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= 32x2 matrices over Q3 = 51 by : ab
, ,de3 is not a field.

0 = 188]
,

I= 10) identity
A+ 0 = A

,
Al = A = IA

108] has no inverse. Alo] = I has no solution for A.

Moreoves
,

AB BA in general.
&

2x2
is a (noncommutative) ring with identity.

It has a subring D = 318] : adeQ3 is a commitative subring with identity,
But D is not a field since it has non-invertible elements.

D has zero divisors : 108]/8i7 = 100] .
A field can never have zero divisors.

(If & is a zero divisor then ed = 0

wheredo (d = to
,

contraditionas

For a commutative ring R with identity I

being able to divide is stronger than having no zero divisors.

An example of a commutative ring
with identity having no zero divisors but not a field

& division fails in general) is I
- (aby
Eg. Fr [[] : abe Q3 <*** is a subring , containing I= %].

- I

If (i) + 188) then 15] = at] (Note : 25to since E * Q).   ,
Why is F a commutative subring ? Elements ofF have the form

b) = al + bS where I= loi]
,
S = 126] so F-EFtbS : a

,be Q3 is the span of 51 .33

in Q2 /F is a
2-dimensional subspace of Q a 4-dimensional vector space).



(aI + bS)(cI + dS) = act + ladtbcJS + baS" = (cI + dS((aI+ bS)
,

Se 12 :7/26] : 25

= (ac+ 2bd)1 + (ad+ba)S

compare : 1= Q(i] : Ga + bic : abeQ3
·

is a field.

(a+biz) + (a+drz) = (a+c) + (b +d)

(a +b()(c+dE) = ac + lad+ba) + 2bd = (ac+2(d) + (ad+bat

Note : FEK (they are isomorphic
An explicit isomorphism P : K-F is given by platbre = lib) = al + bS.

of is bijective
# (x+y)

= f(x) + p(y)
&(xy) = q(x)p(y)

Similarly \[b] : abeR3 < R
*

An isomorphism D - Sh) : abiya subringisommeli to lab)



& liz] = Eatbre : abeQ ?
a= 5+38

, 8 : F-te

x+ B = 12 +25

4- B = 2 + 45

a = (5+352)/F-E2) = 35 - 552 +2152 - 6 = 29 + 162

7+5 35 +55 +21 + 6
& == I-=
& 47

Alternatively , =as
in matrix representation :[= ]

B -> Ei]
T

B")
Similar : Q(sE] = Q(0)

,

P= 3E.

[a + b : a
,
be Q3 is not a field

,
not even a ring since it's not closed under

& 10) = Ga + bo + cf2 : a
,
b

,
2 Q3

,
is a field

.
8= 2

multiplication.

①"= 28

a= 5+ 30 2+ B = 12 + 20 05= 202

B = 7- 0 a- 3
= -z + 4 8 = 4

ap = (5+ 30)(7- A) = 35- 58 + 210 -38h
= 35 + 168 - 382



- =
5 +12 = z

2TX 82 =

rational crefficients
① = E ab

,
c # is a root of X-2 = (x -0)(x+ #x+ #2)

5+30 = (a+b0 + cA2)(7- A)

= Fa + (b-a) + (7c-b)- 2

= (Fa- 2c) + (b-a)f + (7c- b)82

- a + 7b = 3Hopefully Fa -2c = 5

--b + 7 = 0

O

j,
34! I)
To23

· lo
- 3 + 49. O ↓

=+ Check : in (251 + 1828 + 2602) (7-8) = (1757+ 10238 + 00- 52

= 3,(1705 + 10230)
-

- 1023 + 1274 251
- - =

341 = 5+30-341



Alternatively ,
use 3x3 matrices to represent elements of Q10].


