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= 32x2 matrices over Q3 = 51 by : ab
, ,de3 is not a field.

0 = 188]
,

I= 10) identity
A+ 0 = A

,
Al = A = IA

108] has no inverse . Alo %] = I has no solution for A.

Moreoves
,

AB BA in general.

&
2x2

is a (noncommutative) ring with identity.
It has a subring D = 318] : adeQ3 is a commitative subring with identity,
But D is not a field since it has non-invertible elements.

D has zero divisors : 108]/8i7 = 100] .
A field can never have zero divisors.

to do a wed
= to

,
contraditioat

An example of a commutative ring
with identity having no zero divisors but not a field

& division fails in general) is I

(aby
==[] : abe Q3 <*** is a subring , containing I= (i).

If (i) + 188) then 65]"=] (Note : 25to since E * Q).   ,
Why is F a commutative subring ? Elements ofF have the form

b) = al + bS where I= loi]
,
S = 126] so F-EFtbS : a

,be Q3 is the span of 51 .33

in Q2 /F is a
2-dimensional subspace of Q a 4-dimensional vector space).



(aI + bS)(cI + dS) = act + ladtbcJS + baS" = (cI + dS((aI+ bS)
,

Se 12 :7/26] : 25

= (ac+ 2bd)1 + (ad+ba)S

compare : 1= Q(i] : Ga + bic : abeQ3
·

is a field.

(a+biz) + (a+drz) = (a+c) + (b +d)

(a +b()(c+dE) = ac + lad+ba) + 2bd = (ac+2(d) + (ad+bat

Note : FEK (they are isomorphic
An explicit isomorphism P : K-F is given by platbre = lib) = al + bS.

of is bijective
# (x+y)

= f(x) + p(y)
&(xy) = q(x)p(y)

Similarly \(b) : abER3 C R is a subring isomorphic toK.

An isomorphism D- [b]
: abeRT is atbing) (ab)



& liz] = Eatbre : abeQ ?
a= 5+38

, 8 : F-te

x+ B = 12 +25

4- B =2 + 45

a = (5+352)/F-E2) = 35 - 552 +2152 - 6 = 29 + 162

&&
Alternatively , =as

in matrix representation :[=]

& [i]
T

B")
Similar : Q(sE] = Q(0)

,

P= 3E.

since it's not closed under[a + be : a b- Q3 is not a field
,
not even a ring multiplication.

& 10) = Ga + bo + cf2 : a
,
b

,
2 Q3

,
is a field

.
8= 2

①"= 28

a= 5+ 30 2+ B = 12 + 20 05= 202

B = 7- 0 a- 3
= -z + 4 8 = 4

ap = (5+ 30)(7- A) = 35- 58 + 210 -38h
= 35 + 168 - 382



-=5 +12 = z

2TX 82 =

rational crefficients
① =E ab

,
c # is a root of X-2 = (x -0)(x+ #x+ #2)

IR
5+30 = (a+b0 + cA2)(7- A)

/Mi
= Fa + (b-a) + (7c-b)- 2

= (Fa- 2c) + (b-a)f + (7c- b)82
&lasAs

Hopefully za-2 = 5 (e)- a + 76 = 3

-b + 7 = 0

,
34!

~Li)~
To23

~ loo
- 3 + 49.

=+ Check : in (251 + 1828 + 2602) (7-8) = (1757+ 10238 +00
= 3,(1705 + 10230)

=1274
& [P] is a cubic field

= 5+ 38 -

extension of Q : it is a

3- dimensional rector space over Q ,
with basis 1

,
F

, 82



Alternatively ,
use 3x3 matrices to represent elements of Q10].

Take T= 1887 to represent & 73 = 100] : 21

E : Sal + bT+ <Th : a
,

b
, ceQ3 = Stazby : abceQ tative

ring with identity
Q(0] =E via the isomorphism subringis having zero divisors

a field.
↓

U

between" &and Q)
,

or between &and(0)
I -

Are ther
any

fields "between R and I ?

