
Field Theory
Book 2



Claim : 5 Q
, (E)e .

E = a + biz has no solution with abe Q.

Suppose is = atbre where ab-Q .
Then 3 = a+ 26+ zabre so zabi2 = 3-a-cb2

If ab0then2= Q
,

a contradiction

If 6 = 0 then 0 = 3-at so a=3
,

a =15 # Q
,

a contradiction.

If a = 0 then 0= 3-262 so 262= 3
,

462= 6
,
2b = #Q

,
a contradiction. It

So 1
,
V

,
5 E are linearly independent over Q.

· I Fo

· scalarmultiple of 1
.

(v2Q by Enclid 5= 25

· linear combination of 1
,
E. (proved above)

1
,
E

,
5

,
55

,
E

,

T
,
T

,
F7

,
Th

,
res,

,
... are linearly independent.

IR : Q] = 0 (in fact uncountable)

Also 1
,
+

,
D

,
#, ...

are linearly independent over Q
.
(since is is transcendental).

An extension EIF isLite if (E : F] <*, i.e. (E: F] = n is a positive integer.
eg. KIR is a quadratic extension ,

hence finite
.
[K : R] = 2.

A finiteextension ofQi.e .
EXQ with (E:Q] = n

,

a positive integer ,
is called amuer Fed

(or algebraic number Field). Here every element at E is algebraic over Q
. Why ?

↑, a
,
2, ...,"are n+1 vestors in an n-dimensional vector space EIQ so this list is linearly
dependentforStQ ,

not all zer
,

ie x is a rootoa



# f(x) = go + a
,
X + 92x+ - .. + anX"

..then the deee of fix, denoted degtv) ,
is the largest &

such that an to .

deg (3x2+ 5x +7) = 2

deg (0x+ 5x + 7) = deg (5x+7) = 1

deg (7) = deg (7x = 0

deg 0 is sometimes left undefined (no 0) or deg 0 = -*.

dog (3x+ 5x+7)(X- 4x- 11)] = deg (3x5+ ... - 77) = 5

deg (f(x)g(x)) = deg F(x) + deg g(x) -

If g(x) = v3-4x-11 then Og(x) = 0

de (o)=dego
deg 0 + deg g(x) = deg 0 + 3

.

dego = (deg0)+ 3.
There is no integen value for dego that satisfies this
(We don't choose+o ; we choose-o

. )

Let & K
. Ifa is the roof of same nonzero poly . FER(X)

,
(ie .

+(x) =of then a is lgebraic
of dereen where n is the smallest degree of any such polynomial fix) . In this case

,
the

smallest degree monic polynomial having< as a roof is the minimal polynomial ata love Q).

eg. M is algebraic of degree 2 with min . poly .
=-14 EQ(x)·

Look at powers 1
,
x

,
x-3... x= v = 1

,
4 (in . indep.

a E ++ is algebraic of degree with min
. poly. Lidep D root of

anysmalles degree poly. with rational coefficients ?



wherth onoff,gamepolynomial
no contrivial factorization over [(x).

If x10x+ 1 = f(x)g(), Fix,g()tR(x] ,
neither f(x) norg() is constantthem either

(i) deg f(x) = 1
, dog g(x) = 3 ; or

(iin degf(x) = degg(x) = 2
.

(The carelegf(x)= 3
, degg(x-1 is essentially case (i))

In both cases we obtain a contradiction.

In case (i)
,
x110x+ 1 = (x+a) (*+by+ ex +d) ,

ad= 1
,

a =d= 1 .

In this case m(x) has # as a root but m(1 = - 8 = m + 1)
,

a contradiction.

In case (ii)
,

m(x) = x P-10x+ 1 = (x+ ax +b)(xax + c)
,

a
,
b

,
-2 (since there is no 43 from

on the left).
Once again ,

bc= 1 so b = c= 1
.
Now

m(x) = x*- 10x+ 1 = (x + aXt1)(x2- ax = 17
. Comparing i terms on both sides,

- 10 = 12-a i.e . a 1012 = 8 or 12.

This is a final contradiction so m(x) = x
*-10x1 is irreducible in [Cx] and in Q(x].

