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Eg, an infinite stream of bits 99.929394 (9:F) can be encoded eg. polynomials vs.

represent the plaintext bitstream as a apta,
x+ any+axi+- .. ->Fallx]) polynomial functions

(formals eg. # = 90, 123 = 2/32
F((x]] = ring of, power series in x with coefficients in F.

eg .
f(x)= 2+x+ x* (x]

field of Symbolic rings andfields is a polynomial of
Laurent-F((x)7 field ofPeres degree 3.

to1 t1 Xo ↑0 series...

/\gIx =

22xtFal ofFIND
&

10110...eldo - degree 1
.

expressionsinain

F(x) = ring of poly talgas
Eg
.
consider an input bitstream 100/X011110010...

E

in x with coeffs !
I

which is encoded by the shift register above to
in F

obtain the output bitstream 101100101 ...

fr
, g() are distinct poly's

Compare : this is equivalent to multiplication by 1+ X+X :
but they represent the same

(1 + x+ x)()+x+ x+ x5+x+x+ x9+y+m+ - ) = 1 + x+Y + x3 + x*+.

function #-#

Decoding of this data is accomplished using backward shift registers eg.
eg . f(x)= F(x)

which performs division by 1+x +x in(x)



Multiplication by any rational function can be implemented using a single shift register e
.g.

multiplication by A is implemented using the shift register

i↑
T↳Col
-7Turbo codes (1993) are a class of codes

used frencodingstreams ofdatausingcombinationsofgates
includinone

a splitters & interleavers

· permutatio
is

eg,



t
F(x) (F((x)) eg .

for F== So
, 13 First method

U 3

f(x)===y = y( + x+ x + x+-) = Y + 1 + y+ x* +..

# = 1 + ax + a+a+ ax+x- (a+b) = a+62

d
9iShop (a+b)4 = at +64

1+ x+ y5 = (1 + x+ x3(4 + x + x5 + ... )
Geometric seriesIn = 1 + n + n2+u3 + n

+
+ ....

condme (HY+ x(() + (x+4) + (x+y + (x+yp+ (x+y+ (+4) +... )

= (1+y+ x5)(1+ (x+xz) + (x+ x4 + (4+ y+ -) + (x*+..) + (x*+-) + - .. )
(x+ 345+ 3x7+ x9

= (1+y+ x5)(1+ x + x2+x+ -.. )
= 1 + x + y3 + x5+...

f(x) = =(1+ x + x3 + y +- ) = y + 1 + x+ x4 + ...



= E = 50
, 13 for the time being

The irreducible (monic) polynomials in F(x] :

greer polyt primitive
not primitive2 X+ x+ 1 X X+ 1

,
Y+X

,
MX+ 1 all poly's of degree 2.

3 P+ x + 1
,
y+y+ 1 x ((x+ 1) "x(x+i)

4 x+ x+ 1
,
x*+y+ 1

,
x+x+y+x+ x+ +y+ 1 = (x+ x+)

-

----
---

see MacWilliams &Sloane ,
The Theory of Error-correcting Codes for more extensive lists of irreducible polynomials.

What are all the cyclic (linear) binary codes of length to ? There are exactly 8 of them
. (why? (

· subspace of FT
,

F= #z = 50
, 13

· invariant under Cyclic Shift 190
,
9

,
92

,
an ,

94
,

95
,

96) me 196 .
90

,
9
... 95 git F

eg. [100000003 ALirarcode e iscydiit
ita a

250000000 , 11111112 dim C + dim et = n.
1/10100

[Frghi = (1100000, 1010000
,

1001000
,

1000 100
, 100000

, 100000
100

Hamming (7
,
4

,
3)

,

code 2: (1101 000
,

0110100
, ...,

10100014 (all cyclic shifts of 110 , 000 span this code)

dim9 = 4 ,
1961 = 2" = 16 : /codeword of weight3

F. -- --
- 4

Its dual 96 t ,
dimet= 3 is a 17

,

3
,
47-code· 1 --- . 7

If t has I codeword of weight o H= < 1011000
,

0101100
, ..., 0110001) also It

,
4

,
3)

7.. .. - . 4 9't lss 97, 3
,
43
-

96
+

= 71411111115



x74
= Length

- F(x) x7- = (x-(x+x+ y
*

+ x +y+ 1) = (x- ((x*+ x+1)(x3+ p+ 1)

-

actually"+ F= # ((x-a))
(x-B)(x-32)(X-34)

If E = #g ,

x2-x = x(x-1)(x- an)(x- as) ... (x-ag)
x-o

900
,

9= 1
, 92

, 93
,

"

; 99 are the field elements.
i
.

e .