Suppose RC F C & is a tower of fields (I is a subfield of K and R is a

'C'always means strict
containment in

subfield of f) . CusC this course.

< v[

Since FJR ,

there exists &EF
,
x*R

·

Then 2
,

1 are linearly independent over 1,

i.e .
a + 9 . 1 for any at

.
However K is 2-dimensional over R with basis 1

,
i

(every complex number is uniquely expressible as z = a : l + b
. i with

abeM) .

So , a is a

basis for F.

So F= K.



Is there
any

field extensionKIF with F2dimensional over K ?

No
,
but there do exist fields FTK which are infinite-dimensional extensions.

Consider the ring KIx]
= Epolynomials in x with complex coefficients 3

= 3 aot ax + anx+... + anX : aitD
, 1303

This is a ring but notquite a field e
.g.

4324((x)
((x) = field of functions of K(X]

=
field of rational functions in x with complex coefficients

Just like constructing & from I

Another example of this :
We'll construct a comitably infinite subfield of R containingIt

This contains the suring] = Santa +a+...+a : 30
, at Q3.

#EQ(+] has no (multiplicative inverse in QC] since if

f = + (9 +94 + ap+ - - + anπ-)
a contradition since - is transcendentwould be a roof of a nonzero polynomialax

( Lindeman 1800's

q(x) = E : abe Q/]
,

b +03 is the field of quotients of the ring Q)

& (2) = 55 : sbQ(E)
,
bo = (E) is already a field.

E is algebraic : it is a root of a

EveryLea is either algebraic or transcendental ,
never both. nonzero poly . x

=2 = Q[X]



montable & = Ea
,

an
,

92
,

94-3
a, +9

,
x 9+ &X at GX...

& CI A = Salgebraic numbers?. 92+ 9,
X ac+ 92X92t93x -

9 + 9
,
x Astan Ant9X--

ontable Encountable
. ca

& A1IR I : ii
& J

~-- En R
-3 - 2 -

014

& It] is a countably infinite ring
Elements of Q) CR look like

so Q(T) is a countably infinite field.

-
compareanother comtablesubfieldofe) f() where tQ

*
Q(x) (x being an

indeterminate i
.

e .. anabstrat syml
in

generic
& (x)-> Q(x) evaluation

& (x) -> Q(e)

& (x)-> Q(E) doesn't quite work eg .

the imageof3 QM) is undefined ;

But Q(x] -> QI]

↳ all well-defined ring homomorphYou
can't evaluate this atu e

the evaluation ④[x]- Qle]
maps at

5
,
2

,
2

,

... & (x] Qu]



If $ : R-S where RS are rings , wesayisa rig homomoi i

↑latba,a
We don't necessarily require (1) = 1 ;

and in general the rings R ,

S may not have identity.

If R, S are rings with identity (1ptR,
Less

we might consider only homomorphisms

of rings with identity
i.
.e
. P( +p) = $(ts).

↑

Suppose
F
,
1) are fields

. If p : Fel is a ring homomorphism
then either

(i) $(F) = 503 i
.e.a) = 0 For all at F

,
or

Atrivial)

Any homini
is on-to-one ie . PFCK is a subfield isonoplie to

is either trivial or it has the form &(x)- > Q(a)
,

Fixe flat is an evaluation

&(x) - R

at some transcendental number a t.

wing

wehavehomphisxcom matria
+- A+-

# In a field F, every ideal is either 303 or
F.

An anomorphism of a field F isan isomorphism dFFbijectivethe
1 in Automorphisms of QCE] ?In

p(a+ b) = p(a) + p(b)
,

p(ab) = q(a)((b) .

· The identity p(X)= x For all x-QI)

· Conjugation platbicl = a bie for all abEQ .