Note : x*+ X+ 1 is reducible in [x] as well as in &x] : it factors montrivially as

x
*

+ x + 1 = (y + x + 1)(x x + 1) .

This polynomiallas no roots in I or in Q or in R .

XP-10x+ 1 is irreducible in XIX] and in Q(x] but reducible in MIX]
. Every polynomial of degree 3

in R[X] is reducible.
*10x+ 1 = x

*
+ 2x+ 1 - 8x = (+ 12- (Ex)" = (x+ 1 + 2Ex)(X+ 1 - 2Ex)

The polynomial x-7 is irreducible in [Ix] and in Q.1x] and in R(x]
.

It has a roof 7 -X

#orem : If f(x) t[(x] is monic
,
then f(x) is reducible in QIx] if f(x) is reducible in [x]

. Assual thisand
a



For F(x-Q, [x] of degree 2 or 3
, fix) is reducible in Qu] iff it has a roof in Q.

This is not true for degfix) 4

Eg .
f(x) = X

*
+ x*+ I has no roofs in Q but it is reducible in Q(x)

eg. X-2 is irreducible in Q1x] since it las no roots in $
.

You need to master this point !

X-2 has no rational roots : it has one real root 23*Q essentially by Euclid's argument.

y
= X-2 If x = 2SED

,
82

,
write x=* with ab positive integers in lowestterms

(gad(a,
b)= 1) then 2 so2 is even so a is even

- :.e . C = 2r for some positive integer r,

So 8= 263 and 63= 4r" is

even so b is even i.e
.

b = es for some st2 .

This contradicts

gad (a,
b) = 1 .

Now if x2-z is reducible in Q1x] then Y-2 = (x+ a) (x+ bx+c)
, a

,
b

,
c Q

but them-atQ is a root
,

contradiction.

For fitF(x] where E is a Field (f(x) is a polynomial in x with coefficients in the field F

and re F
,

we have : linear factor i.e. factor of degree 1.

~ is a root of FIN iff X-r is a factorof
i
.

e. f(r) = 0
..

i.e, f(x) = (x-r)q(x) , g(x) - F(x)
i
.

.e

. ↓ is a zero" of fix)

In one direction this "iff" statement is obvious : if f(x) = (x-r)g(x) then f(r)=gir) = 0.

what about the converse ? By the Division Algorithm, f(x) = q((X-r)+ alx) , degadea
If w is a rootof f(x) ther fir= 0 = girlfri +a g()(X-+) g(x) = a = constant



We require the Division Algorithm for this.

Review the Division Algorithm for integers I :

Let n
,
de2 with 1

. (OK for d negative but we cannot use d= 0
. ) In general d won't divide ~

evenly ; there is a remainder-
d = "divisor"

tem There exist unique quet such that n = gd + r
,

or < d.
q

= "Quotient"
Eg .

n= 65
,
d = 7

,

65= 9 .7 +z 7765 F r = - remainder"

65= 8. 7 + 2

91 = (3. 7 + 0 ↳
quotient remainder 7191 .

d divides (d/n)* is a multiple of d
, nigdfol is.

wo.

Similarly in FIx] , Fany field . eg .
Q(x]

,
R(x]

,
...

not R(x].

Theorem (Division Algorithm for polynomials) Let E be
any field

and let f(x)
,
dixitF(x]

-

where deg d(x) - 1
.

Then there exist unique q(), rix)E F(x) such that

f(x) =q(x)d(x) + r(x)
, degr(x) < degd(x) .

Eg .

F = Q
,

f(x) = Y-2x-3
,
d(x) = y+ x+ 1

. +f(x) = Y-2x-3 = (X- 1)(y2+ x+ 1) + (2x-2)



x+ x+ 1 = ( -Ex)(-2x-2) + 24)

The Division Algorith leads to Enlidi Algorithm (orE
,
F,+

not [[x]

gad (100
, 27) = 1 = a . 100 + b. 27 for some a, be 2

100 = 3427 + 19 Shorthand
27 = 1x1+ 8

3 = (x2 +D- gad(100, 27) = 1 = 3 -2
1-319

192 Last nonzero remainden S ↳2 = 10x100- 37x27 .

2 = 2x1 + 0

= 3- (8-2x3) -148
= 3x3 - 8

3 -13
= 3x(19-2x8) - S 2

= 3x19 - 7xgContinueMonday = 3x19 - 7x(27- 19)

-

T
= 10x19 - 7x27 god(100

,
27)= 1

= 10x(100-3x27) - 37x27
= 10x100 - 37427

Enclid's Algorithm uses repeated
~ -I

application of the Division Algorithm.
The last nonzero remainder is the god.



