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A feld is a number system with + -

,

X
,
+, 0,

! in which we can divide by every
nonzero element .

R = Ereal numbers? is a field

C = Ecomplex numberss .... ↳= Gatbi : abeRY
,
F

& = Erational numbers 3 ... - Q = 55 : 9
,
b -2

,

b+03

2 = Sitges3 = E...,3,

-2
,

%
,

0
,

1
,
2

,
3

,

4, ... 5 is not a field
.

I is a commutative ring
with P I having no

amples of fields ? divisors)other ex Zero

if X > 0I f(x) = &
,

ino
# f(x) +g(x) = (x)

f+
f(x) - g(x) = x

g() = 9% f(x)g() = 0 F andg() are nonzerofunctions
# whose product is 0A (these are called zero divisors

The continuous functions R->I Form
-

a commutative wing with identity
in wing theory)

but not a field.

# = 90,
1

,
2
,

3
,
my is a field of orders RK,

Q are infinite fields :It is a finite
field.

to
In I

,
8 = 3 mods

.
(8 is congment mod?+O 123 4

-234 In #
,

8= 3.
st

00I ·I 2340 ↑ 234
2 23 401 2413

3 31423 4012

4 40123 4321 =2 3 = 2x4
3x4 = 2

2x4 = 8 = 33 + 4 = 2

3 - 4 = 4 E = 2



&



The ring of polynomials in x with real coefficients is

RIx] is a commutative ring with identity having no zero divisors (if f(x),g()
are nonzers polynomials then

↑ f(x) = f(x)
F(xg(x) is a nonzero polynomial)&

R(Grational functions in x with real coefficients) ,
a field.

Eato

t R(x) = & : f(x)
,g() +R(]

, g() toy.

X .* = 1 Q = Eg : abeZ
, bto3 .

Q(E] = Eatbic : a be Q3 ,
is a field.

x+ B =(+7r) + (5-2) = 8 + GE - Q(E]

-E Q x- B = (+7)- (5-2) = -2 +8E - QUE]

xp = (3 + yE)(5-(2) = 15-38 +352 - 14 = 1 + 3252

& Q EQTEE]

Q(i) = Eatbi : abeQ3 ,
iii This is a field.

x = Hi
, P= z-i = 1+3 = 5- i =it i

x-

B = - 1 + t*
-



Example R = Great exe matrices ? = [18) : a
,

b
,

c
,
d + R3 · noncommutative ring
,

with identity
having zero divisorslab 1083/80) =

186)
I=%oi]

The subset F= 5) : a
,beR3 CR is a subring 18 % 7/08) = 188)

which is actually a field

det 1) = a+ b
=

+0 Whenever 17 + 18 :)

laby":..
F = [al + bJ : abeR] , = %] ,

J= fo] basis for F
-

als+ 670) = []
J (676] =%) = -I

(ak+bJ)(at + dJ) = acI + adj + baj +bdj2 = (a- bd)1 + (ad+ba)5EA
(c1 +dJ)(ak +bj) = (a-db)1 + (cb +da)J

All field axious hold in F ,

so I is a field.

Rename element al +bJet as altbi = atbit D

a b abi

In K : (a + bi) (c+di)= ac + adi + bci - bd = (ac-bd) + (ad+b))i

Our example F is essentially the same as K
.

More precisely , they are isomorphic : we have a

bijection F : C+ F
,
flatbil = Fo] for all abeRR suchthat

F(w) = f(z)f(w)
,

F(e +w) - f(e) + f(w) for all zwe D .



Q (i) is isomorphic to the ring F=[15] : a
,
b

, <de Q3

·
f : Qil-E, flatbi) = E)

2 : It i 41
, 13 basis for Qli) over Q

B : Eri
f(p) = [ii]

f( -1) is

+(f) = +()f(=]] ]= =] =hi)

-g : ae
f
basis fork : 1

,
5 12%, :12712= (2) = 21.

det 125] = a -262 0 if a,be Q are not both zero.

