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mult table for a Kleinora
I Inoncyclic group of order 4) .
this cannot be a subgroup in the multiplicative
group of any field # for the following reason :

It has four solutions of y= : [roots of1)
Wedderburn's Theorem : If F is any field (finite or infinite, them any subgroupof F (the multiplicative group ofnonzers elements) is cyclic

[
If F= Eg ,

then F" is dy of order q
The nth roofs of unity in 1 Form a eglic group of order n.



An extension FCQ (ie
.

a field of characteristic zero) can be a finite extension

or an infinite extension i.e.

· n = (FiQ] <D: F is a finite extension of $ (i.e . an extension of finite

degreen) .

These are number fields, also called algebraic number Fields,
In this case I is a "simple" extension F = Q(x) = 500 + 9

,
4+ and+... + a.,

&" :

9 Q3
eg. F

= Q(E
,
] = [a+ biz +c + die: a

,
b

, cdQ3
so 91 ,

E
,
55

, 53 is abasis for F over Q and (F : Q) : 4
nadratic :

la quartic extension of Q) Ecubic :
degree

3

"Almost" any
element c F quartic : .. 4

-

F as a field: EQ() quintic : ---5

generals
#) <= E+5 then a has min, poly · X

*
-10*+1

X =E +5
*= 2 + 3 +25

F
= 5+2

=- 5 = 25
/1) All five subfields of F.

*105+ 25 = 24

Qic] Qis) Q) -12+ 1 = 0

-1
⑨ If n F : Q1 < * then I has only finitely many subfields
F and all have degree dividinga

n =Ci : CF:( :Q = ( :Q) divides e



Every element It t (if n =/F : Q) <c)

is algebraic over Q

why ? If deF
,
[FiQ] = n

,
then 1

, 9,
03..., a

"

are linearly dependent over Q.

=> at ax+ gen ... +9 = 0 for some 90
,

9
,,..;

9
.

tQ not all zero.

= a is algebraic
More than this,

I is algebraic of degree dividing n.

F2Q()2Q -> n=FiQ] = [F : Q(]) (Q(] : Q)
-

: degree ofc over ⑪

: degree of the min , poly.
· (F : Q] = no eg .

R
,

K, ... of a over Q

Let keR or K and consider the field Q17 geneed by 2
. This is the smallest

extension of Q containing . If X is algebraic ,
this gives a finite extension

&()
,

n = 1Q( : Q] < S
.

Let's take is which is known to be transcendental. &(P) is the

subfield of R containing. Q (QCR.

The subring QID] < R generated by is using addition
,
subtraction

,
and mutlip-

lication only , is the subring
& (+] = Ea+ a.H + auth + - .. + am : 90

,

9
..., ant Q

,
no]

eg.-+1+ 105D-t QTD] ·

It's not a field : +Q,EQ(D)



If I 90+ 9
,
+ + ap+... + at For some n

,
and 9

,

9
, ..., 9 Q then

9p
** '

+ ant"+ ... + at+ a,
x + at - 1 = 0

.

Contradiction
.

To extend the ring QC) to a field
,

we divide elements of QTD] inside M :

q() =3 : FM
, g(EQ() , g(x) +09

This is a field . It's a subfield
.

It's generated by a under+
,

-

,
X,

So it is the smallest subfield containing p.

D
subfields of R :

&XIIXsubfieldsall number fields containing I⑮extensionsof i VI/S/
①(e)at

Q



About notation : F(x) = the ring of all polynomials in 'rbol/indeleminatefficient in

F(x) = the field of all rational functions in x with efficients in F.

= S : gHF( , gy) +03 .

F(x) is the field of quotients of F(x).

a .............

Q(ie] = [f(E) : f(x -Q(S #) f(x] = =x+x 4x+ + Q(x)

= Ea + be : a
,
be Q3 ·

then f(te)= Est - 4E+

& (v) = < : ave Q(i) , vo3 = QE] = +2-4 +1
2

(This Fing QIve) is already a field) = -Et

&() > &[*]. Let LEK
.

