linear transformation 1-> I/ mapping v
:
-> Wi for all i.

S1, 2, . . ., n3 This diagram commutes

= &
i

.e. For = Y

((j) = xj , 4j) = w
,Y -

-
-- Y(x) = wj .



In the same way ,
we define freegroups, Given a set X

,
and a map

1 : X-FWhere F is

a group ,
we

say F
is free on X if the following universal property is satisfied :

Given any map Y:X-G where G is any group,
then there is a unique group

homomorphism Y : F-G such that the following diagram commutes :

i) i.e. You = %.

F- -

z
- -6




