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Claim : 5 Q
, (E)e .

E = a + biz has no solution with abe Q.

Suppose is = atbre where ab-Q .
Then 3 = a+ 26+ zabre so zabi2 = 3-a-cb2

If ab0then2= Q
,
a contradiction

If 6 = 0 then 0 = 3-at so a=3
,
a =15 # Q

,
a contradiction.

If a = 0 then 0= 3-262 so 262= 3
,

462= 6
,
2b = #Q

,
a contradiction. It

So 1
,
V
,
5 E are linearly independent over Q.

· I Fo

· scalarmultiple of 1 .

(v2Q by Enclid 5= 25

· linear combination of 1
,
E. (proved above)
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IR : Q] = 0 (in fact uncountable)

Also 1
,
+
,
D
,
#, ... are linearly independent over Q .

(since is is transcendental).
An extension EIF isLite if (E : F] <*, i.e. (E: F] = n is a positive integer.
eg. KIR is a quadratic extension ,

hence finite
.
[K : R] = 2.

A finiteextension ofQi.e . EXQ with (E:Q] = n
,

a positive integer , is called amuer Fed
(or algebraic number Field). Here every element at E is algebraic over Q . Why ?
↑, a , 2, ...,"are n+1 vestors in an n-dimensional vector space EIQ so this list is linearly
dependentforStQ ,

not all zer
,
ie x is a rootoa



If f(x) = 90 + a,x + 92x+... + aux" then the deee of fix, denoted degf , is the largest &
...

such that an to .

deg (3x2+ 5x +7) = 2

deg (0x+ 5x + 7) = deg (5x+7)
= 1

deg (7) = deg (7x = 0
deg 0 is sometimes left undefined (no 0) or deg 0 = -*.

dog (3x+ 5x+7)(X-4x- 11)] = deg (3x5+ ... - 77) = 5

deg (f(x)g(x)) = deg F(x) + deg g(x) -

If g(x) = v3-4x-11 then Og(x) = 0

de (o)=dego
deg 0 + deg g(x) = deg 0 + 3 .

dego = (deg0)+ 3.
There is no integen value for dego that satisfies this
(We don't choose+o ; we choose-o

. )

Let & K . Ifa is the roof of same nonzero poly . FER(X)
,

(ie . +(x) =of then a is lgebraic
of degree n where n is the smallest degree of any such polynomial fix) . In this case

,
the

-

smallest degree monic polynomial having< as a roof is the minimal polynomial ata love Q).

eg. M is algebraic of degree 2 with min . poly .
=-14 EQ(x)·

x= v = 1
,
4 (in . indep.Look at powers 1

,
x
,
x-3...

1, x,
x2 (in . dep. = 0. x + 14. 1

a = E +5 is algebraic of degree4 with min
. poly , ** 101+ 1

. Why is d = +is not a root of
anysmalles degree poly. with rational coefficients ?



#wherth onoff,gamepolynomial
no contrivial factorization over [(x).

If x10x+ 1 = f(x)g(), Fix,g()tR(x] ,
neither f(x) norg() is constantthem either

(i) deg f(x) = 1
, dog g(x) = 3 ; or

(iin degf(x) = degg(x) = 2 .

(The carelegf(x)= 3, degg(x-1 is essentially case (i))

In both cases we obtain a contradiction.

In case (i)
,
x110x+ 1 = (x+a) (*+by+ ex +d) ,

ad= 1
,

a =d= 1 .