XI , has g- distinct roots
which are the menzero field elements.

If at E is a root of i+ x+ #(a) = 39+ 9
.
9+ 92 : 90

,

9
, 92 #23

= 90, 1
,

a
,

9+ 1
,

22
,
2+ 1

,
2+ x

,

a+ x + 13

(x +v= uv Squaring is an automorphism of Ag
.

Curs= 432

If f(x) -#(x) is irreducible of degreed ,
then #]/(f(x)) = Fo : #plp] where B is a

roof of f(x). : Easta,B+ Gus+.. + ag d : aep
(B generates Fo Fp

If in factF = 50
,

1
, 8, 82, 33, -... BP23 then we say B is a as an algebra)

A
initivedement and we say f(x) is a primitive polynomial
If f(x) = x+Y+x+ X + 1 and BEF = # is a root of f(x) then B= 1 since & is a root of fix)

0, 1
, B,4, 1

,- doesn't give allof
p51 = (B+B +1) = 0



thereareeightwaysfacto inity check poly . For cydic code of legta
over F = 50

,
1 3 = F Cyclic codes -- ideals in

F(x>
/(x-1)

(g(x) = 1
,

h(x) = X + gives #7

g(x)= 1
,
hix = 1 gives 200000003 even

g(x)= X+1
,
(x)= x*x*+ Y+xx+ 1 gives all

words ofweight i
.e
. (1100000

,
1010000

, ..., 1000001)

g(x)= x3+y*...+ 1
,

((x)=4+ 1 gives (1111111) = 30000000, 11111113

g(x)= 1 + X +x
,

((x) = 1+ x xx4 gives 9 (7
,
4

,
332 code

BCH bound : a lower bound for performance of a yelic code.

with gen. poly· g(x),

Galeddefldig in E ,

ride y,

For Hamming 17
,
4

,
3]

:
code

, & root of g(x) = 1 + x + x
*

-> F(x7 , Be = 1)
Also...... by Freshman's Dream

1 +B + B = 0

(1+p+ 33)= 1 + 32+ pb = 0 = 1 + ph + (4 = I ha min
,

dist
.

33. ⑯

BCH : R.
C

.
Bose
-

Dijen Ray-Chaudhuri
Hocquengham



The Gilbert-Varshamov Bound (GV-bound) : a lower bound for existence of good codes

Ag(n ,
d) = max. 191 st

. CCA
,
1A1 = g

with minidistance -d i
.e . d(w,wiled for all wow'in e.

Ball of radius r in A centered at "Ot A e = (e) = error-correcting capability.
has cardinality (B)= ( *)(g) =Bol < /B ,K < /Bal >... < /Bul = /A = i

Hamming bond : Agin,
d)< : balls of radius e centered at codewords we t are required to be

disjoint

HB(w) A ICBe
In the other direction the GV-bound

=> 121
Agen ,d)T so o -

> Agin,d)

Pot : Let 21 be any gary code with 121 = Agin,d)
.

We claim

WeB) A
If not

,
there exists wit A

, w'VeBa) so diviw) > dy forall we C.

But thenCUSw'3 has min. distanced .

This contradicts the maximality of I among all

gary
codes of length i having min

. distance d.

So (e) /Ba,

10)1 > 1A)= 9: I



Asymptotic version of GV-bound due to Shammon :

Fix OLS1
· (B(0)1 langhai qual

,
Oh

log(Bg ,

(0)) = nhg(8)
This is a true asymptotic formula : For Fixeda and 5 +10

,
11,

CongIs a-

logg (Bs(0)) v nh
,

18) .

More precisely
hais - o() = logy (By(0)) = 2hq18)

The gary entropy function his) = S10gp1g-1) - Slog8 - (1-6) logq(1-6)

kinary entropy function. hi(q) = - Slogn8-(1-5/logy (1-8) = Slog + (1Slog,its


