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(Arl = In ! (n >2) S2(4) EPSL15 :As

An is simple for n>
,
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composition series with compositionfactors
GG.GGG =S

of prime order : 12/
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, (13)(24)3 18% / = 3
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G is solvable if all its composition factors are cyclic of prime order.

Jordan-Hilder Theorem : Every finitegroup
has a composition series with its factors being simple groups.

↓S if its only compositioneries is I (the only normal subgroups are andC

eg . cyclic groups
of prime order are simple.

An is simple for 13 5.
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GL

y
(F) =

group
of all invertible [= H+ + =

12

nxu matrices over F GL(F) is thegeneral linear

GLIR) is a Lie group group of degree n over F.

A Sylow p-subgroup
GL(F) = 917,] ,l ]

G!2 10 ;] ;] = 109] of order
IGL

,(1 = (1)(g) ... (gig"
"

( IDDU ... Dlaxe 182(2)) = (2)-1)(22) = 6

There are a " matrices of size nxn

182
,

(231= (2-1)(22-2)(2-24
overis but most ofthem are

= 7 . 6 .4 = 168
not invertible.

Gly() is the second-

162(g)) =g(1)((1) smallest nonabelian
simple group

= (i)



182
,
(2)1 = (21)(2*-27(212)(24-23) = 15. 14 . 12 . 8 = 20160

IAs)=== 20160

There are two simple groups of
order 20160 : AgE GL127, PSL(4)

(L(4)1 = (43-D(43-4)(43- 42 = 63 . 60 · 48 = 181440 = 9 - 20160

GLy(4) is not simple.

GL(F) has a normal subgroup SLIF) = special linear group of degreen over F

ISL It)1= a
= [Azf(F) : detA = 13.

there is a surjective homomorphism GL1F9)->: Gronzers field elements is
A > det A

First isomorphism theorem : Glutly EF
Sk

If 9:2 then S11g) = G(19)·



smaller example : 1As) = 15 ! = 60 Smallest nonabelian simple group
SL() = 5 . 180 = 60

Ift()1= (4: 17(4-4) = 15x12 = 180 # = 50
,

1
,
5

,13There is only one simple group
of order 60;

SL(4)E As

what five points is SL/4) permeting (all 60 even permutations of the fire points) ?
We'll answer this soon but firstwee group presentations :

As <a
,

b 1 a= b= lab)= 14 = the group generated by a
,
b subjectto three relations

what does this mean ? a 63= 1
,
lab1 .

In As
,
let a = 112345)

,

b = 1142)
,

so ab = (12345(142) = 1233(45)

"left-to-right" composition : see handout (142) (1) = 4 2X
(142) : 144

313

198 = 10 % ) /I (142)

--

↓ (12345)(142)
- - -

! = 4

3(142) = 3
= 2(142) = 1

c - 1

SL
.
(4) is generated by a:] ,

b= (g) 1
(123457(142)

= (1(23457342)

ab+ l, =2(142) = 1



(S2
,
(5)=L(E)) = [16Ls1= 480= 120 Composition, series for S115) :

(fL(5) 1 = (5- 1) (525) = 24.20 = 480

(IY # <- 1) < S2
,
(5)

(PS(1st) = (2(5)/(Iy1= = 60
. order order z order 120

-I = 1 ) = [89)

(S))=I
=E

2 (GL(5]) = [S1 : /+03
def (b1) = 1851 = 52

*SL15) consists of all 2x2 matrices (v) ,

Y
, y ,

z
,

+ # with xw-yz= 1

where we identify20]
a=i)

,
a loY] , .,=toi]

= 1

b =[]
,

b150] , =toi]

ab= ;]] = ] : 1 ! i) ,
lab=toi)

PSL,(15) can be identified with the 60 fractional linear transformations permuting #U503 = S0
,

1
,

2
,

3
,
4
, 03

As ESL14) EPSL
, (5) of order 60 ;

all are defined by the presentation <a
,
b 1 a

=
= b= lob)= 1Y



Why is SL(t)E As ? One way is to see that SLC) permeates0903 = 90
,

1
,
%

,B, 03
as fractional linear transformations

f(z)=, A

B : (15) , fitz)= f(f()) = (o)()=dB

:zbed =):g bed fola

BA= 1919 by : leg bed] fofa = fa
Sa, + b . B : a

,beEY = 90,
1

, B, Brin
#3 E is a I-dimit

The map GL(F)-> Stractional linear transformations>
ractor space

with basis [1 ,
93.

