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Eg.:
The minimal poly of a over Q is f(x) = x

*
- 4x+2Q(x]·

= 2+E
(Exercise : f(x) is irreducible in $(x) so it really is the min . poly of a over Q.)

-

The roots of f(x) are x = vs+r
2- 2= E

-x = -E
24- 4x2+ 4 = z

It 4x2 + 2 =0
B=

-

- B = - 12-E

f(x) = x
*
-4x+ 2 = (x- x)(x+ a)(x-p)(x +B)

In this case E= Q() = [a + ba +ca+da : a
,
b

,
c

,
d+Q3 contains all the roots of f(x)

so it is a normal extension of Q . B= (*) + (*) + (x)22+ (#)23 = 2-3a

as=
=z = = 2-2

24- 4x+ 2 = 0
= 42

= B=Q() = Q(x)
= 4xt-2x2

B= c - E = x- (4x-23) = 2-3x 2- 4x +7= 0 = = = 49- a
= 4(422-2) -2

Look for an automorphism 0 : E-E (E =Q()] satisfying o(x) =B. = 14.22- 8

o(p)= o(x2-3x) = o(x)230(x) = 33- 38 = (23) -3(-3) = (x -3a)((3a)- 3)

= (2-32)(x 6x4+922- 3) = (n-32)(1428 - 6(42) + 923) = (2-3a)(a+ y = x(2-3)(2+ 1)

= x(24+42-3) = x)- (4x=2) + 452 - 3) = -x )=?

5: -36--B E =B
-(a) = B

(v) =o(x)o(p) +(a) = - o(x)= -B
AutE =<07 of order 4: cyclic G: Ante = (o)= 31

,
0

, 03033 IGaloisQ(] - correspondence Esta o(B) = -a

21=>Yois-so
, was ofB)

= - o(b)=7)
①[E] [ 2 )= 027 -X

a kix = pet) = od-2 = =z = -E.
L =(E) = E .



x= 3 = 2
%

a has min . poly . X2 - Q(X] which is irreducible

·Come I E= Q (x] 2Q is an In 1(x]
,
f(x) = x

*
-z = (x-a)(x+ ax + a)

extension of degree subfields
CE :Q] = 3

E=Q(x]
G= AutE = 31

,
+3 ,

FatbE) = abie
with basis 1

,a= 3 (x= 2)
aDegree 2 extension : quadratic extensionon E

: 3 I If EIFIQ (i.e. F is an intermediate field) then

4 : quartic-- the transitivity of degrees tells us (E : Q] = (E : F](F: Q)
- 3 x 1

- 5 ...: quintic ...

3 or 1 x 3

If [F :Q] = 1 then 513 is a basis for Fover & 30 F = Gal : a - Q
= Q

If (E : F] = 1 then Similarly) E= F.

Moregenerally if EXE is an extension of prince degree p= (E :F]

then the only itermediate extensions
are E and F-

What are the automorphisms of E = Q()
,

a= ze ? If PEAutE then &(7= q(2) = &(2) = 2



In K
, every poly · f(x) -> K(X] of degreen factors as f(x) = a(x-r)(x-r) ... (X-rn) 19 ,

4
,
E ; -> ().

eg .
x"- 1 = (x- 1)(x- 3)(x- 3)(x- 2) ... (x- 3") where E = e**

de Moivre's formula :
ef = cost + isint

in rectangular
coordinates

↑m
,q represent

a = Rez = real part of z

b = Imz = imaginary part of E.

v= (z)=b

-

The roots of X-1 are the nth roots ofuity : 1
.
9

, 92 ....,
"

forming the vertices of a regular n-gor
inscribed

in the unit circle (2) =
1.