Then Q() = QI] iff a is algebrain
ring whicaeld

ESQ with [E : QJ=?
therearequadraticextensionofRSmst is uniquely expressible as

a + b &Ea+bt for some a b Q
,

i.e. Ab -a = 0
.

=-where S = 1749 - Q. Now E = Q(0) = @[I]



eg .
80+e-3 =0=8
&] = Q = Q(e] & (E) = Q(GE) = QE)

Above : a quadratic extension ESQ,
LE :Q] ·

If x E-Q Then Q(] = E.

EIQQ 2 = (EiQ] =

/
=

Q10] = QUET where A is any root of E-Ex3.

All the quadratic extensions of Q are
=2 =Q(]= Q(i)

---
Q

,
QE3]

,
Q

,
Q

,

QUE]
,
QUES

,
QUES

,
Q5]

,
QUE]

,
QO]

,
QI],,...

No two fields in this list are the same
.
In fact

,
no two of them are isomorphic.

If w is a roof of+ x+ 1 then wil and so w is a cube root of unity.

↳ x21=+ 1) [Q :-
- - So it's in our list

Toots ; roots : about ... which one is it?: 1
,

co
,
wh P

w
,

w
?

&(w] = Q(53] Same field !

ga (primitivevan

XIX+ I has roofs= w
,

wh
root of b)

wet = 2w+ 1



Clarify what we mean by : the same field.

If K
,
K'C are two subfields then one of three things can happen :

· k=k

or o KIK' but KEK' Lisomorphic
or . K * K' (not isomorphic).

Eg . Q(W] = Q(ET (two subfields of 4 that are actually equal).
& (E] Q15]

.

The field QiE] has roots of -2 but Q1E] has no roots of

x2 (E2 is reducible in one field but irreducible
in the other)

Au isomorphism
between two fields & : K->K' is a bijection such that p(x+p) = f(x)+ +(p)

thism 6 :K-K', we must have(0) = o.

andp(as) = p() of(p)For
any isomor forall 2

,BEK .

Proof : p(0) = plo+a = of (0) + p10· Subtract #10) from both sides toget $10= 0.

Next : show-= Proof :&(1) = %(1 .1) = $(1)) where el to .
Since of is

& inK" bijective .

Multiply both sides by PC" so =pas = op.
2= 1 + 1

&(2) = p(1+ 1) = q() +q() = 1+ 1 = 2
.. f(a) = " for every positive integer

n = 1+ 1 + ... + 1
3= 1 + 1 + 1 = 2+ 1

-

q(3) = q(2+ 1) = p(2)+ q() = 2+ 1 = 3 pal= a for all a-Q. ~ terms



chark = chark'

If chark = o then the prime subfield of K is Q
.
Same for I:

In this case KIQ and K'2Q and offa)-a for all a - Q

Suppose of : QIE]-> Q15T is an isomorphism . Then2) = a +bis,

ThenPie) = (a+bis)
2

(a+6555= 2

a
,
b + Q

.

Y

(i)(5z) a+ 342+2ab5 = 2
If abto then$(z)

(2) = 2 Zab = 2-35 2 -a3625= Q

contradicting Evilid's
proof.

If b= 0 then

T If a= 0 then

a=2

a =Ive EQ
contradiction

362= 2

962= 6

(3652= 6

v= 13b +Q
contradiction

by Euclid



third possibility :KK'E subfields

K+ K' but KEK'

To give an example we need an extension of degree - 3.
m(x) = X-2 - Q(x] is irreducible.

nth roots of any nonzero complex number form vertices of a regular n-gou in I

"3
m(x) has roofs X= 2 (the unique real root)

10
,
02 are the three cube roots of unity
x 1 = (x-1)(x-w)(X-w2) w = e

w
,
we are the two primitivecube roofs of 1.·

(w)"= 9363 = 2. 1 = 2

exil

3a = 3 theox
(w2=w = 2 . 1 = 2 .

m(x) = y=z = (x-x)(x -xa)(x-xwt)



Q (x] = [a +b +c : ab ,
c +Q3 . CR

[Q(x] : 0.] = 3. with 1
,
2

,

%2 as basis.