A - fa where F(z)= A=1 # = So
,

1
,

4
, 93

is a homomorphism .

This homomorphism is onto but in general not one-to-one :

I= 1072 f f(z)== z ·-Si-1]z: z ab
The kennel of our homomorphism is 2(6)(F) = EDI : JEF,

6 703. I &

2(SL(F)] = EJIeSL() : def(x)= 13 = 913

det 1 ;] = 12= 1 > d = 1
.

Frac
.
(in .

transf.
over F are permitations of FUSY

- = (0
,
0

,
0

, B , 4)
eg .

a : lap] ,
b = 153] ,

ab= (9) it -j= (t
, B ,
e)

== lab)= I tab = (0, 9) (p ,
8) = fot



(Ag) = 28!:+ 40320 = 20160 f(x) = x* + x+ 1 t#(x]

#y = #(W] where w is a roof of fix
(Gh()) = (21)(2

*
-2)(24- 27(2"-2) = 15x14x12x8 = 20160

I Ea+but wi+do : a
,
b

,
c

,
d =>#24

G-(2) = S2y(2) = PfLy(2)
= PSL

,
127 w4 = w+ 1

162(4)) = (4)- 17(4-47(4-4
= 63 - 60 . 48 = 181

,
440 Equivalently,

take A= 10007 (companionmata

(SLy(47) = 60
,
430 So A = A+ T

-

-

2) (S(z(4)) = Sel : <+0 3 = St
,
27

, B13 E(A] Sal+ bA + zA+ dA3 : a
,
b,de

↑ I C &*4 matrices over #
.
3.L<100 = 100] ,

c = 1x, iny
= 30,, 4

,B3 90
,
1

,
A

,
As, ...,&3 ,

A= I

det (c) = c= 1
At Gly(2) has order 15.

PSL
,
(4) = SL

, (4)/21SLy1477 .

This group consists of investible 3x3 matrices over # = 90
,

1
,
2

, 83 of determinant ↑

in which we identify scalar multiples i

.

e
. A

,
CA

, BA give the samegroup
dement .

IPS(
,
(4)) = 280 = 20

,
160.

Easyish fact : As
,
GLyK] have elements of order 15 : PSL(4) does not. PSL

y (4) #As or Gly 12)

A little harden : As GLyR) ,

1123457(678) - As of order 15. Equivalently, 112345)tAt of order 5 : 1678) +As of

order 3 :
and they commute.

why does G
,
(2) have an element of order 15? Consider # > Ec

,
an extension of degree 4.

Fo" is a multiplicative cylic group of order 15 . Eo"-Et ,
w

,
wh, ..,

W3
,

we

#6 = 50,
1
,
0
,

02, . . ., 64 3
#16 Fil
x -X



Claim : PSLz(4) has no element of order 15. (So it cannot be isomorphic to As or Gl
,
1)

. )

Proof : Suppose At PSL
,
(4) has order 15

,
so A Las order 5 and Ahas orders ; here A and Atcommute.

By Sylow theory , any two subgroups of order 5 are conjugate in G = PSL
,
(4)

. (A) is a Sylon 5- subgroup
WLOG

,
A= Cot] .

Next re a general fact from linear algebra

If A.B are nxn matrices which commute (AB = BA) then every eigenspace for A is an invariant subspace for B-i. .e. if Av= by thenABv) = X /Bv] · Proof : AlBu) = B(Ar) = Blar) = x (Bv),

A =Y has boy as an eigenvector with eigenvalue 1
,

and A commutes with A so"nudes A
( / ]

doesn't have eigenvale 1
,

so the 1-eigenspace of A is < 1:7)
.)

soA*]o + 51
,
+

, 83 ,
WLOGA=] has orders in 6

A=( where (tSL(4), 22= 1
. 12(4)1 = 60 = 223 .5.

(is conjugate (in S2(4) to 18]distinct
andI commutes with KB]. However

, log] has two eigenspaces < 15)) ,
1/i]] and so

has two distinct eigenspaces and these are not invaria under 19] which has no eigenvectors;
its char

. poly. is irreducible over Ey . Contradiction !



More examples of group presentations :

The dihedralgroup of order zn has presentation La,b : a= b= 1
,

babt
The cyclic group of order n is < a : a= 1 ②Othe symmetric group Sn of degree -33 is generated by 11

,
2)

,
11 ,

2
,
3
,

%

: n)
⑨

but not in a convenient way since their relations are very complicated. ⑤
⑰ ⑫We might instead use all(2) transpositions (ij) , Kicjan O

or simply the n-> transpositions(i,
i)

,
I in

Il⑤
S has presentation /r , . . .

