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Informally ,
a field is a "number system" inwhichwecan add

,
subtract

, multiply ,
and dividea

Eg. Refreal numbers 3 eg .

+ ER
,

& = Grational numbers ? =+ Q
,

7-Q R
,
Q

,
I are fields

C = Scomplex numbers? = Eatbi : abeR3
,

if
5x5 = 3

2 = Sintegers3 = S...,3,
2,0

,
1
,
2

,
3
,
- .. 3 is not a field. It is a ring. solution is - Q.

&[i] = Sa+b : g
,
be Q3 is a field.

eg .
x= 3 + E

, B = 7 - 35 in QuE]

a+B = 10 -2

a- B = -4 + 48

↑B = (3+z)(7-352) = 21-98+7 - 6 = 15 -28

*
Similar : ((X] is the ring of all polynomials in x with coefficients in I

eg. 5x2+ + x + 1 - R(X]
·

This is not a field ;
we cannot divide 5x+3 by =1 in R(x) :.e

. (1)E = 5x+ 3

The unique solution to this division problem is- R(x) = Prational functions in x with coefficients in R3
· E :(, g() -R(x]

, g(x) +03 .

In R

, Q] = Q(2=

Q

-

Like Quiz] : Q1E] ,
QUES

, QUIS ,
QE], ...

If <= 352 = zi3 1/

&(2) = Q(x] = SatbatcliSarbi : ab



= ad" or da



In Q.1c]
,

a=2 :

1

↑a +ba+
ca2 : ab

, - QY 20
= atba Find ab

It <+ c= (a+ba + c)(2+ x- 2) = ca + (a+2b) + (a + b +2) + (b +c
2a - 2b + 2 = 1

= (2a- +2x) + (a+2b -2) + +a+ b+2) ab
,c& a + 2b -2 = 1

-a + b +2 = 1

&/x] is an -dimensional
the

(There are other ways to
solve this... ) &2

Scalars

vectorspaceonaa
,
a

, ...,"
①[d]

,
Q1], ... are examples of (algebraic) number Fields

More generally ,
Q(x] = 590+ 9

.
4 + Anx + - . + a-,

&" : 90
,

9
,

92
,

... an- Q3
IC is a roof of a polynomial of degree n with rational coefficient

x2d has rootsd

X
*
-2 has roots :2

,

wa
,

was wherewei

In Q(E) : (5+ r)(7-352) = 35-152 +FE - 6 = 29-852 = I
Conjugatesto 15-2)(7+3) = 29 + 882 (Fundamental

Theorem
If f(x) -K(x] is a polynomial of degreer ,

then f(x) = a(x-r)(x-r2) ... (X-rn)
of Algebra)where atKlato) : ver.... rut K,



If f(x) + R(x] (f(x) is a poly, in x with real coefficients i
.
e. f(x) = 9+9

,
x +9.x+.. +anY

,
gitR)

x2+ 2 ER(x] has foo complex roots but no real roots.

Every f(x) R(x] of degree
3 has at least one real root.

If f(x) fR(x] has degree 4 then fix factors into quadratic x quadratic
or quadratic x linear x linear

or linear y linear x linear x linear

eg .

y+ 1 = (X + 1)(x + 1)

x
*

+ y+ 1 = (x+ x+ 1)(x-x + 1) = ((+ i+x)(i+ D -x) = (x+ 1 - x2 = y+ 2x+ 1 -y = x
+

+ xi 1

x+bx-1 has two real roots4
2

x
+
+ 1 = (x+ bx+ 1)(x- by +1) = y

+
+ 2-b + 1

,
so b=e

x"+ 1 = (x+ Ex + 1)(x-Ex + 1)
xi+ 1 = (x++ 2x+ 1) - 2x = (x+1- 2x2 = (x+ 1 - (Ex)= (x+x + 1)(x -x + 1)

x*+ 1 is reducible in R(X] but irreducible in QIx]·

There is a nontrivial factorization of x"+ 1 over R but not over Q.

In R(x)
, every irreducible poly ,

has degree + or 2
.
This can be proved using I

0.999999... = 1
,
00000...

The subset QCR can be characterized bythedecimalexpansiona
10x= 9.999999... a EIR is rational iff it has a repeating

5 = 0
.

33333 .... *0999999=
eg .

x = 1
.
362626262 ...