19by"
Note : [b] : sbeRY is a commutative ring with identity having zero divisors

Ir ]Cy =%]
baby = at + bJ,=), 120S] = 152) = 21



1
,

9
,

42 is a basis : every
element of QK] is uniquely expressible as a linear combination

2=3=2 9. 1 + b .a + 2:
2

↑ (a) = Sa + ba + 25 : a
,
b

,

ce@, 3 Compare Qi] : Satbic : a
,beQ3 ab,ce

(Fields
Ifield) 2= 2

a= 2x= 2 25= 2x2
Q () is a 3-dimensional vertor space over the

2= 4 scalars a
,

b
,
ceQ

u = 2 + x + q2 If E?F is a field extension It is a subfield of E

v = 1 - x + x2

u + v = 3 + 2x

u- V = 1 + 29

uu = (2+ s + x2)(1-x+ x4) = 2 - a + 2x2 + at= 2- x+ 2x2+ 2x = 2 +4 + 222

* a + bat2(latba

xyx = a + (b -a) + (a-b +2) + (b-c)a3 + x4

rational numbers =
a + (b -aix + (a-b+x + 2(b-c) + 2

a + 2b- za = 2
= (a+2b-2) + ( - a+b+2x + (a-b +c)

-a+ b + 2 = 1

a - b + c = 1

-I
a b

a

O

I~1 =
21752

Check : 9 : 1
.25992104989 * 3

.6515217512 A good way to check !
n = 4

.
84732210186

Val
.32748000207



(PattbAcA : ab() : abQQA
A = 1

,
000) An isomorphism f : @

, ()-> Q(A)
A 18802] is given by flatbatct = al+ bA + 2A

A3 = 100 = 2 eg .

F(u) = f(z+ a + at) = 21 + A+ An = 1)
At = 2A fx) = f(l- s+2) = 1- A +AE[]

f(uv) = f(u)f() =(2 = (2 = 2 + A + 2A

,2 -z - 1

If(z) = f(u)f(r) = (i](, -, ]
-

C) R is a field extension

K = Pli] = Eatbi : abeR3 has basis 31 , 13 over I

R Q I
,
1

,

15
,
55

,

15
,

Je
,

vo, ...

QCE]



Consider the prime field I " 50
,

1, 2, ..., 1003 with 2 = 89
, B= 23. (Addition

, multiplication,
et . mod 101

a+ B
= 112 = 1

101 is prime
X- B = 66 2 .+ = B ?

* = B: = 23 . 42 = 966 = 57
<B

= 2047 = 24
#D . x = 1 ?

* = 23.42 = 966 = 57
&

How do we compute inverses in # = 50
,

1
,

2, .... p-13 , ↑ price?

Review : basic properties of I I handout on website)

gad (89,
101) = 1 89 has (positive) divisors $89

101 .... "Q,
101

The only common
number is I

E common divisor of 89 and 101)
9.5 3.7

↓↓
If be ra (abret) then we say

gad (15,
21) = 3

.
· a divides b

1-

Divisors of 15 : -15
,
-5

,
-3

,

-1
,

1
,

3
,

5
,

15 · a is a divisor of b

· b is a multiple of a
Divisors of 21 : -21

,
-7

,

-3
,

%
,

1
,

3
,
7

,
21

· a is a factor of b
Common divisors of 15 and 21

: -3
,

-1
, 13

· alb
greatest common divisor of 15and 21 : 3.

W vertical bar

3/15 7/15 A does not divides

315845
do Divisors of 1 : -1,

Divisons of 0 : ....
-3

,

12,1, 0
,

1
,
2

,

3, ...

0 = -17 . 0
-> o because 0 = 0. 3



Fact : Given a
,
beX

,
not both zero

, gad(a, b) = ratsb for some r,sel.

We caneasily" compute gad(ab) ,
v
.
s

, using
the extended Enclidean algorithm.

eg. gad 189,
1017 = D = # . 89 +E. 101

.

