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Spin state of an electron (disregard position and momentum) is an example of a qubit , which is

a rector betnotation : (9): It) = (g) = x(+) + pl-y ,
(P+ 1Bk = 1 .

Standard basis of (2 : 1) = (b)
,

1)= (9) An electron in this spin state is in a superposition of

"spin up" "spin down" spin up and spin down states

A linear functional on K is a
A measurement of an electron in this spin state

linear transformation yields a single bit of classical information :

201 :*->
& spin up ,

with probability 1912 ;

bra notation &. · spin down
,

with probability1pm.
<61 = (85) : (3) re (rS1(9) : Va + &-.

This says
what happens when we measure with respect

Dual basis :

/ to the z-axis .

(For measurement in a different

<012) direction/axis
,
we'll say later

. )[# 1 = 1+* = (1 a (conjugate ·

transpose
(- 1 = 1-* = (0i) As soon as the measurement is taken

,
the spin state

14) = (3) (557 = : (H + 571 collapses ;
all knowledge of a,p is then lost.

(+12) = (+ 1(x)+) + pl-3) = a

->re nuit vectors in ie
. ) ,D ,- & 3 dBR

-:Ruit splre in + B+R = 1

Any time we measure a spin state 143 + S
,
it collapses

But it is possible to perform certain reversible operations 12) - Aly where A is a 2x2

unitary matrix (AA*= **A = 1 = (oi) over 1



Special examples of unitary matives are scalar matrices (j)
,

1 + K
, Al = 1

=

-IThese perform an operation on 143: (whose only effect is to after the plase of ap
14 = (3% Alex : ( = >(3) 6 = eif (0 + 10

,
2π))

which has no physical significance .

For this reason the so-called density matrix

=
which holds all the physically
significant information of our single

Hermitian 2x2 matrix qubit
He

**2

(2x2 complex matrix
satisfying H

*
= H

The
map (3) re ( does not change this denisity matrix.



Entanglement typically occurs when we include multiple electrons in our system.

Start by reviewing statistical dependence works :

Let's say we take a random individual A from a population.

Imagine the propulation is 40% male
,

60% female ; 30% short
,
70% fall.

Sampling by selecting one person gives two bits : MS
,

MT
,

FS
, or

FT.

Combinations of attributes
: Height 12%, 28%, 18%, 42% If gender is

ST independent of height.
In this example,

Tgender and Gender
M 0

.
12 0

.
28 0

.4

height are I (04] 10.
3 0

.7) Co]
independent.

F8 Outer product is a rank 1.
oftwo vectors.

More typical distribution · Thematrixo has rank 2.

In this second example
gender and height are

(statistically) dependent.



It one electron hasspictate 14
,
3 = (3) th and a second electron has spir state1tx = (g)+

kP+ 1 ph = 1
101+ 1Sp = 1

the pairof electrons has state(t) = <
,

H++) + <
. /+ -y + (1-+ + 22 -> e44

If the two electrons are not entangled then dijtK,
K+12 + Kl+K = 1.

(a) = (6) rank. robfa
If the matrix has rank : then the two electrons are entangled.

having Spin up

#g.
Hy = = (H+ + + 1 - ->) ie . (ii) 3 Examples of EPR pairs
It's= (1 + -> + 1 - +3) i.e

. (a)
&

One way to talk about the Spin state of a set ofa elections is

14) = Zai
< is in 1 + + + ... 1) - 2 & Ki

, in.. in = 1

it50
, 13 z" combinations ofIint 90

,
13 Ki in ... in

: is
,

in
, ..., in E50

, 13) is a

in 50, 13
212x

... x2 array or tensor



tensor product· Take basis 13; (5)
1) : (i)+

+ ) = (1+y ---d+ In C***mu

(+ + + ... + - ) = (+)x(+)0 ... 01-7
i every vector is a

1 - -- . -) = 1-301 70 ... 1-7 Sum of at most
min 5m

,ni pure tensors.
More generally if:< & (i= 1

,
2, ..., n)

then v
,Q ..ev

.
E CQ... I". (pure tensors ( The corresponding resta

exex ... x(2 ⑫①... ①" = i simple is not known and
① 4

(v,, ...,n) ↳ v
,Q ... V this map

is multilinear extremely hard.

i
.

e .

linear in each argument separately. 1 In Algebraic Geometry
look up Higher Secant

Bell's Theorem varieties of

Gleason's Theorem segre Varieties)
Kocher . Specker Theorem



Recall : the spir state of a singleelection is a cubit 18) = 13) t D2,

KP+ 11= 1.