(This is algebraic conjugation,notcompla
These are the only automorphisms of Qliz].



If 0 : F- > # is any automorphism of a fieldF then

&(0) = p(0+0) = d(0) + p(0) => 010) = 0

9)(1)=(1 .1) = $(1) · 9117 where $11)#2 since o is one toone . Multiply both sides

10)
by $117" to get $11 = 1.

If m
,
ne X with no,

-(2) = b(1+ 1) = q(1) + y() = 1 + 1 = 2 ↑ (n.) = f(m) = m

&)(3) = p(2+ 1) = p(2) + qx) = 2 + 1 =

3 dE) = q(z)= So dix = x for all xt Q.

So 3 + (3) = 0

q(3) + !(3) = f(s)= 0

3

%(t = q(i) = 0(k) = 2 = q(t) = =v
.

for all abeQ
If(E) = E then platbiz) = p(a) + <(b)P(t) = a + bi

If diz)= -R then platb) = pla) + of (b)P(E) = a + bfz) = a - be
.

If F is any
field them Aut F = Gall automorphisms of F3 is a group

under composition.
Its identity is : where 1 : FreF

,

((x) = X for all xef (the identify map) .

AutQ = E13 is trivial,

AutR = 513 istrivial but why ?
& I] CR has two automorphisms
Aut QCE] is a group

of order 2.

Aut & contains 1 and - = complex conjugation ,
fatbil = a-bi for all a

,
be.

But Aut K is uncontable .
A has uncountably many automorphisms.

The only continuous automorphisms of I are 1,+.



The conjugation of Ant Qliz] defined by platb) = a-biz (a
,
btQ) is badly discontinuous

L ·iii--
-

graph of- ... &isbadynous
.

&

..O -
-

1 : QIE]->Q]·
is continuous

R(x) = Grational functions of x with real coefficients is a field.

Can we replace "rational
functions" with "functions" or "continuous functions" (R-R ?

fr
& functions R-> RY fr
E continuous functions

R-> /RY
are wings with zero divisors so they
are not fields.

commentativerigsth
identa
-
f

, (x) = 9% ifOO f(x)
Xo

fifz = 0 but f
,
t
,

are nonzers functions.



How do we check that f(x)eQIX] is irreducible (i.e . in Q(x)) ?

eg. f(x) = x* + x+ x+ 1

If f(x) = (x + ax+b) (x+ 2x+d) then bd = 1 implies bed = 11 .
If bed= 1 then

-
- f(x) = (x+aX + 1)(x- ax + 1) has no x term

,
a contradiction.

degree2 degree
in&(x] If b=d =-1 then

a
,
b

,
c

,
de 2 f(x) = (x+ ax - 1) (x" -ax - 1) hasnoXoagaina

If f(x) = (x + a)(x+ bx2 xx+d) them ad= 1 so a =d= #1
,
butf soare

noto is

where a
,

b
,

c
,
de

So f(x) is irreducible in [x] ; so fix) is irreducible also in Qx].

why do we care about automorphisms of fields ?
Historically the study of fields originated in questions about finding roots of polynomials.

the roofs of ax+by + < (ato) are 49
Similarly the roots of ax+bxt ex + d are given explicitly using

formulas of a
,
b

,
,,

using +, -

,
X

,
+ and extradingtoare

roots and cube roots.

But for degree 5
,

no such formula exists

Similarly for polynomials of degree
4.

Galois theory gives
the connection between fields and

thereason is Godingouthngtax-axtQ) them f(x = (x-r)(x-r...a

The roots lie in F = Q(r , - r) < K . Let G = AutF. G permutes
where, . . ...,

me I

i.... m (in particular G is a subgroup of ).

order a !



If F is a field then Fla) = ring of all polynomials in with all coefficients in
F.

