
Fields

Book 2

Math 4520



Polynomials over E = 10
, 13 =F the field of order 2

Given prince p,

and intege -1
,

There are 2" polynomials of degree n over : there exists an irreducible polynomial
x+ a..

**+... + 9
,
4 + 90

,
90

, ...,
9n-zE of degreen in (x).

(necessarily monial. In fact we can count the number of

Polynomials f(x) -> F(x]
irreducible polynomials of each degree.

Degree 1 : X
,

X+ 1 are
both irreducible

& and #(x) are two rings which

Degree 2 : 2 ,
x++

,

x x
,
x+ x + 1

are commutative rings with identity havingIl

X. X "(x+ is x(x+1 Trreducible
unique factorization into irreducible

= (x+1)(x+1)
- factore They are both Euclidean
reducible domains (having Division Algorithm and

Degree 3:taxi-betc ,
a

,
b

,
et Euclidean algorithm).

Reducible : x" = x. x . x

|y= x. x. (x+ 1 There are roughly primenumbers
less

x3 + y = x- (x+)(x+1) thana for large n.

P+x+x+1 = (x+D( #(n) = number of primes =m .

P+x+ X = x(x+ +x +1) # (10) = 4. + (i) = 5
.

y+ 1 = (x+1)(x+x+) D(a) &

irreducible &o

Irreducible : 13+ X+ 1
,

x
*
+ x+ 1 ap

-

(x+ i)(x3+ x+ 1) = x4 + x3+ xi + 1 =
x(y+y+ 1) = x4+ x3 + x

Degree 4 : x (x+x +1) = x
+
+x+x

X
4 S
⑫ I -

this formula.

(x+ i)(Xi+ y+1= y
*

+ x+ x+ 1 reducible
(h) Prime numberTheorem

(x+x +i)(x+ x+y = x++ x+ 1

x(x+ x+1) = x
+
+y+x

Gauss conjectured

(FD(x*+ x+) = (x+) (x+ x +i = x4+ - X + 1 Lim-
(x2+x)(x2+ x+ 1) = x+ x

(3(x + 1) = x4+x3

x(x+y
-

= x4+ xz

x(x+1 = x
+
+x+x+ x

(x+p+ = x4+ 1



In F(x]
,
F:= 50

,
13

,
the polynomial Ft+ 1 F(X) is irreducible.

The extension E= F(a) = Garba : a
, beFY is an extension field i

.
e. FCE is a subfield.

- 90, 19, This is the field of order4 found previously
= x + 1 = 0 = n= -B = B-

B

Eg .
field of order 8

. m(x) = x*+ X + 1 EF(x)
,

F= E = 50, 13
,

m(x) is irreducible in #(x].

Declare 9 to be a root of m(x) in ESF
,

an extension field. m(0) = m(1) = 1 So m
has no roofs in F

E= Ea+ba + c : a
,

b
,

c - F3
3

= 90
,

1
,

4
,

9+ 1
, 94a+ 1

,
a+x

,
+ 13 m(x)= x+ x+ 1 = 0 = "= - 1 - x = 1x

= 50
,

+
,

a
,
92

,

a
,

x, a5a3] ats = a+ (+1) = a+ a+ 1

- a = x+ m= x = (+ i) + x+x = x+ 1
-

&
-b a = 23+ x = (a+D + x = 1

.+a+T=x B+ u = ( 1)+(a2+ a+ 1) = a

BV = (a+ ((x+ a+ 1) = 24+y + x + 1 = (a+ m) + (x+i +
x + 1 = a

BV = x *
= " =

a" =
a+ a.

74
X - X

Adding elements of E is easier using the first description E = Sa+ ba+c : a
,

b
,
ce F 3.