.,n.
: rEr ... = r- -1

,

Crit= 1 for i= 1
,
2,,

n-2 ; 13
,
47 (7

,8) has order 2

Cri =1 for kign , livj12. ) (3
,
4)(4

,
5) = (3

,

5
,
4)

has order 3

=<r
, ,

. .

., - : Ligh 1 if izj or linj)2; (3
,
4)(3

,
4) = 1) .... 1

.

Cr= 1 if livj) = 1 %.

Su is an example of a Coxetergrounding: 1 it i j.

i
.

.e. a group given by a presentation < +, . : (nMj1Y, Mij = 1
, mij

=

mj;
An < Sn

,
lAul-En!, An is generated by g.

= (12)(23) = (1
,

3
,
27 = 1

gz= (12) (34)
g2=g=...guz

93
= (12)(45)

gigj) 1 if lijke:

gn-z (1
,
2)(n-1,

n)
19: g;)

= 1 if livj)= 1.
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with no relations in a group presentations,
we have a bee group.

En = < K
, ..., rux - freegroup

onn generators : Gall finite productsof r
,
r,

riklrkte = 1.

F = <ry = 3 ...,r wit ,
r

,
r

,
r3...3 = infinite cyclic group EX isiii.

Informally , F = 1
. & Eng F,

kn vk d (r; ri) = li-j)

E = 513 trivial group
F = (+

, SX = Call products of powers of rsands 3 = St, r
,

r
,

s
, sus ,

is, ..., restris, ... )
i

2

Ste A free group is a

group generated by a

set of generators subject
to no relations.

· rS· ---h

i 2 #I=

I
s



A grouppresentation expresses a group G as G =<X (R)
I &relations : words

set of generators on the symbols
i.e .
Literal symbols

words : strings of tellers
Every relation can be rewritten as w = 1 where the rator w is a word i

.
e .

we <Xy

G = <XIR) is ahomomorphic image of the free group <XX ;

<X-> [XIRX = <XX/* where K&(X) is the normal subgroup generated
by elements of R and their conjugates in (X).

eg . ( = (g1g = 1) =glggy/Eggggg
./

one generator = St
, g , 92, ..., g3

---

I 9 1 1 % a

glg gi gi S 92
g

&

i 9

I

on



(rs/rs-su) = <s/s = 1) = [rs/usy = Eriss : :je*3 =
=

: 201

free abelian group on two generators
S = (r

,
s /v= s= (rs) = 1) = < +

, 5/v2,
s

, Crss]
If we have a group & generated by two elements v.s satisfying F= s" = (rs)= 1 , then we show

181 = 1
,

2 or 6 and G is 1
, G or S

, respectively.
Elements of G are products of powers of rands .

Since ver and ss
,

elements of G must have the

form
A

,

%
,

5
,

is
,

so,so
,

sus
,

isus
,

sust,...

But vssus = 1 => rsuss . sis : Isis of revesus -> rsrs = subs = Su

so G = 3 1,
r
,

5
, rs

,
sr

, vsr3 (at most six distinatelements

If these six elements are distinct then GES ; an isomorphism G-S is given by
- (12)

,
S(23)

. (rs = (132) etc.)
These three possibilities for f are all realizable and no other possibilities occur.

All possibilities arise as S3/K where KES .

(1) = 1
, Ag+ (rs) = < (1233X

,

or Sa).

Next consider



G = <r
,

s /r3s
,
los]Y

A group G generated by two elementsrs satisfying== Irs= I has

181 = 1
,

3 or 12 (1 , C
,

or All
Coxeter

,
Todd (1936) described an algorithm for determining 6 from itspresentation.I

We will deduce 16112 by showing G has a subgroup with 1H13 and 16 : H] < 4·

(So (f) = (G:HJ/H < 4. 3 = 12 . 7

[Lagrange's Theorem

Recall : Right costs of HEG have the form Hg = Shg : htHY , geti IHg1 : IH
6 permates the right cosets of H by He as Hyg,
Let's take H = <r> So IH) = 1 or 3.

.

Rightsets of H in G :

· H = H1 = Ho rsrs = 1 => Mrs.- = 1.r => vs= gir

" · Is
CHirs = Hs2Sir"= Hsr"= Hir

So = righ

Ap has normal

(3) Hs2 = Hsr #= Hist = Hs subgroups A
,

(4) Hir = Hsr2 Hsr2 = Hsr . r : Hir = Hs
<(12)(34)

, (137(247),y

These must be the only right cosets of H (not necessarily distinct)
Right-multiplication bys permutes the right cosets of H as (123)(4) = (123)

--
-

-

-

-

-- -- - r ............ (1)(234)

Assuming we actually haveI distinct right cosets of H in G then 16 :HJ = 4
,
1H1=3 and 161= 12.