= the smallest ring containing F and a

F(a) = the field of all rational functions ina" with coefficients in F

= the smallest field extension of F containing a

You can do all this for more than one element a e .g.
F(9, ...,9] = the ring of all polynomials

in a
, ..., 9 with coefficients in F

= the smallest ring containing
# and a

, , . . . , an
= the ring generated by F

,
a

, , ..., In

F (a, ..,9) = the field extension of F generated by a, ..., an together with F.

eg. Q(E]
= 99 + an +a+E +... + a : my

, +Q = Ea+biz = a
,
b + q

&(2) = Q(ET since Re is algebraic .

EFRIE
,
E] ...

is this a field? QUE ,
5] = Ea+ br + c +do : a

,

b
,cd-Q3

eg. <= E +r5 -Q(E,] is a roof of a polynomial fix-Q] ,
in fact f(x) +*(x]·

In fact <* & (why?) x= E+55 Candidate : x*14x+ 9

& 7+ 2To You can check that this

f(x) = x
*
- 14x2+ 9 is the minimal polynomial of < over Q 2-7 = 2No poly ,

is irred
. in Q(x]

in the sense that a polynomial g(x) - QI] has a as a &- 14*+49 = 40 lusing steps we used on

roof iff f(x)/g(x) i

.

e . g(x)= ukif(x)
,
u(x) - Q(x] 24- 142+9 = 0 Friday Sept 13) .

If rix)to them take
#of : If g(x)= ukifix) for some u(x) -> Q(x] them

d(x)= gad(f(x), v(x)) = a(x)f(x)+ b(x)r(x)

g(d) = u( = 0 i.e. g(x) is a poly, with coffs in Q
by Enclid's Algorithm

having a as a roof
. Conversely , suppose g(x)-Q(x] having d (a)= a()((x)+b()() = 0

.

↓ as a root.
.

Then gixi = q(if(x) + r(x) with q( , r(x)-Q() , deg r(x) <
4.

Contradiction since f(x) is
Now G= ) = 0)= 0 irreducible in Q(X]

·



If &- D is algebraic (x is a root of coefficients in Q) then there is aminimal enonial
m
,

(x)EQ(x] of smallest degree
which is monic i.e

.

its leading weff, is
1- unique

The minimal poly. of E +v is xt- 14x+ 9 = (x*-1x + 497 - 40 = (x-7)- 40 = (x27 + 250)(xE7-2vio)

The roots+
,

-e-5,+F,
-5 = (x- Fr+=)) (x-(--)) (X- (vz+ist)(x-(Ez-v5))

To = -E +5 Since (E+E)"= 7-25o
= (x+E-55)(x-v+55)(X-v-5)(X+r +5)

(v-)= 7-25o = Q by Enlid's argument
To = E+55 Since (E+) = 7 + 250 If v = 1 ,

m
,
n-1) in lowest terms i

.e . gad (m
,
n=

1-E-) = 7 + 25o then m= 2n2 is even so m = 20
,

re&, 4r= Int
,

n= 2r

is even so a is even
,

a contradiction.

The same argument shoos 5
,

No *Q

IRI5 # Q , since their squares are FAIOQ.

This gives another explanation why xt-1x2+ 9 is irreducible
in &[x]

.

E = Q(E
,
55] = Q(]

,
a= 2+55

Ea+biet estdito :

x= (a + bx+ cx+da = a
,

b
,
d Q3

9,b
,
c

,
d+Q3

This equality is explained as follows : EQE,) = Sa +be +a +do : ab
,
cde &3

is a 4-dimensional rector space over & with basis [E
,

55
,

%03.
E = Q(a] ,

a 1429-0 so c= 14x2-9
25 = 1423- 90

(a + bx+ ca+ dx :

If

ab,de +bs+2+da= o

So +
,
x,

"
are linearly independent over Q.



An important class of examples of fields is : ladgebraic) number fieds are finite-dimensional

extensions EXQ e
.g.