= 1
.
352 is rational

- = 0
.
33333 ... 1000 x =162 . 62626262 - - -

5 = 0.
3333 ...

10a = 13.
62626262-..

= 0
.525000

990x = 1349
- 0

.
5249999...#0

.
99999... =At



2 = E...,
-3

,

-2
,

-
,

0
,

1
,
2

,
3, ...3 = Call integers?

& I * & & I*
24 = 5 ....6

,
4

,
-2

,

0
,
2

,
4

,
6.... 3 CI proper subset

24 = & even integens? N = E23 natural numbers (some authors includea
Y

1221 = 121 = 1Q1 : IN1 < IRI
2= 50,

1
,

11
,

2,2
,

3
,

5, ... 3
There is no ontoone correspondence between IN and R (R is uncountable)

low any countable set
see links on website

i.e . any set whose
elements can be

Some real numbers that are irrational listed in a sequence)
- celementary ; Enlid)
# & Q I harden ; maybe 25 minutes to prove in this class)
eQ (maybe 12 minutes to prove)

He
,

He ? in-We thinkie and he are both2irrational but all we know is :

they can't both be rational.

-+ + y -j-= -
-

-
-z - -

- yun) - ---- -

Most realnumbers are irrational inthe sense that IR is uncountable and Q is countable
,

so
C

Eirrationals? = R-Q = EatR : atQ3 is uncountable .

We think of R as a way of filling in the gaps"
between the rationals.

If 0
.
29999 ... <1 = 1

.
00000 ... thene. midpoint

of this interval is the averageaa

0
.
9999... + 1 29999
-

2



The hyperreal number systemH(or R
*

~ R or ..)
the smallest field has two elements 90

, 13with lintegers mod 2)
We can't have 1+1 = 1 otherwise (1 + 1) - 1 = 1 -1 = 0

/

1 = 1+0 = H+ (1- 1)

This argumentshows that for an addition table in

any Gen entry can be replated in

any ror oona

The next smallest field has three elements This is F "integers mod ?
"

Rename x= 1+ 1 = 2
2 = 90,

1
, 23 .

In the addition table for a field
, every element appears exactly once in each now and column

Similarly for the multiplication table
,

if we ignore the zerorowand colum.

eg.
if***x1= 2 * * = 1

-01B 1 + 1 cannot equal <
o O 00 0 Similarly ......

**x2= 2x * = 1

o & I O IX B Of course It1 F 1.

& B
The field with four elements = 50

,
1

,
2

, 83
BB019 B o X

So by elimination ,

11=0·

+ o + a B mod4 1 + 1 = X
001X B The addition for any field F integerot a field & (A + 1) = x- x
I · ob & gives an abelian gp. (F

,
+ 3

0= x+ x = B
a B O A In the case of

4,
2 .2 = 0 in integers modI

BBC O
this is the Klein 4group. In any finite

field F
,

the

1 + 1 = 0
The nonzero elements of multiplicative group is cyclic

x+a = x(d + 1) = 2.0 = 0 any field
I gives a multiplicative

groupFatF : ath se



There is a unique field of order5
,

the

"integers mod 5" F = 50,
1
,
2

,
3

, 43 ·
# = 51

,
2

,23
,

21

& 1234-,
-

2/2 + ·
80. ..
O 1234

23401 20 24 13

3401 2

244012328 342I

Why can't we have a field Fwith five elements in which the multiplicative group F" is Klein ?

why can't IF1 = 5
,

F = 50
,

1
, 6

, p , 83, = r=,?
Wedderburn's Theorem

saysthemultiplicativegromustbecliiIn the case IF1 = 5
,

IfE=r= 1 then- I would have four roofs 1
,
X

, B,
V.

In the integers mod 8 X-I has four roots : 1
,
3

,
5

,
7.

But the integers mods (4/82] is not a field.

In a field , every nonzero elementto los an inverse d"=I such that dd= 1 lad= 1).

We cannot multiply two nonzers elements and get o (in a field).

If de =0 (d
,

e+o) then
,
Ide =50 = 0

,
a contradiction.

2

He So as atmosttwrotadistinct
roof.