The god of two polynomials is the largest monic polynomial dividing both of them.

Given f(x)
, g(x) < F(x] (Fany field) , f(x)

,g(x) not both zero,

d(x) = g(d(f(x), g(x)) is the largest monic polynomial such that dix(f) , dix)/g(x)·
We compute dix) using Euclid's Algorithm and it finds al

, b(-F(x] such that

d(x) = a(x)f(x) + b(x)g(x) .

Eg .
f(x) = Xi- 2x-3

g(x)= X+ x+ 1

gad (f(x) , gx)) = 1 = (EX (f(x) + (-Ex+Ex+ 1)g(x)(x)
f(x) = (x- 1)g(x) + (2x-2)

g(x) =(X)(2x2) + 2 1, 1 = g(x) +(2x)(2x-2)

-(x2 = (2x-2)(1) + 0 = g(x) +Ex))f(x) - (x-ig(x)
) f() + (1 - =x+ Ex)g(x)= (X

Check : (Ex)(x3-2x-3) + 1-x+Ex+T(x+ x+ 1) = 1

* terms : - It + * - 2 = 0 Alternatively f(x) =Y- 2x-3 g(x)=y+x+ 1

x terms : - - + 2 + 1 = 0
D I 8 3 -2x-3

② O I X+ x+ 1
constant :1

③ :D-A I -X+ 1 -2x-2

Recall : we considered # =@+X -Ex+ Ex + 1 I

the field Q(0) = Ea+bo+cE : ab ,ceQ3 1 root of fix

wecomentedSp, we =03 ,B+-o
* * O

-"-I+ Ef+ 1a



E = Q(E ,
v5] = Sa +b +c5+do : a

,
b

,
c

,
de Q3 Q(x]

,
Q(x,y]

CE : Q] = 4 with basis [1
,
E,, No3 Q(x] -> QUE) <R

E has subfields &
,

E
, Q[E]

,
Q5]

,
Q(TO] I ↓

f(x) -> F(v)
These are the only subfields (which is not quite obvious Evaluation maps are homomorphismsE

D

%
G G Klein four-group f(x)+ g(x)m f(E) + g(v)

QE] Q Q(O) ↳Gina -F7 f(xigly) m f(z)g(i)
/ Q(x,y] -Q1E,) < R
Q VH= R f(x,y) - Fir

,
is]

(E : QCE]] = 2 with basis 31
,55) homomorphism

Every at E i.e. x= at bi+c +do

can be uniquely written as Given a tower" of fields E =KIF we have

(E : F] = (E : K]CkiF] ·
<= (a_b2)1 + (d)

s dis
eg . (07 = /K

:RICR-

⑳

[E : El = 1 with basis [13 ·

Every atE can be uniquely expressed as

x = ( 2)1

Note : (E : @] = (E : Q(s] (QE) : Q1
.

4 2 + 2



Given a tower" of fields E =KIF we have
E= QUE

,
E] cannot contain -2

(E : F] = (E : K]CkiF] ·
If it did

,
we we

would have

eg . [Q7 = [R]CRQ E2Q(] IQ
⑳ 2 ①

If (k : F] =
m and (E : K] = n then we have [E : Q] = CE:(a]](Q(x) : Q]

a basis 90110.,Xm3 we can choose a basis for k over F
4 ? 3

so everyx-K can be uniquely written as

contradiction.
X = <x+ Exe +...+ EXm

,
4

:
"int F

.

EveryeE can be written uniquely as

B = b
, p ,

+ bapat... + base , be k

Es, ---
, Bu 3 basis for E over K

.

b =

gijd, + Anjut
...