& (9] = (a + ba + c : ab
,-Q3 < &

L#R

[Q(x] : Q] = 3
.

with basis 1
,
42

,
x?

& (x]=()

& (x) = Q10)3 Not equal ,
because Q1]CR but

Q(2) & I .

But Q(x] = Q(x2]
The isomorphism & : Q(x]-> Q(x2] is

↑ (a +ba, + <2) = a +ba + c



eg.
in $()

,
(1+2+ 2) (3-1) = 3 + 29 +5 - 2x = + + 2x +5x2

in Q(xe]
,

(1 +*+ 2x22)(3-42) = - 1 + 292 + 52

The three roofs of m(x = x-2 = (X- x1) (x-x2)(x- 13) = (x-x)(x- aw)(x- xw))

has three roots that are completely interchangeable.

&= Fall permutations of 1
,
2

, 33 ,
1Ss) = 3 ! = 6

.

<

S E symetry group of an equilateral triangle
·

In QCE]
,

we have an isomorphism : QE]->Q)

An automorphism of a field is t )(a+b) = a-bie
-

au isomorphismfrom the field is am isomorphism.
to itself. i

.

e
. Iisdjectiveen)p(The automorphisms ofQ formadi putv= put

for al,!



1-2 has three complex roots <
,, 42

·
%3 ·

Are <1
,

42
, % linearly dependentor not over Q ?

22
<

,
+& + Xz = 0 = X

,,
42

,
3 are linearly dependent

· over$

, You can't have three lin . indep,
vectors in Koven IR

g
because (C : R] = 2.

93 4 X2
,

Ez lie in an extension E= Q4,
,

02
,
%]

If mix) = x3+ by +c
,

b
,
2 * @ then the roots of mk] in I are linearly dependent ,

over Q

= (x-x. )(x-xn)(x-X) ,
some M , 42

, Xg+ & not necessarily distinct.
- x

*
- (x,+ %

2
+x)x + (x, 42 + C

, %3 + 124)x - 9, %243

# (4
+ %2 + G = 0

4, 42 +x, 03 + 4243=b

X, XzXz = - C



Eg .

E= Q(
,1) has four automorphisms 5

,
t

,
ot

- Entbretdrei a
,
b

,
c

,
de, 3 Every field has at

CE : Q] = 4 since 1
,
E

,
B

,
t is a

basis least one automorphism
↓ (a +bi + c +dit) = a+ bie +as +dis 1(x) = < For all a

~ (a+bi2 + citde) = a - bi + c5 - dit (vi) = -(E) = +(E) (v)

-> (a + bre + cus+ dis) = a+ bi- c5-dit = (v)(v) = -1

x(55)= +(ve)+(i)
of (a+bitcs+d) = a-bie-cis + dis =(5) = -5

These are the only automorphisms of E 5t(5)= +(e) otlis)

O(O) o(07 +/e) of (b)
--

E IEit 1 :]e.I I 11

E ⑤ -EE

· OT= T5

inis -toto T
L T T Klein o

+ + OT L o four.group
of lot e o L



If EXQ is an extension of degree n = /E :Q) < - (number field
then E has at most n automorphisms .

henn = 2
,
then E has exactly 2 automorphisms.

Consider E =Q
,] = Q(X] where x = 12 ++

.

a has min , poly ·

m(x) = X- 10x+ + overQ

= (x-a)(x +x)(x-B)(x +B) B= E-53

Roots of m(x) : x = Fe+

B = E-B
- B=+5

- x =--5

Suppose of is any automorphism of E . Then play = a forall a-Q.

m(p(x)) = f(x)"- 100( + 1 = q(c- 10x+ 1) = p(0) = 0

=> (x) + 3 x,
-x

, B , -33 .

= 6 = 1
,

07
,

+
,

0 respectively
since to is determined by its action on a basis.



As above E = Q(,B) ,
x = Exts

, B =- containing &K+) =v and-) =i

I & CE
,
]

.

subfields of E " G= (0
,
+) = 31

,
0
, +, 0+3

E = Q(x)< I I----1- (t)= 54 +3 (0xy = Er
,
+3TQ] Q15] Q[5]- I -

⑰
S--- 11 < 13

·



G = Art E = 5 automorphisms of the field EY is a group .