If F is
any field and fix =ax+ a

...
x"+ ... + ax+a

,
X + 90E F(x) = Gall polynomials in x with coefficients 90

,
9....,an i

of degree a (i.e . anto] then I has at mostn roofs in F
. (i. e.

at mostn distinct roots) .



we cando linearalgebra
over any field. .

over F = #g .

S3x3
[i(s) - (d) ~(b) - 12] -1612) which has unique solution (x,y) = 10

,
2).

E = 3 Check : 200 + 3 .2=1
3. 0+ 4.2= 3

2x3 = 1

Alternatively :1]17 = 1st 29 by ": a by , 1339:=]= ]
↑

Multiply on the left by 157 = 13] : 8-9 = - 1 = 4

(j): C /) = (5)() = (i) (same answer as before)-

Eg. #o = 90,
1
,

2, . . ., 00 3 ,
x = 9

, B= 27 gad (101
,
3) = 1

- (x(01 + 34X3 = 1

1013

I 0 101

2+ B
= 36 70

= 9
o 13

x- B
= 83 10 27 I -332

I 83 + 27 = 9 - 34 D 101- 3x27

B = 41
o 1027

9- 27 = 83
= 101 -81 = 20O I

- = = 9x15 = 135= 34
I -3 20

= 34 -147 &B = 9.27 = 243 -202 = 41

In Fol
,

101 0
,

3 - 11 6 Inverse of =27 mad 101

- 150 gad (27, 1017 = 1 = 27r + 101s
, rs -2

15 x 27 = 1.
(extended Enelidean algorithm

-4 x 101 + 15427 = 1

15x27 = 1 mod 101 (in 2)



↑
Field computations in number fields

Similar to HWl #2,3 : Let f(x) = *-2x-3 EQIx] .

Let Ot A be
any

root of FIx)

Consider E = Ea + bo + <02 : a
,
b

,
c Q3 .

Facts (assume this ! ) E is a field . Every element at E is uniquely expressible as n= a +be + <A2
=

a . l + 6 . f+ c f2

i
.e .

E is a 3-dimensional rector space overQ with basis 31 ,
0

, 023.
Choose 2=3

, B=+ # + 1
. Compute 0= f(0) = 83-20-3 = 3= 28+3

x+ B = (f) -3) + (02+A +1) = 202+ 0 -2 84 = 202+ 30

x- B = (023) - (02+0 + 1) = -8 - 4

ap = (f=3) (8+ p +) = =" + 03 - 28- 30 - 3 = (0+() + (20 +y -(27%- = 28

x/B = a+ba+c

x = (a +b + cf2)9
=3 = (a+30 +cfz)(f+ 0 + ) = cf"+ (b+y + (a+b+A + (a+b)p + a

= c(282+307 + 1b+c)(20+3) + (a+b+)f + (a+b)0 + a

= (a+b +3c)p + (a + 3b+54)p + (a+ 3b+3)

a+ b + 3 = 1

C] .../
ie .(

a+ 3b +5 = 0

a + 3b + 3 = -3
To check

, verify that these

* = -3 - 20 + 302 values of a
,
b

,
c satisfy our

Note : These computations are exact and don't rely on any decimal
three linear equations .

approximations.
L

(But decimal approximations are sometimes helpful for
checking your work

.)

Similar to Hil #3 : Find a polynomial m(x)-QIX] having a as a root.



Why must a be a root of some polynomial m(x) + Q(x) of degree 3 ?

We are in a 3-dimensional vector space E over Q with basis 1
,
0

,
02

So any set of
four vectors in E is linearly dependent : 1

,
2

,a E

So x" = linear combination of 1
,
2

,
x2 x = G23 83= 28+3

3
= a + ba + c 84 = 202+ 30

& A5= 283+ 302 = 2/20+3)+302
(E23) = a + b(0=3) + c(023)2

= 302 +48 + 6

8 90"+278-27 = a + b(823) + a(8682+9) 0 = 303+ 402 +60 = 3(20+3) +48
48+ 128+9 -9/287+30) + 2782 - 27 = a + b(f23) + c(28+38 - 682 +97

= 402+ 128 + 9

-18 = a- 3b + 9
= C = -5

A polynomial is monic
-

S b =
-7 if its highest degre term

-15 = 3c
a = 6 has coefficient

13 = b - 42
i.e, the leading coefficient

3
= 6 - 79 - 5xh= & is P

.