21 = (x15 + 6

101 = 1189 + 12 15= 2x6 + 25 ged (21
,
15) = 3

89 = y + 12 + 5 45 ?12 = 2x5 + 2

5 = 22 + [2gcd (101
,
89) = 1

2 = 2x1 + 0 3 = 15- 2x6
= 15- 2x(21-15)

1 = 5-2x2 = 3x15 - 2x21

= 5 - 2x(12- 2x5) Check : 45 -42 = 3.

- 545 -2412

I 5x(89-7x12) - 2x12 -Easterto keep track of the coefficients only :If

= 5489 - 37x12 3x + 5y = 13

& 5x89 - 37x(101-89) 89 Ex - 11 y
= 29

1 - 12 -513
-78 5

The last nonzero 7 -1129
15-17 2 remainder is the gad· O I

-3742 D- gad (101
, 89) = 1 = -37. 101 + 42.89

* * O42 . 89 : I mod 101 in 2

42. 89= 1 in No,

Endid's Algorithm (for finding the gad oftwo numbers) relies on repeated application of the
Division Algorithm.

Theorem : Let n
,
deX with d> 0

.

Then n = gd + + for some gir
-I which are unique.aud)



R(X] = ring of all polynomials in x with real coefficients

R(x)" = Suits of RIX] 3 = nonzers constant polynomials]·
nonzero

A element FER(X) (or any commentative ring with identity) is reducible if F = gh for some

1

g,he RL] , where neither g
norh is a unit.

x+ 1 = gh ?

xz+ 1 = (x2+ 1) :

x+ 1 = (5x+ 5) ·G unit

x+ 1 = gh gorh is a mit . Why ?
(x2+ 1 is irreducible)

(dented dog fex)
If f(x) -R1x7 then the deree off(x) is the largest such that the coefficient of x" in fly is nonzers :

f(x) = g + a
,
X + 92xh+... + anx"

,
an 0 (90

,
9
,

-

; 9nt(R)

deg(x) = A

deg (x+ 1) = 2 deg (5) = 0

deg(g(h(x)) = deg g(x) + degh(x) deg (0]
0 . (x-1) = 0

deg 10) * deg(*+ D = dego this is a problem
.

- - -

One approach says : degf(x) is only defined for nonzero polynomials.

Totherroach : deg 0 = -.

If+ 1 = g(x)h(x) , g() ,
h(x)ER(x] then the factors g(xi ,

hix) have degrees 0
.
2 or 11 or 2

,0

But degree o polynomials are nonzero Constants (i.e. units).

Otherwise degg(x) = deghix) = 1 i.e
. g(x) = ax+b

,
h(x) = ex+d

,
a

,

b
,

c
,
deR

,
ato

,
co.



Both I and M/x] are commutative rings with identity having no zers divisors. Neither is a field.
Units= Sinvertible elementin : E113 or Gronzers real constanting respectively.
Both wings have the Division Algorith : quotient remainder

↓ ↓
In 2 : For all n,de2 with do

,
there exist unique preR such that night ,

occed.

divisor

In R(x] : For all f(x)
,

dix) + R(x) with d(x)to
,

there exist unique g(x), rix] ERIX] such that

f(x) = g(x)d(x)+ v(x), degr(x) < degd(x) · 2x+ 1 = 2(x+ 2)

Enclid's Algorithm works in both I
,
R(x)

. (It's just more ugly in R(x] ·) irreducible
In I

, gad(a,
b) = ra + sh For some vseX

.

Here a ,beX
,

not both zero.

In R(x]
, gcd(f(x), g(x)) is the largest monic polynomial divisor of both f(x) , g(x).

&
the leading term has efficient 1.

gcd(3x+ x
, 4x) = + . gad(3x+ 1,x13x) = x+ * We want to require gid(f(x) , g(x)) to be theIl-

(3x+ 1)x 4 . X
(x+5) . 3 (x+=) .9x mon polgronial of largest degree dividing

both f(x) andg(x),

gad(f(x) , g(x)) = r(x)f(x) + S(x)g() for some r(x)
, s(x) + RIx]

·

If F is
any

field then F(x] = Epolynomials in x with coefficients in F3 works the same way.