&, a) ,

Q1]
,

Quit
,
Qis]

,
Q1]=) ,

etc. 10) = 92
,
03

X= E+15 <Ty : [1, +3
Not R

,
K which are

infinite-dimensional over Q.
(0Ty = 51,53

↑, E,
is

,
5

,
F

,
M

,
T,...

are linearly independent over Q. 4) = 523

E = QE
,
5]

6 = AutE = So
,
+Y There is a one to one cospondence

-4) -ki between subgroups of G= AutE

40Y <tY LOTY and subfields of E
.

①

(k)
alsa

&ICorrespondingtoeverysubfid
<LY pfixeseven

This diagram is a Hasse diagram it k = CH : 2] = index of L in I

showing subfields of E
. L = number ofset of Lin H

=
Hi

This fact is not quite obvious. TH
= I p(z) = 2 ·(vo)=Ost = pic)(vs)

AutE = 5 ,
0

,
+

.
was t= 1 (d = dize) = 2 => diy = Ir

= E.+55) = -Toq(t) = 155

identity 9)(to)= -vo

e Every automorphism & : E-E satisfies Pla)=a for all a - QTo

ela)
! 5 -To

So of is determined by Ps,
Pl)

,
$(0).

of (a))1 -E -5 No ↓) (a1 +brz+E + dio) = q(a .) + q(biz) + q(25) + q(dmo)
= p(a)q()+ f(b)q(r) + p(x)p(r) + H(d)d()

Aut E is the Klein four-group. a
,
b

,
c

,
de Q

= a + bp(t) + cy(t) + dp(0)



If FCE is a subfield (F is a subfield of i
.e. E is an extension of F(

then E is a vector space over F
.

The dusion of E over F is the degee of Even
F,

devoted (E : F]

eg . [K : R] = 2 with basis [1,
17 .

(Q(E] : Q = 2
with basis St ,

53.

CQ] : Q) = 4 with basis [1,
E

,
5

, 03 or $1 ,
4

, 92,33 where= +

E

TE : QE]] = 2 with basis [1
, 553 Q[E

,
5]

basis [1
.553

Elements of I have the form ↑ Cores basic So,m
a + biz + c55 + do = (a+biz)+ (c+diz)5 basis

Sh
,
E

,
55

, %05
&

Theorem If FCKCE is a tower of fields
-

(i.e, subfields/extensions) then (EIF) = (E : K](k : F).

In fact if(k: F] = m with basis [x1 ..., xmb for over F

and (EiK]= .. :EB,,,Bu3 for Eove K

then EiBj : Kim
, Ejenly is a basis for E over F.

One of these is in QUES :

= His -Q) Since (HE)"= 1 +2 + 25z = 3 +25

Let a: # Q1E] , (but this is not yet clear)



Let= retz Then a is algebraic ,

Find the minimal poly, of a over @the unique monic poly.
of smallest degree in Q[X] having a as a root).

-

x = V2 +3 f(x) = x* - 4x-1 is the minimal poly ,
of a over Q.

a = 2+ 3 To see this ,
we need to check that f(x) is irreducible in Q1x]

a 2 = 32 Requivalently ,
in #(3)

2-4+ 4 = 18
The four roots of f(x) in K are = =3

2- 42 - 14 = 0 - B= 2-3

So f(x) = x
*
-414

B22 = Eat

= (x- x)(x+a)(x-p)(x+b) in ((x)
- B = - 12-3r Ba- 482+4 = 18

where (x-c) (x+ c) = xa = x= (2+352)Q(x] BP- 48- 14 =0

(x-x)(x-B) 9(x]
·

at Q(x] = (a+ bx+ cx + da : ab ,
2

,
d + Q3 =4442

has 31 ,
0

,

12
, 233 as a baris over Q

2 = 424 + 1423 = 4(45+ 14) +1423 = 142+ 1627+ 56

(Q(x) : Q7 = 4 Q(x] noGalopondence (o=An

]
-

↳ 2+= = 5-zQ(x]