9 gi The "Fourth roots of unity are1 ,:

&
Eg

in+ 1 = 0

↓i
Euler's Formula ei*= - = -i

Eg .

n =3 : The three cube roots of unity in I are 1
,
w

,
"where

&
gat

w==s + isin = - +E = -+
x- 1 = (x- 1)(x+x+ 1) = (x- 1)(x-w)(x- wa]

·



Follow links on course website

Eg .

consider f(x)=x+5-with 131di) = 5

I I

(1+ i) = 1 + 1i - 55 - 165i + 330 + 462i - 462 -330i + 165 + 55i - 11 - i = -32 + 32i

muchtowin
to evaluate powers z = x+ iy=+gitiy (BinoniaThera

Hi =u =E (x) (e)-= 32.(
nth roots of z = refr = 1) =-32 + 32 ,

X
I S= Hi eighthrooto t

all complex
numbers whose

z =ri = 33-
nth power is

i
.e . ph k = 0

,
1
,

2,



Cube roots ofmity in K : I
,

w
,
w= w Q[W]

= G
w+ w + 1 = 0 correspondence

G : Aut Q(w] = <e) = Sr
,

+3
= war w is a root of x 1 = (x- 1) (x+ x+ 1) = (X-1) (X-w)(X-22] where + (2)=Z

Now let x= 3 ,
F = Q(x]· La

The min . poly of < over Q is X-z = Q(x]. [(w) = w

F= Q(x) = (a +ba+ c : a
,
b

, ceQ3
,

AutE = 323
31
⑭ Y-2 = (x-x)(roots of R are notin i

scale by factor of > the extension F3Q is not normal.

x-z = (x- x,)(X- x2)(x- 93) where a = 4
,

42 = x0
,

Xz = aw

31,
w3X
*2 = (x- a, )(x-an)(X- az)

&= 2 = (x- x)(x-aw)(x- xw)

EXE > Q&
law?== 2. 1 = 2

base:F I
basis 1

,
4

,
x2 so (F : Q) = 3

= w

Il(w()" = 500 = 2. 1 = 2 Q[x
,

42
,
933 Gaz (E : Q] = 2.3=6 w=9%

&,w] =
There are 31= 6 permutations of 1.

, 92
,
%3.

In Sp = <0
,
T)

, 0= (123)
,

+= (23).

git
e

(w) =)== w

o
w W

wa +(w) = + (&)==



E = Q(41, 42
,
433= Q(x

,
w] HassediagresotE OF= to

Q 57 = tob

X Galois dasats
Double lines indicate

Q(w] mality.

correspondence Using right-to-left
composition

A subgroups HEG is normal if its left and right cosets agree
i

.

e
. gH = Hg for E= (132)(23) = (13)

all ge G . I T= (123)(23) = (12)

Eg .
in G= Se

,
H= /07 = <(123) is normal. e= (23)

eg.
(12) H = (1273() ,

(123)
, (13273 = &(12)

,

(23)
, (13)3 (12)(123) = (Cis t To

H( i2) = S()
,

(123)
,

(132)} (12) = &(12)
,

(13)
, 12313

E is the squittingfield of

<+> is a subgroup of G which is at normal in G. -X((X-w
(13) (t) = (13) 9()

,
(2373 = 9(13) , (132)3

(t) (13) = 3))
, (23)}(13) = 9(13), 62333

The extension &K] > @ of degree 19. 1) : Q= 3 is not normal

&(4,] Since the min . poly of a over Q is X-2

with Q(x) containing only one of the
three roots of Y-2.



In E = Q(
,
w] the splitting field of -z = (x-c)(X-aw](X-tw) ,

can we find a single element

BEE generating Eie
. E = (B) = GataB +ast--- + A5 : Co

,

9
,..; 95EQ3 ?

Such an elements must be in E but not in QSUQTV Qw] v Qaw:

In a
6-dimensional vector space,

we must find a vector not contained in this union of four proper subspaces
of dimension 2

,
3

,
3
,

3 respectively.

carbamionoffinitelymanyproper subspace? N becauseeach propersubsaa co of

propersubspaces
covers zero vole of the mit ball; it can never cover the totalve to

In Q3
,

i

.e . points of R with rational coordinates ,
can Q= U

, vU2 VUzv ... -Un with U:E & proper

subspaces ? The volume of O (as a subset ofR2) is zero.

&= Ev
,

Ve
,
V,4,

... 3 is countably infinite.

Let 320.

We will show that the volume of Q3 is at most E.

Take a
ball B

:
of radius small enough centered at v such that its volume is bas than 5 · (i= 1

,
2
,
3

,
4,)

⑳ -D

B,
has volume t . No ,

so Vo j
·

distinct

Try another approach · Suppose Q= U
, vUnv ... -Un ,

Mix proper subspaces ,
so dimU + 90

,
1
,

23.