Eulidean rigs : eg .
&

,

MIx]
,
F(x]

,
... (integral domain which has the Division Algorithm).



Let f(x) -F(x) where E is a field
. (f(x) is a polynomial in x with coefficients in FC.

A root of f(x) is a value a such that fla) = o
.
(often att or at some larger field.)

eg.
# I has roots : in D

If f(x) EF(x] has a root a # them x-a divides f(x)
,

i.e.

f(x) = (x-a)q(x) for some g(x) - #(x).

Roots of f(x)- factors of f(x) of degree (i
.

e
.

linear factors) polynomials ofdegree o are constant
· linear

---2- quadratic
3.. cabia
4 quartic

In one direction : if xraltex) (xa divides f(x) then fla) = la-abgla)= 0

i

so a is a roof in
F.

conversely ,
if af is a roof of f(x)

,

we get a linear factor-a because using the Division Algorithm,
f(x) = q()(a) + r(x)

, q(x), r(x)tF(x) , degrixi1 So deg r(x) = 0

deg(x-a) = 1
i
.

e
. r(x) = reF (a constant)

f(x) = g(x)(X-a) + ve constant
0 = F(a) = eutal+ => =0.

.

= f(x)= q()(x- a) .

O => Xa)f(x)

Factor f(x) = X-x+ 2x-2 = (x-1) (x +2) factored into irreducible factors in &IX],

f(1) = 1 - 1 + 2-2 = 0 Q(x)
,
((x]

f(x) = (x-1(x+ iv) (x-iv) in K(x]

linear Factors



If f(x) has degree 1
,2003 then every factorization ofFixi has a linear factor.

# degfix) = 4 then it is possible that fix might factor into irreduciblefadratic with no roots in a

Eg. in RIX]
,

x11 has no real roots
. Is it irreducible in 1(x] ?

x+ 1 = (x+ ax + c)(x -ax + c) Finish on/before Monday.
c = #1

,
22-at = 0 (efficient of).= 2

,
atte

C= 1

**+ 1 = (x+Ex +1)(xEx + 17 Cirreducible factorsXIEX + 1) discriminant (1)-4 . 1 % 1 = -2

reducible in R(x]
What are the irreducible polynomials in R(x] ? x2z = (x+z)(x-z)

The irreducible polynomials in 114] are discriminant0 - 4(1)(2) = 8 > 0

o all polynomials of degree 1
,

i

.

e .
axtb

,
abeR

,
ato

· all polynomials of the form af+bx + c
,
ab, ER

,
a to b2-lac < 0

-

discriminant

x-2 is irreducible in QIX] but reducible in R(X] 2-2x+ 1 = (X-& reducible

Polynomials in RIX) of degree 3 are reducible since using
calculus I (-2)- 4 . 1 . 1 = 0

or using a little algebra (roots of polynomials in RWxT come in pairs under complex conjugation).

Polynomials in RIx] of degree t are always reducible by the fact that I is algebraically closed :

Every polynomial in
(x) of degreeI has a root in K . /Fundamental Theorem of Algebra).

Irreducible polynomials in IX) are the polynomials of degree 1

.

In $(x) there are irreducible polynomials of every degree up 1
, eg .

X-2 is irreducible for everyn
Eg .

x
*-2- Px] is irreducible.

If x
*
- 2 = g(x)h(x) where g(x ,

h(x]-Q(x] but neither g(x) workin is a mist.
.

set contradiction
a Wednesda...



Let's try m(x) = x+ Ex + 2 + [(x) ·

Show : this is irreducible in 21x].

Proof by contradiction : Any factorization
of m(x) in M(x) with non-constant factors has the for

x + 2x + 2 = (x + a)(x+ bx + 2) ,
ac = 2

.

= (a
,
c) = (= 1

,
+2) or (12 ,

+ 1)

o (x )t* 3 (we can ignore this case since it simplifies to (x ... ) (2. . . . ..)

Since m(1) = 5
,
m(l) = -1

,
m() = 14

,
mA2) = -10 are all nonzero

,
this is a contradiction.