Multiplying elements of E is easier using the second description E = 50
,

1
,

4
,

02 ...,
ab3·
· Iti =eith

Compare : (= [atbi : a
,beR3 = [ret : r

, PER3 ,
Addition in K is easier in rectangular form e

.g. (5+3) + (7-11) = 1 - 8 : =
Multiplication in I. - polar form Creif)(seit) = use

:(0+ 2)

37
(( + i) 37 = (H+ i)(+ i) ( | + i) --- (l + i) = (re

" *33737] = 2621445(-t-ti) :37 i. 37
= 262144

e =
e

5=
- 262144-262144

=BrieIi 9
-

~ --i



#
ap pl = Kallpl

B

#
In any finite field,

the monzero elements form a cylic group
i
.
e . they are all powers of a

single element called a primitive element.
.

&

-
field of order 16 : m(x) = x

*
+ X+ -F(x) is irreducible

,
F = 50 , 13 = E2

.

4
Let a be a root of m() i

.

e . x+ 1 = 0 i
.

e
. x" = x+ 1.

x = x + 1

E = Garba +c+d : a
,

b
,
<deFY

,
le = 2 = 16. a

5
= 2+ x

= 90
,

1
,

0
,
92 ..., ** 3

,
<*= 1

.
x is primitive.

If F is
any

field then F" = / nonzero elements in FY is an abelian (multiplicatives group.

If is is
any wing

with identity then R" = Eunits in R3 is a group
Einvertible elements

eg. R
= Suxu matrices over R3 then R* = GL

,
(*) - Einvertible nxn matrices oven13

If R is a commutative ring
with identity them R is an abelian group. If R = 2/102=90,

12
2,-., 93

eg .
R = 2/2x = 90

,

1
,
2

,
..., 113 with addition and multiplication mod 12.

mode

in R .

↑

711

[FRY = 31
,

5
,

7
, 113 cyclic groupKlim four-group

of order 4x1 ERIx] has four roots 111 5
(not cyclic)

51
-



I" : Sall nonzero complex numbersy
not roofs of unity : Solutions of Z= 1

Every finite subgroup of this subgroup is yolic . [1 ,
3

, 92 ...
9
*

3 ,

us
,
get

·
If F is a finite field then F" is a clic group.

eg. E
= 90

,
1
,3. % 63 .

F = 31
,
2

,
...,63 = (3x = 30 ,

3
,
3432

,

34
, 353

,

33 1 i is a generator
for this cyclic38= 1. 2= 1 grap

j= 3
2= 2

= 9:2 2 is not agenerator.
33= 27 = 3

2=

4
eg. #

= 90,
1
,
2

,
3
, 43 ,= 51

,

2
,
3

, 43 This abelian
gr 34 = 81 = 4

23= 8= 1 3 is primitive mode .&

of order4 is cyclic I 2 is not
&

35 - 5which must be cyclic 34 = I

2 = 2

22 = 4· !
2: 1

23 = 3
24 24 = 1

cyclicforgroup group
of order 4.

Theorem If F is
any field then every finite subgroup of F" is cyclic

- X

In particular if F is
any

Finite field,
then F is cyclic

Idea ofoot in the caseof
,
why can't #" = 31

,

2
,

3
, 43 be a Kleim Your-group I

In a Klein Four-group ,
1 for all x .

IfF were a Klein fourgroup then

"I would have four roots 1
,
2

,
3

,

4. In aField
,

no polynomial of degree 2 can have four distinct roots.

If f(x) = X+ ax +b has rootsas then F(x) = (x-r)(X-s) and us are
the only roots.



element has order 1
,
3
,
5 or 15. If we have an

ue abelia go
of

orde has ode lor5 then x wouldoa

roots on the field.

In F(x)
,

F a field
, every

root ref
,

fir = 0 /r root of f(x) ET X-r is a factor of fix).

This uses the Division Algorithm. FIX = (x-riq) + h(x) · When r is a root
,

h = 0 so
-

degh(x) f(x) = (x- r)g(x) .

If v.
.

- :

, in are distinct roofs then F(x) = (x-r.>(x-r) . . (x-r)q=constantlengf(x) Ot

w
Application : to cryptography -N

eg
. # = 50 ,

1
,
2

, ..., 123 ↓e in ↑
Test12

24#" = St
,
2

,

---

, 123 = 92 : Ok ** 13
38 gcd(k ,

(2) = 1

43
= k is relatively562 generates the cyclic group I of order R.

