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= c = bab
= abat& : abebe

= (x,y : x= yz]

&

x= ab= bc = 2a] == ab -

ca .b

Xo y
= abe = abc . abc =y2

Observation
:# (R-K) has momotrivial elements (aforsion "element in a or a

is an element of finite order)

If X is a pathconnected subset of RP the +, /X) has no Inontrivial) torsion elements.

I known for a few decades ,
this considered folklore)· Intuitive!

The real projplane PR has torsion (its fund, gp. (PR)
has order 27

-
a subspace of RT I

not embeddable inI?

ForHhavenontrivaltorsionelement ? Famous open pool
-



We will show SLCX) has a subgroup isomorphic to E2 :

<102]
,
(23) < CL(R)

use the Ping PongLemma :
---

One version is as follows.
Let t be a group acting on a set X

.

We can think of G as a subgroup of
SymX = Ebjections X- X &

i

.

e, permutations ofX Here I'm using left action ,
so we compose "right-to-left"

More generally ,
to say Gacts on X means : For every get we have a

a permutation of X,
+23 gx

such that for all g ,
htG

, gihx) = Ighix i
.

e.

the map G- > SymX is a

group homomorphism .

If the map G-> SymX is oneforone
,

we say G acts Faithfully on X .

-

(So G is identified with a subgroup of SymX. S

Eg . SL(F) acts on IF as fractional linear transformations.

ga
Ev 903 [2](x)=
Y

But this action is not faithful : (id) and -19b] give the same fac .

Iin.transf.

PSL
,
(F) acts faithfully on PF.



Given two subsets X,
,
X2 CX which are disjoint and two elements g..g2tG

such that
nonoempty

g. (x2) =X, 9
for all integers k 0

and g(X ,)
= X-

then
g..ze generate a free subgrouisof G. X

Y ,
In

I O⑳I
Proof A nontrivial word in two generators looks like

-

Wegkilkgrigea ki
, I nonzero integers up to cojugacy inthefea

Then w I since it maps X-> X
,

Distinct words in the generators w
, We must give distinct permutations of X by

considering we W,We , HJ



Application : SL
_
(2) has F = (a

,
byIfree group of

rank 27 as a subgroup,
try u = %o ; ], v= 9, %]

.

This doesn't work. These generate <n
,
r) = S1(*)

but this is not a free group
since

uv= Co : 71 03 : E, 11 , (av)" = ti) , Car") = 1
.

Next Fry a =c= 16 ?)
,

b = v= (c) .
These generate <a

,
by = For

To prove this, use the Ping . Pong Lemma.
G : S1

,
(2) acts on 4'Q = QU503 by Fractional linear transformations

[by (x)=d

Let X
,

= ExpQ : W < 13
,

A2= Exe4'Q : (1) 13 . Note : SeX2.
*

a

XX = 127" = (ini] ,
a = 10 2 ]" = Co2] n +0

↳* a (x)=2 = x+ 2n
If xe X, then I, / < 1 i.e .

-1X,

If xE Xe then (12/
then a

"

(x) -> (2n-1
,

2n+ 1)

↳(x)=- , kn so (a(/ > 1 i
.e

.

a(x) - X2
.

for n o
.

16)) = /1 ,
bieX .. I



In G= Still)
,

<a
,
by EE

Similarly in PSLz(I) : SLIR/E13 1
<a

,
b) E Fr .

<a ,b) = 31] : 9
,
9

, 99yX; 994-1 ; a
,
Godd; anaen

In SL
.
(2) elements have one of the forms

Godd way,evenddy,dde, ody,add daa

leaod], --
ten choices of parity are excluded in Sc

,
(2).

ISL()1 = 2(2= 1) = 6 SLCE) = 1109)
,
1967

,
10 i3

,
(ii)

, lib) ,

19 is 3
dismReducing matix entries mode gives anepmorl homomorphisa

SL(2)-> Sh(F2)
·

The beare of this mapis(2) : a
odd; as even = ais

[SL(*) : +(2)] = 6
.



Tits Alternative : G lineargroup over #=
either

G virtually solvable
or G has En as a subgroup (exclusive'or').

conjectured originally by Bass & Serve
A linear group is a matrix group over a field F,

in particular GL (F) and its

subgroups such as Sh/F)
,

0
.
IF)

,
Un(F)

, Spolty, . .
Tits proved that the alternative holds inthe

G is strable if it has a composition series with abelian factors is .

6= 106,G ... 16-G with Go/Gu
,

abelian

eg. Sy is solvable : 18 Any

G is virtually solvable if it has a solvable subgroup of finite index.

Every finite group
isritually solvable by considering the trivial subgroup.

Eg .

the lineargroup O2(R)
= Eorthogonal 2x2 real matrices? = SAGELI) : AA= 13

If At &(R) then AAT-AA = 1
,

so (detA)= 1 => detA=1
.

SO
.
(R) = SAEOuIR) : detA = 13 = special orthogonal group = Grotations Fixing Oki)
[0

.
(R) : SBIR)]= 2



SOz(RT ES' as Lie groups /abelian)

5) : ab== 13
OIR) is nonabelian but solvable. 18 SOCR) OIR)

Wur
O
,
() cannot have a subgroup isomorphic to E2
SOIR) has a subgroup EE. See handout on

free groups,

E has a "paradoxical decomposition" E : ALBUCHD (disjoint unio i
.
e . partition (

E = gArg.
B = gCWgqD git Fr



If we Fr
,

wo I then
Ez Sche S(w) < E is the subset

consisting of words starting
with w (they have was⑫ a prefix) -

I'm only
considering reduced words.

ab

abg
abe
aabt

Sla)

Sebs53