General fact : If m(x) t XIX] is monic irreducible in XIX)
,
then mix) is also irreducible in Q(x].

This is an elementary >but slightly tricky) theorem in ring theory .

We will use this fact freely.
So : m(x) = x*+2x+2 is irreducible in Q(X1.

Eg. Show MW) = x
*
+ 2x+2 Q(x) is irreducible .

It suffices to provs irreducibility in X[X].

Prove this by contradiction If m(x) factors nontrivially in XI)
,
then either

Casecis x*+ 2x+ 2 = (x+ a)(x+ bx+ cx +d)
,

a
,
b

,
c

,
de, or

Case (ii) x
*

+ 2x+ 2 = (x+ax+b)(x+ xx +d)
,

a
,
b

,
d +X

.

Case is leade to an easy contradiction :
ad= 2 => at 91

, 123 andtal = 0.

Here m(1) = 5
,
m(1) = 1

,
m( = 22

,
m(2) = 14 are nonzero

,
a contradiction.

InCase (ii)
,

a+ C = 0 so x
*
+ 2x + z = (x+ ax +b)(x2-ax+d)

,

b+d-a= 0

ad-ab = 2

a(d-b) = 2bd = 2 = (b
, d) = (1

,
2)

,
(2

,
1)

,
71-2) or (2

,
-1)

- bd = 2

These cases cannot
If b= 1 and d= 2 then a = 2 and

hold since by d =
a<30

·

b+ d -a = 1 + 2-2 = -
,

a contradiction
.

If b= 2 and d= 1 ther a= -2 and bed-a= 2+ 1 - (2)= -1
, again a contradiction.



A very standard
construction of a field extension EIF , starting from a known field F is to

start with m(x-F(x] irreducible of degree n · Declare o to be a root of my) and E= FIR]

= Esta ,
A + at+- -+A: 90

,

---

,

EmtF 3 .

Then E is a field .
It is an extension of degree

n with basis 1
.

8
,

02, ..., A

If m(x) = g()h(x) , g(), h(x)tF(x] of degree < +
,
then mit= 0 = g(f)h(@)

-

nonzero elements of E
.

Every finite degree E2R field extension is either E = R or E-K.

(dimension as

a vector space

There are extensions EXR of infinite degree eg. #(x) = & rational functionswith real coefficients.

The only finite extension of $ isI. K(X) > & is an infinite extension (degree/dimension is infinite).

There are finite extensionfields EIQ of every degree ·

These examples are called (algebraicnumber Fields
-

/

·Tipsalgebrai
de

·
x+ x+ 3 = (X-f,)(x-(2)(x--3)

Qi,]

18,] 12is b ...

--⑭



An element x I is algebraic if it is a root of some nonzero poly · F(xEQ(X).
If < is not algebraic ,

then a is transcendental , eg. H
,
e,

.
. .

-

Most real and complex numbers are transcendental because IQ1 = /A) = countably infinite but IMl = IKI is uncontable

Cardinality proves the existence of transcendental numbers.

How can we prove a number is transcendental ?

I is irrational but algebraic ,
not transcendental.

Prove that 12 is irrational : Suppose i= as a reducedfraction
,

a
,
b positive integers, gad(a,b) = 1.

Then 2 : a so a 26 " is even ,
so a is even : a = 2

,
<EX ·

so 42 = 26 i
.e

. z= 62 is even

so b = 2 d
,

d**. Then gad (a,b) 32
,

a contradiction.

This proof that re & Q is due to Evid .

Proof that e is irrational : Suppose e
= * 9

,

6 positive integers , gadta ,
b) = 1

.

The

- &

a = be = b(1 + 1 + z + t + -) = 62 = b(1 + 1 +2 + - ++ + T + ... )
0! = 1

11 = / (b-D ! a = b(+! +1-
2 ! = 1x2 = 2

3 = 1x2x3 = 6 "
integers

4 ! = 1 x 2x3x4 = 24

etc. intege = intege + 1+2*b)
"

--

integer between O and1
,

a contradiction.