6 12 prime with 1213

We call 2 a primitive element. - of 11 # he 1
,

5
,
7 or 11 modle

.

89
95Solve 2" =9 mod 13.

Do 10
2

,
6

,

11
,
7 e #z areinitive

servesX = 8 mod 12..
X= 12k+ 8 & A F Cany one of these

12h+8

= (22)k8=
8

as a generator for F2

If p is adage prime then solving
eg . p = 47

= a for x (when at #is given)
= / mod 47 (Fermat's Little↑

or better yet, g = a Ig is a primitive element Theorem or

is HARD. Lagrange's29 = 3 Theorem)
Computing 2"org" is EASY 29= 24. 22.2= 18 . 4.2 = 3

.

?
2 = 29 Solving this issquaries thediscrete logitech



In1R" = Pronzero real numbers? solve :29 X = log. 29 = Lu
In 2 = In 29 -

4 - lu2 = In 29
In 29
-

X = enz

Diffie-Hellman Key Exchange Protocol

Alice and Bob are able to communicate over an insecure chanel. (e.g .

email

They need to share a secret key eg . (long alphanumeric string).
leg .

250 digits long)Alicegenerates
a largeprimePgie.ge...

Alice sends g
and p to Bob. (This is safe.)

Alice chooses at 32
,
3
, -.., p-23 randomly and keeps this a secret.

Bob closes be 92 ,
3, ..., pzs ...... -

-- -

Alice computes gamodp (in)
and sends it to Bola

Bob.. (in #p) - - . . . .. Alice.

Alice comaes (ggbmodp This secret value is shared by Alice and B. .

The eavesdropper does not know a
,

b
,
g.

An eavesdropper knows gpgg it
integers

mod p.

How can an eavesdropper figure out ga mode from g , p. g , go ? If the eavesdropper
it's easy

to get gab Is there a shortcut to findingcan figure out a or b them
&

ab

without first finding a or b ? Maybe but probably not. -



LetF be a field.

F(x] is the ring of all polynomials in x with coefficients in F.

F(x] is an integral domain :
commutative ring with identity I having no zero divisors.

So we can form the field of quotients F(x) = S : f
, gx) + F(x)

, g(x) + 03 .

X

/just like how we construct & from 2 . 7
notisjust a symb,

a

F((x]] = gall power series in x with coefficients in #3
F(x] < F((X]] subring

= Batax + ax+a+...: gitF3
# 3x-5x = 1 +3x-5x+0x+ 0x+ 05+...

If f(x) = 3 + 2x - x=73+...

=S :a =

-S+ 3x+ 1

g(x)
=- 1 + y+ 11x3 +...

f(x) +g(x) = 2 + 2x +4x + ...

f(x) - g(x) = 4 + 2x -zx- 18x37 -- -

f(x)g(x) = (3+ 2x -x7x+)(- +y+ 114+ ...) =3 - 2x + 4x + 42x + ...

(1 -x)(1 + x+x +x + - .. ) = 1
1 + 2 + 2+ 24+ 25+23+... = - 1

# = 1 + x+ x2+ +3 + -..

If me allow=++a+aa
g(x) = ... + by3

+ 62x+ b,x" + b + b
,
x + by + b

,

x+.

themf(x)g(x) is undefined in general,



eg .

in R1x]] consider f(x) -R(x]] defined by f(x) = 1 + x + 2x+6 *+ 24x* + 120x+ #2013+...

= In ! x"
-

f(x) = (1 + x+ 2x+ 64 + -..)(1 + x + 2x+ 6x+ ... ) n =0

= 1 + 2x + 5x2 + 1643+ ... --

(x+ 1 + x + p + xi+ ... )(x+ 2 - x- 1 + 2x + 3x+ - ) = y
+

+ 3x + x + x + 3 + ()x + ((x+...

E((x]] is contained in a larges wing
aly

F(x)) = Eseries in x allowing finitely terms with negative exponent ?

= Sax : -FY
,

me