And we have an isomorphism G-> Ax
,

re (234)
,

Say (123). So is + 12343(1233 = (12)34)



↑

G = < r
,
s Ins

, Cry H = <ry Hr = H

n r r Sss r Sr S

↓ A A 231123 A This is the Coxeter-Todd roset enumeration algorithm.
23423123112 The largest (i

.

.e .
mostgeneral) group generated by two

3423123442 3 elements r
,
s satisfying r=3 = (rs) = I has

42344442344
16 : H] = 4,H = 3

,
18 = 12·

Such a

group is represented as a permutation group (1234) ,
(123)) = Al,

< r
,
s/B ,

S3
,
(vs)) = Ay .

= F2/normal subgpogen by B
,
3
,
15) and their conjugates.

The Sucreiewgraph of G: Cr
,sir?s,

irs) on the cosets of H = cri

r vertex + represents H = H

* As -- Is1· · 3... As

Tot
This tree is the Cayley graph

of Fe = <+
, sy (free group

on two generators)



5. E <vs/vis
,
(rsy on cosets of H = CrY When generators of G have order 2,

Coxeter diagram write no in place of
-Schreiergraph v S

· insteadof
H Is Hsr

vsrss = 1

versus . srs = 1 . Sis branched (Hsr]s = Hos = Hsr

coverBr= srs

S
,

on cosets of H = 1 : 3 : Schreiergraph reduces to a Cayley graph : vertices of graph are elements
of G /same as cosets of 3 + 3) .

-or rsu
= sie

- Cayley graph of Sy : honeomorphic to S =
↑

(12) (237 (347 rt)"= rtrt =1

it/ = 1to
r? s? +2

...
I

A Coxetergroup is a group having a presentation using generators and relators (rs)
,
Crt]D

,
(st), .

r
,

s
,

t, ... Call exponents are

positive integers
< rs/r25

,
(15) has Goxeter diagram : This boxeter

group is a Klein P-group EXC



Sy has Schreier graph r Coxtediagram,
on subgroup H= <r]

H Is Hsr H

Sy = <r s.t : rist2
,
(os]

,
(rt), (st]Y Exeter diagramtFind Schreier graph on rt=tr

Hr = H

H = <r
,s) Sy sts =+st

As = H

r t

- ((t)r = Hot = Ht
&

Oh
Bt

[Hts)t = Asts
ItIts Atso

= Its

Kyl = 4x6 = 24 ·

CHtsr)t = Htstr

Su has Coxetediagram An =-: S
= W(An) =Weylgogroup) =Aster

(S.
1 = n ! = n(Sn- of type An-

= Htsr

Next few Lectures : · more examples of Coxeter groups
· buildings
· Burnside problems
· presentations in algebraic topology



Coxeter Diagrams
An ... (a nodes) W(A)E Sur

,

Dn -0... In modes)
& b Dy = Az , W($) = W(As) = S4

D (W(D4) 1 = 192 W(DI) = <s
,
t

,
u : rish

,tu Cre
,
[rn]

,
Hul

,
lrs)

,
1st

, Isu]Y
rt=tr

,
ru = ur, ut-tu

,
rswiss

,
sts : st

, susisuEnumerate cosets ofI in G=W(D)U

H = <r
,

s
,
Y =

W(As) = See HusrSchreier diagram : U
r ⑨ v

S
as· 16 : H7 = S

Hu O
Husrt Husrts Husrtsu (f) = 8 x 24 = 192.

Hur = Hru = Hu " Must

(Hus]u = Asus = Hus

CHusr]u = Husur = Asusr = Answ

(Husr)s = Hursu = Hrusr = Husr

Husrt = Hustr
Coxeter groups are groups generated by reflections

Consider a group generated by two reflections r,s of a Euclidean plane whose exes are angle I apart
M v= st= 1

,
(rs)"= 1

& is lleft-to , right composition) is a rotation by angle
about the intersection point of thetwo axes.

<+s /r2s2,
Crsix is dihedral of order 20.



- Ls/r> sy is an infinite dihedral group
with infinite cyclic subgroup(rs]

when studying Coxeter groups,

we often focus on the subgroup of index 2

generated by products of an even number of generating reflections

Ijust like the alternating subgroup of Su).