Anjan , ajtF
=

Sijx ;

&j
Note : 3 QUE, F) .

& IE) > G is an extension of degree 3.

Denoting x = 32 = 2"3 we have Q(xT = Ga + ba +c : a
,
b

,
c - Q3 ·

31
,

9
,
223 is a basis for Q1] Over Q. C has min . poly - X-2.



which regular n-gons are constructible using straightedge and compass?c straightedge and compass if n is

n = 3
,

8
,

10
,

4
,

17
,

5

, ..

A regular ryon is constructible using

a power of 2 times a product of

# AdistinctFermatprimeatime number that is

one bigger than a power of 2 i.e.

2+ 1m= zk

We will prove that a regular 9-gou is not constructible using straightedge and compose.

↓F
=2 (22(k= 22

I Ez= 23+ 1 = 4294967297
i

2 17

3 257

I 65537

5 not prime

Are there any other Fermat primes ? Unknown.

we suspectaory !



Compare : For whicha can we construct the roofs of apoly . AI of degree a using field operations

+, -

,
X-

and wh roots

Answer : n 4 only· Galois theory shows this
, relying on facts about thegroup S-

which is not solvable for n >5.

Compare : &xedx = Le
*

+ C
.

Sxretcy can be written in elementary form its n is odd.

Sedynot be found in "elementary form"

Feldtheusedto prove impossibility of certain tasks eg.
· constructing a regular nonago 19-gon) , trisecting angle,

etc
. using straightedge and compass ;

· "Finding" roots of a typical poly, f(x) of degree > 5 using only +o -

,
X

,+,
nth roots

· finding Jedy in "elementary form"
Field theory also provides the tools/techniques/algorithms neadedto constructively solve certain

problems of these types eg.

· constructregulargos when expressible using + -

,
X

,+ it roots

· expressing antiderivates
in elementary form when possible

Jedy = jedt + c



ab means all's or lab)
(aby = ab = (a)

Fr is the limit of a sequence I,
E

,Rr .

- 2.
The sequence a

,
an

, 92
,

94,
.. where a=E; Ant=

n

Compare:=1t
"The limit of the sequence

1,+ ,·F
"
H

i.e, So
,

b
, be

,

be
,

...
where b = 1 ;

but
:

" Itt
i

.

e
.

1
,

2, 5,

x = 1 + 5
2 =

2+ 1

22- x- 1 = 0

2 is a roof of XIX-1 so <= E
Since430

,
x :~ 1

.
618 (folder Ratio)

Use similar reasoning in #3
,

4.



Q ACK

y "algebraic complasrational
numbers numbers

can you
find irrational numbers ab such that at is rational ?

Do there exist irrational ab > o (positive real) such that a"is rational ?

..... abso .... such that atb is national ? E + (F) = 7

& -
------

----
ab is rational? eg.

. E = 2
.

or E. = 1

Is * rational or irrational ?

If EF@ then take a 2 and bir,

IfF then take a : EF and br
, giving ab-EgE =

"
= 2Q.

Theorem There do exist ab positive real irrational numbers such thata is rational.
-

This is a nonconstructive proof.

Compare : the existence of transcendental numbers has an easy nonconstructive proof.
Lionville's constant [tr = 0

,
110001000000000000000001000 ....

n = 1

This was the first known explicit transcendental number.



*S
You cannot triset68 angle --------

I

Our argument will show that mostangles cannot be friserted using·X straightedge and compass.
But some can

, eg . 90° angles.

DeMoure's Formula Isee review" on complex numbers linked on

the course website]

&
it

: cost + i sint for all Be K
if- When PER

,
cip = lost

,
sinf) -

n= 6 parametrizesthenit.
n = 4 ge

i

G
3 =e is an algebraic number : 3"(yzge =

it is a roof of x-1 = (x-1)(x-3)(x-g3) ... (x-g
"