=>a+52+ 7x- 6 = 0

m(x) = X* +5x + 7x - 6 is a polynomial of degrees with rational coefficients having ↓ as

a roof.

2m(x) = 2x3 + 10x2+ 14x -12t &[x] also has a as a roof.hasleadingterz,

Any poly of the form h()m(X) - Q(x] has a as a roof . (h(x)-Q())

These are
the only polynomials having a as a roof.

M(x) is the unique monic polynomial in Qx] of degrees having > as a root.



Eg. E las minimal polynomial m(xs = xE2 (the simplest poly , with rational coefficients

m(x)6s E as a roof -> m(x) hasn as a roof since Eand-E are

havingI as a root).
So m(x) has Factors (x-E)

,
(x+ 12) conjugates

is has minimal poly.- 3. So (x-E) (x+E)==2 as a factor.

What is the minimal poly of X= E+- ? (ie . the simplest poly, with rational coefficients having
X as a root (monic of smallest possible degree)

If mix) = ax+bx +c (a
,

b
,<EQ) Las X= E + = as a roof them:ac and this cannot

happen as we will see later in the course.

x = E+5
x= 5 = 25

*= 2+ 3 + 25 = 5+ 25
24-1022+ 25 = 24

<
4 = 25+ 24 + 205 = 49 +20%

24 -102+ 1 = 0

<"- 102= (49 +205) - 10(5+25) = -1

--102+ 1 = 0

Fact : x
*-1002+ 1 is the minimal polynomial of 2 .

Note : a
*-100+ 1 is not theminimal polynomial : it is merely a number.

=

X is not a number. It is an indeterminate. (a symbolic
m(x)= X

*
- 10x2+ 1 is a symbolic expression.

m(x) = a- 10+ 1 = 0 is an actual number .



Another
way to find the

minimal poly , of=+ 5 :

If m(x] -Q(x] las Etis a roof
,

it mustalso have -E ,
-Exis

,
-E-E as roots.

Explanations later !

(x- (E+-))(X- (E-))(X - (-m +5))(X - (E--))

= ((x-E) --)(X-E) +v)((+v)-v)(k+2) + 5)
= ((x-v)- 3)((+E]- 3)

= (x-2Ex-1) (x+2Ex - 17
= ((x2-1) -2x)((x-1) +2Ex) # = 3

.

1415926 ...

= (x2-1- (2x)2
= 3 + totot joo + - - -

= x*2x+ 1 -82

= x* -10x + 1

A number at K isgebraic if fix) = 0 for some nonzero polynomial f(x) + Q(x].

eg. Every rational number is algebraic .

If xe then h is a roof of x-x - Q(X).
i is algebraic since it's a roof of x=2 - Q1x].

....... -x=3 EQ(x]

E+ E ....... - - -x- 10x+ 1 + Q(x)
↑ is not algebraic .

There isnomonteropol in Q) having as a ro
i.e. It is transcendental

e is transcendental (easier !
If x andI are algebraic then so is +B : alsoup , up , tassuming B +O) .

So the set of all algebraic numbers is a field A /blockboard bold A) QCRC K

it / sinceit is a root of X+ 1. Q ACK



The set of all real algebraic numbers is MMA is afield since the intersection of two subfields

of D is always a field.

If &, R1 Ather atB , d-B, xB, -R1A.
(B+0)

↳countable Re
i comitable

there exist transcendental numbers
Theorem e is irrational

.

-

Proof Suppose e is rational
,

so =5 in lowest terms (9,6 positive integers , gad (a
,
b) = 1) .

Then

e = 5= S = 1 + 1 + z + z+ + t + t + - --+ !
+ -

ble = b =Dan bbs)
+...

-

fractions
We'll show this sum is between 0and I.

+)be+...+- in
Contradiction ! I

Geometric Series : 1 + r + r2+ r+...=r
if Irk1

- + r2+ m+ r4+... = E ... Use r= ,



Suppose FCE where F and E are fields. Assuming we are consistent in our definitions

of binary operations ,
we say F is afield of E

,
and E is an extension field of F-

-

Eg .

RCK

# = 50,
1
,23 C Q but in

3 ,
2+ 2 = 1 whereas in Q

,
2+2 + 1.

## subfield .

##3

The set Q2= 3167 : ab
,
c

,dEQ3
"
P

is a ring .
It's not commentative but it has identity I= Co].