If [E : Q] = n then 161 n.

What is AutQ ? AAR ? Aut I ?

If o : Q-> Q is an isomorphism (i.e . an automorphism of Q) then $(a) : a forall at Q as

explained before
,

i

.

.
e. ! = c = identity function . Aut @ = 513

If %: K-+ K is an automorphism then fo = 1 or + or ... Galis correspondence

+ (z) = = where flatbil = a-bi for all abe
((z) = z

z ,
zek

- --> is bijective Since += + i
.
e . += 1 +(z)] = E = z

+ (z+ z) = z+ z = E + z = +(z)++(z)

T(zz') = +(z)+(z)
= z subgroupsood

1. +- Aut K Are there other automorphisms? subfields
-

Fact : If EIQ is a number field i
.
e. n= LE : Q] < O then E las at mosta automorphisms.

why? lates ... >
of E .

If EXQ
,
LE :Q] = n with exactly n automorphisms (the maximum number) them the extension

EXQ is called Elis .

In this case there is a one-toone correspondence be



Eg. E
= Q(X] where a is a roof of f(x) = x-3x+ 1. E = Ga + bx+c : a

,
b

,-Q)
f(x) is irreducible in Q(X]. = (x-a)(X-B)(X- V) +, x,

22 is a basis for E
over Q

/E : Q] = 3
.

2-3+ 1=0 = N= 3x- 1

We will show thatE has I automorphism. #N 24 = 32- a

G= AutE = 51
,

0
, 03 ,

o= 1 a= 32-x2 = 3(3x-1)-2
G is cyclic of order 3. =-+ 9x-3

We'll see that B=5-2 is also a roof of f(x) . B-Q(x) Since B= d=2
24 = - 2+95- 39

= - (3x-D +92-3x

f(p) = p3-3 + 1 q(x][Q(0](Q(B)[Q(x) since V= B22 = 922- 6x + 1
= (x2 2)3- 3(x=2) + 1

=> Q(x] = Q&) = &[V]
,

Since=2

Alternatively
= (x- 6x*+12x2-8)+(327 67 + 1 24= (23)= (34-72
= 24 - 644 + 92 - 1 = 95- 64+ 1

= (a(-(x+A -63-x) + 9/-y V= =z = (x]2)-z

= 24x2+ 4-2
= 0

= 2 4x2+ 2

But can B=x (same roof? ? We must have By a = (3x2x)-4x2+2

Sinc 1, X
,
x" are lin

. indep. =-- x + 2

Cor : if x= B=2 them n-x-2 =0
,

a contradiction S = v2z
-

since the minimal poly of 2
.) = ( -xc+2) - 2 =x+ 4 + 2x3

-4x2-4X-2
= 24+ 24-35- 4x + 2

Note that U= B22 must also bearootoff as befora
= (3xx + 2(3xx)) -5)- 44 + 2

Also Sty22 is also a root.
&



In the example above
,
E = QK) = Q(BJ = QIV) has exactly three automorphisms.

G = AutE = 51
,

0
, 023

,
0 : drep-pra . (cycle) like (1 ,

2
,
37ES

..

Given n = a +bs +-E
,

a
,
b , c Q

,
vlu) = o (a +ba+c)=al+bon, a-2

= a+ b + ep =bok) = <B2(a) = a + bu + ay2
= b

=(a) = u
,

83= 1

ExQ is a Galois extension with 161 = 3 = /E : Q]
·

Galois correspondence between subfields of E and subgroups of 6 :

E= Q(x)&
2 = So = 31

,
0
,
023

a= si

where does the map areas core from ? Look at Q133
,
I is a primitive 9th root

of unity. In I
,
the roofs ofi are 1, , 6

,
%08.IS &

&/)↓,39 imprimitive 9th roots of 1
. - A

·
S

m um Six primitive ath roots of1
. 3%-

minpoly , primitive cube roofs roofs of y+ x3 + 1

X- 1 ↑+ X+ 1 -

- - S
-1= ( 332

,
94,95

,
g

95

g5 gz
rest!

·

S