7
: = 94

(gky = (gny = 1=
The n vertices of the regular n-gou are the nt roots of unity

·

zn-

in K
,

90
,
9

,3., &3 is a multiplicative cyclic group goggith

Adevemi this grougenerates a subgroup .
Ifgenerate the wholeexponent moda



Eg .
for n = 9

,

the 9th roots of unity form a cyclic group <5) = 51
,
5

, 92 -... 933
,

97,

where g=e*. (g) = 51
,

93
, 993

There are six primitive 9th roofs of unity : 3
, 3294, g597,

98
. (every 9th roof which is not

a cube roof of 1)
The 9 ninth roots of unity are the roots of

x-1 = (x-1(x
*
+ x7+ x4+... + x + 1)

= (x- 1)(x*+ y+ 1) = (x-D(x+ x + 1)(x+ y + 1) (irreducible factors in Q(x])

root: ots : S
*

roofs : 3
,

92
,
94

, 95 y7g8
the It rootof

(the primitive cube (the primitive 9th rootswitly roots of unity ( of unity)The 9th rootofmiladdupo &(9) = 6

The minimal poly of 9 (overQ) is x*+ x+ 1.

zosisin algebraic of degree 6

X

a = 2 cos = y + E = G+9 G+5 iis algebraic of degree
c = 3 + 5

+

! + 93+ 3= 0 = y- y= -1

a = (5 + g"((3 + 9) = g+ 2 + g2 g3 -3= -1

a = (5 +9) = 97+ 39 + 39" + 53 (a+b)3= a+ 39b + 3ab"+ 63

23-3x+ 1 = 0

=- 1 + 3x
The min

, poly of a is X-3x + 1
.

Now you can do Hi #5.



Straightedge & Compass Constructions Given a line segment , multiply its length by
Beingan age any rational number.

rhombus (parallelogram
with sides of equal ·largelength(

*Dopingpersedicular t
#
Ringa perpendicular

Correcting
=

setingSegment
B

~ elineSegment
ia

a·g Cordivid
Given points AtB,

Find (construct)

points C,D Online AB such that

AC
,

CD
,
DB all have the same

leugten .



Can we multiply the lengths of two line segments ?

,
Given live segments of length a

,
b

,
can we construct a line segment of length

als ?

·
First specify a unit length:o
Now :

bet
Draw any angle (not 0 or 180%

-
+ a+ ab-

We can also dividea

i



Can we find a line segment of lengtha , given line segments of length 1 and a ?

·
-

· Bisect this line

-

C

a+ 1
.

The center is at a point
we'll call 0.

Construct the semicircle centered at*
sagment of length

O of radius equal to the distance

shown
.

*Ac
,
Al,a

-= y= a = y
=5



What can be constructed using straightedge and compass only ?
Every step in a construction consists of :

·

Given topreinsmetho· Given two ....

circle or any are thereof.
· Given any two previously

constructed lines ,
we can take their intersection point as a new

pointin
the constructionSimilarlywe intersttocirclesorarasthereaconstructed circle/a

without loss of generality ,
we start with a

Mon Now 10 : Test 50 min in class. given line segment whose length we call I.

2- Any point in Q: Sky) : +y

- is then constructible QS1 c

I I- We continue constructing,- I

T

obtaining new points and
*

lines and circles· All points
t in this construction will

have coordinates in an

extension EIQ with [E:Q]
= 2 (n30) as we will prove,



At the start
,
all points in our construction are in Q2.

Let En be the field generated by all coordinates of points up to step h.

Eo = Q
.

By induction we have (EW : Eh) = love - [En : Q] + 91, 2,
4

,

8
,

-

% 23.
We only need to consider a step which produces new points.

If in stepk we are intersecting two lines through previously constructed points

·new win t
y= mx+b
-f => El+= El ,

m=
If in stepk we are intersecting a previous line with a previous

be fr :

circle the new points (x,g) will have coordinate in EK
+,I

where [Er+,: En] = 1 or 2.

=i&(,y1)

be Ek



If in step we are intersecting two previous circles
Xi

,
X2

, Y1, Yu,r EER

#O
·it

Es &x- 2xx+ xi +y zy,y +y = r
x- 2x

,
x + x2 +y2-zyzy +y = m

= x- 2 x x+ Xp + y
=

<y,y +y, = r
,

2

S 2(x+
- x2)x + x-xi + z(y,yay + y y? = vrP