- okY =o-(a)
What are the automorphisms of E = Q(a) ? 1 = identity , ((x) = X

,

is an automorphism. = o(x)"
A function o mapping 92 > -x is an automorphism.
Note : va+ba + ca+ dah) = o(a) + v(bx) + v(cx)) + +(da3) = o(a)+(b)ok) + v()o() + a(k)0()

"

(a ,
b

,
c
,
d= Q) Note :

o=

= a - ba + c-da



= There is also an automorphism : x-B . (There is only one such automorphism .)
ofI

re p(a + ba + ca + da3) = a +b + c + de for all ab, c-Q ·

This isf(x)
,

X-E : &()
.

What is f(x) ?

&"(a +bx + c+ da) = ?

f"(x) = q(p() = p(p) = ?

First write B in the standard form (H) + (*)> + (+ (*) : This is impossible.

Any automorphism of E = &(x] must map a to a root of f(x) = X*-4x-1 . Why ?
2- 4x2-1 = 0

Apply &AntE to both sides
. %(a*- 45-14) = 46) = 0

&(4)- 44(2))- P((4) = 0

f(x)- 4(2)-14 =0

f(((x)) = 0 = f(x) + 3=a
,
+33. .

But if

d=B
then ofAt

BER
Actually E = RKx] has only two automorphisms 10.

The extension ESQ does not contain all
the roots of AIx) = x* 4x2-14.

An extension F(x]2F is normal if F] contains all the roots of the min
. poly .

f(x) of a over F.



HavdoFormatipresdateplynomi
.

If A is a roof of f(x) then
F=Q1F] = Ga +bo + <#2 : a

,
b

,ceQ3 > Q is an extension of degree 3
,
with basis

1
,
F

,
P2

.

The multiplication by 8 :
.e
. EXE

,
XrEx is a linear transformation since

A (rx+ cy) = rf(x) + st(y) for all use Q ; X
,yeE.

Write down the matrix of this linear transformation with respect to our basis by taking the images of
the three basis vectors as the colums of the matrix.

A . ! = 0 = 0 . 1 + 1.0+ 0. 02
= the matrixof

A . p = 0
2

= 0. 1 +0. 0 + 1.82 S with respectto A = 108)
p . f = 8 = -5. / + 9.0-7.02 our basis is

An isomorphism Q(0) -> QIA) (Q
**

is given by atbP + cAm > al + bA+ cA2

Eg .

find the minimal poly of a# over Q.

%
"

= 17 + 122 = 3 +22 Roota
*- 17 = 1252

= 648
= 312t

a34x+ 289 = 288 -

24- 344+ 1 = 0

a is a roof of x1 34x+ 1 = (x+ ax +1)(x- ax = 1) = (x= 1 +ax)(x= 1 -ax) = (x=D- (ax)
= X= 2x+ 1 - ayz

x- 34x+ 1 = (x+ 6x+ 1)(y- bx+ 1)

Check : X= Ex+ 1 is irreducible in Q(x]

and < is a root of this so the minimal
IfX-Ex+1 is reducible in Q1X] then it's reducible in

polynomial of ↓ is X-Ex+1 . X(x] as x6x+= (x1)(x))



Eg.:
The minimal poly of a over Q is f(x) = x

*
- 4x+2Q(x]·

= 2+E
(Exercise : f(x) is irreducible in $(x) so it really is the min . poly of a over Q.)

-

The roots of f(x) are x = vs+r
2- 2= E

-x = -E
24- 4x2+ 4 = z

It 4x2 + 2 =0
B=

-

- B = - 12-E

f(x) = x
*
-4x+ 2 = (x- x)(x+ a)(x-p)(x +B)

In this case E= Q() = [a + ba +ca+da : a
,
b

,
c

,
d+Q3 contains all the roots of f(x)

soisnormatension
ofQ = (++