Standard basis 10x = (b)
,

1 *x = /%)

spin up/down with respect to the z-axis
How do we measure the spin in an arbitrary direction ?

In the vertical direction we make use of basis It) = (b) · 12)= 19) basis of eigenvectors
for the Pauli Spin operator E = (o %

) .

= 1 +z) = 1 +z)

El=) =
- 1 -z)

Any electron with spin state lety = xItz) + B1-=) can be measured in the vertical direction

: 14y = 101(p) = (e)
Follow this by a linear functional eg .

It = Its
<z1014y = (10)( % ) (g) = (10)(b) = x, the amplitude for the electron to be spir up

Once the measurement is performed ,
the state collapses into that spir state 14/01 %·

[ =
1.

IfHesure 14) 4 <-10/eY and find spin down
,
the state collapses to spin door his

+=1814] =

- , l = /



= (% ] Eigenvectors :
·

It) = (i) ,
1-xX= (f)

E = (% -j] Ity)= (i) ,
1-yy= (i)

= (6 -i] Itz) = (6) , Iz) = (i) eigenvalues +1 1

Hermitian : o
*

= o

eg . (i) =(j) (i) = &(1) = Ityx
(i)= (3)(i)= (i) = - fi) = - 1 - gY

If we measure an electron having spin It (in the pos . y-directions
with respect to the x-axis

<x 1 +) =(1)(i) = (i) =
la +bil a+b2

Density matrix of lity is 12/1 = 14314 : (3)(5) = (c) k+ 1ph= 1

is Hermitian having eigenvalues 1
,

0 ; corresponding eigenvectors (t)
= (p),)

14><+1+> = 14) Since <flet) = (t (4) = (p -x)(b) = cB- c
= 0.

14414's = 0 . = olf'X. <+flex = 1 = to let><4
fo AB = fr BA.



What is the corresponding Pauli spir operator in an arbitrary direction"
: (rx,g , z) ERP

hi+5+m = 1
.

F = no 0 = nEx + Nyty + Nztz
Z o = (5x

, Ty ,
Ez)

Measure spin wit line to in x-y plane at angle o as shown.

Y

: Paulispin operator for the directionX n= Cost
,

sint
,
0)

[i] [ij]
- 50 = n - (5x

, ty ,
5) = cost sin=-is

using do Moirre's formula ef = cost + isinti I Eigenvectors Hi)=]
1-x= )If

deck : Vete:H eigenvector with
eigenvalue +

The map lpm > [ ] ·Cite---- -I

is 2-to-1.
If we measure an electron in spir state

Spin rectors go around "full circle" in I
It) = < Ito)+B10) with respect to the direction Ip,

as A goes from O to 4 ; the
"

+
"

direction of of goes
we get Itp) with prob.

KT
, Spin 1-pX with prob. 1812.

twice around a circle in this same p. interval.



Spir states actually lie in $3 : mit restor in $2 which is a double cover of

of SO
,
(R) = & rotations of R about the origins. - 53x3 real matrices A : AA-I

,

deta = 13 .
-
Bob had an electron in Spin state (4x = <1 +)+ B1) = ( + &Y

, KIT= 1
.

He wants to send this to Alice .
Bob doesn't know a

, B and he cannot directly measure them.

Analogy : transporting Captain Kirk from enterprise to planet's surface.

In advance of this telportation process, Alive and Bob have stockpiled some EPR pairs