In HW
,

O is a roof of mix) = x*+ x+ 3 i.e. P+O +3 =0 = A3-3-p
04 = -30-72

F= Q, (0) = [a + b +cE : a
,
b

,
2 D) 03+ p + 3 = 0

05= -302-A3 = ->F- (3 - 8)

(D+ 1"= = a+ bf+ch 82+ 1 +35= 0 = 3 + f -3
=> 38: 5 = -to d = 38+ p-38 = 38 + f3)- 3 -b)

1 = (a + bp + cf)(1+b) ------ = 9 + 68 +0
= a + (a+b) + (b+c)p + 203 = -*- 82
= a + (a+ b)p + (b+c) + c(3- b)

= G-3) + (a+b -c) A + (b+ch
- -

- O p
I b

a -3 = I
O

a + b -c =0 I I[i] (H) - 1b + c = 0

I
-

~ 6=
Check (0 + 1) (-2+ f- pr) = -z - A -p3 = -z - p - (-3 - f) = 1v

monia

Similarto #4 : Let's find a cubic polynomial in Q(x) of degree -3 having a as a roof.

i.e. g() = y+ ax+ bx + 2, a
,
b

,-@ such that g(X) = 0 Where x= 1 + 0 + 02·

(The answer is unique .)
x = 1 + 0 + 02

i= (1 +0+ 0y = 1 + f+ 04 + 20 + 282 + 283 = 1 + f+ (36- (2) + 20 + 28+2(-3-8)

= -5 - 30 + 28

&= x = (1 + A+2)(- 5- 30 + 284 =
- 5 - 88 - 68 - 82 + 284

=
- 5 - 88 - 682 - (3 -f) + 2)38 -84
== 2 - 138-1202

We need g(a) = 0 = *+ ax+ ba + c => ax+ ba + c = -

= a 7-5-30 +282 + b(H+A + +2) + c = -2- 138 - 1282

=> (- 5a +b +c) + ( -3a +b)p + (2a +b)0 = -z- 138- 128
z

- mu me
-2 -12-13



The smallest subfield of R containing + is Q().

Anysubfield ELI contains Q.
Assuming a subfield EXK containso them it must contain I+,, +4,

... so E contains

every expression of
the form

g + a
,
4 +at +a+... + at-no

,
g

,

9
, ...,
9nQ.

i
.e
. E ? Q() = Fall polynomials in a with rational coefficients 3.

Esubring of C but not a field.

↓ QI] ·

Proof by contradition : If I = S+ 9
,
+ +a + .. +at with no

, 9
, .....-

them A = 90+ + 9
,
D+ ... + anD""

0 = - 1 + at + a
,
++ .. + anT

u+ 1

# is then a root of a nonzero polynomial - 1 + gx +a
,
x* +.. +ax** Q(x].

④ () = 39 :BEQ , Bto) = Shan ; -bo,vi mo.
bo

.

--

,

bu notall zero.

& (x7 = Grational functions in x with rational coefficients 3
officientsin Q

-

Q (x] = Spolynomials in x with rational coefficients 3
Ring Field
2 - 4 Q (e) = Q(x) = Q(π) but not equal
Q(x] -> Q(x) The function & : Q(x)-> Q()
& (n] -> Q) · & (f(x)) = f(D) evaluate at

-> QUE)=Qa] 9)(f(x)+g(x)) = f(x) + g(x) = f(f(x)) + q(g(x)
& le] -> Q(e) & (f(x)g(x)) = f(x)g() = &(f(x)f(g(x))

I is bijective
so of is an isomorphism.

This works becausee and are transcendental.



We know that e and is are irrational. If x,B are irrational then can +B be rational" Yes.

What about e++ or ex ?

I
Can as

be rational?19 +-

We
guess that both et and e are irrational

eg. E. = 3

but we don't know.
Can at be national ? Thy i*

Casa (1) .

EFEQ
. In this case we're done.

Case (It] · EkQ· Then (Ey = v" = 2 -Q
.

Either way we see the answer istrue.

(This is an example of a non-constructive proof .)

Actually it is known that** Q,
butthis is

not easy to prove.