The subset S = St] : a
, bea3 < R is a subring

If A:+S and AfO ther A is invertible .
detA= a+52 + 0

. At la]

Although R is noncommutative
,
S is commutative.

Elementso S have the form A= f) = al +W
,

W= G0]
,
W2= :]76] = [i] = - I

(a1+ b()(cI + d() = act + adW + bc( - bdi = (ac-bd)1 + (ad +bc)

(cI +d()(al +b()= (ac-bd)1 + (ad+ba
Actually S = Qi] = Ea +bi : a

,beQ3
S is a field . (a subfield of R) An isomorphism Qli]-S is given by

at bi -> al+bIN
Sal : a + Q3CS is a subfield



Plij = Sa+bi : abeRY = C

R= R*** Sl] : 9
,
b

,
c
,deR3 is a noncommentative ring with identify ; it has a subset

S = 9) : abe RYCR which is a subving which is a field
,
hence a subfield.

Elements [] = E +bW (1-103 ,
W= (95]) can be rewritten as atbi (i=#)

using the isomorphisms - > K
,
(i) Fatbi. 9(xy)= f(x)((y)

·)(x+y) = q(x)+ ((y)
of is bijection

&[i] = [17 : a be Q3
at be to b)
In matrix form

,lyl 3 ] = 12 1]

In numerical form
,

(5+ F2) (1 +32) = 47 +22 "Iw

I
So

,
I

,

W
,W

F = 50
,

1
,

5, 7 = Glob) :abet]be
itsIo

= [a + ba : a
,
be#3 commutative subring

B = 2= x+ 1 with 4 elements

19,b) = al+b 7 #2x1 = 16

W= (ii] (al+ bW)(It du)
w

=

= (ii] (ii) = (ii) = I+
= act + (ad+ b) W +b

w = /: by1; ij = [i] = I = (ac+bd)1 + (ad+bc+bd)i+I



If FCE is a subfieldand extension Field E
,

then E is a vector space over 5.

For a, . -. atE and G
, . . .,F

, 29,
+ 192 + ... + 297E

"vectors" "Scalars"
The degree of the extension is the dimension of thisvector space ,

denoted (E : F]·

Eg. the extension RRC& has degree 2 Since [1
,
:3 is a basis,

(every zxD is uniquely expressible as a linear combination :

a . l + b . i
,

a
,

b <R.

& CQ(E) is also an extension of degree 2 since every ne QIE] is uniquely expressible
as u = a) +bE

,
abQ

,
sol

, 3 is a basis.

a CRCK

[C : 1R] = 2

[IR : Q) = c

(c : Q]=

[K : C] = 1 with basis S 1 3.

IF : F) = 1 with basis 113 : every
element n+E is uniquely expressible as n = u . p

,
u F.

R > Q has infinite degree (dimension) since there is no finite list of real numbers that spans
the

vector space.

QQ]< .... IR

Claim: Qiz)
-Q & 5

,
5,6,
E

,
58

,
No

,
i,

... are irrational using Euclid's arguments
If& then 5 = - ,

ab are positive integers in lowest terms i
.e
. gad(a,b) = 1

.
Then 3 = E so

= 362
.

So a = 30 for some reR
,

so gr= 3b2
,

3r= b
,

b = is for some sel
, gad (a,

b) 33 ,
a contradiction .



Claim : 5 Q
, (E)e .

E = a + biz has no solution with abe Q.

Suppose is = atbre where ab-Q .
Then 3 = a+ 26+ zabre so zabi2 = 3-a-cb2

3-a2242 -Q
,

a contradiction.
-

If ab +0them2 =

zab
If 6 = 0 then 0 = 3-at so a=3

,
a =15 # Q

,
a contradiction.

If a = 0 then 0= 3-262 so 262= 3
,

462= 6
,
2b = #Q

,
a contradiction. It

So 1
,
V

,
5 E are linearly independent over Q.

· I Fo

· scalarmultiple of 1
.

(v2Q by Enclid 5= 25

· linear combination of 1
,
E. (proved above)

1
,
E

,
5

,
55

,
E

,

T
,
T

,
F7

,
Th

,
res,

,
... are linearly independent.

IR : Q] = 0 (in fact uncountable)