Take a live 1< not through the origin. Then I is contained in at most one of the subspaces U:.

With careful choice we may assume I is not contained in any U.. (Not hand.) Each Us intersects & in

at most one point. This is a contradiction.



Galois theory handout : Ignore "separable" for now.

Example of an extension EXQ of degree 3 with G: AutE of order 3 ?

f(x) = y+ x- 2x- 1 + Q[X] is irreducible

f(x) = (x- a)(X- B)(X-) where x+2-2x-1 = 0

*a= 1 + 2x- x
at = x + 2x2 a3 = (+2x- (1+ 2x- (2) = - 1 - x + 3x2

x
*

= 3+52- 4a
x =

- 4-5x+ 99h hasexalyretries
Check that22 is also a root of f(x) :

- 1922) = (2)+ (x2)"- 2(27-1 = 0 after collecting terms
,
soz -> Exp , 03·

Can x=2 = a ? No
.
If < is a root of f(x) = X+x- 2x-1 and a roof of g(x) = X= X-2 then a is a root of

gcd((x) , g(x)) = r(x)f(x) + S(x)g(x) by Euclid's Algorithm
which is a factor of f(x) of degree less than 3

,
a

contradiction.

WLOG p = 12. Now Bez is also a
root of FI by the same reasoning ,

so pez-Ed, B,
13.

As before
, B

:2 + B. If 2 = + then (2) - 2 = 2 = a
*
- ***4-2 =

24- 45x + 2= 0

but2x-X + 2) = 1
,

contradiction .

Better : -1-1+3x*422 a+ z = 0

So BE = V. Now Ez = c.
Indeed 1-29- x"= o

=z = (B2-z = ((25-22 = x

Themay Xgives aipatio extensive

has automorphism group G : AntE = <Y = 50
,
0

,
023

, cyclic of order 3.



Exercise : Find three 3x3 matrices over Q

F A
,
B

,
C which are roots of f(x)

Satisfying B = A2I #+ A-2A-I = c

C= B-2I B+B- zB-1 = 0

Galois Caot HW)
A= C-21 (+C- 2- 1 = 0 .

correspondence
I

don't worry aboutthis technical condition for now)
In a finite (separable) extension EXQ of degree (E:Q] = n

,
there exists Be E such that E= Q1B).

Edegree n ca

(theorem of the simple element or simple extension)
i
.

.
e. extension generated by a single element

Note : >I is a simple extension ,
K = Rli].

R > Q is not a simple extension . There is no B-R satisfying &(B) = R .

or Q(B) = R

-MaNo



Given a number field EXQ of degree n = /E : Q) < o
,
there exists BEE suchthat E = Q1B)

(Theorem of the Primitive Element : EXQ is a simple extension) .
It follows that

AutEl1 n . Why ?

Iarelinearly dependent so ataptauta = 0ora

%
,

9
, ...,

an Q
,

notall zero
. Actually anto

,
otherwise 1

, B , ---,B would generate the extension,

a contradiction .

After dividing by anto we get
f(x) = a + a

,
x +a2x +... + an- ,

x*+ x Q(x]

as the minimal polynomial of B.
Over I there exist Brpe, - But & such that

f(x) = (x-B,)(x-Bz) ... (x- Bu) &B,

= B .

If Of AntE then o must permute the n roots B-Bu . (but B, ..., B, are not necessarily in E= Q(BS .)

Think of f(x)=
3
- 2

, B = 35 .

&
"

+ an-Ba
= -(B + an B + -.. + a, b + 9) = 0

o(s) + an-, +(p" + .. - + a
,+(b) + a = 0

= 5(B) is a rootof f(x).

If BFB , Pr ,
-, PrtE and Pry, B. E

then there exist automorphisms mapping B-B,
to
any of p, ,

..,Br.

Behind this fact is the explanation coming from the First Isomorphism for Ring Theory :

The evaluation map Q(x]-> Q[B]
g(x)- g(p) is a homomorphism of rings.

This map is onto
, by definition. ,

but not one-to-one.

The kernel of this housmorphism is the

principal ideal (f(x) = \u(xf(x) : (x) + Q(x33 . So Q(/(f(x) = Q(3 .

= E



But in the same way
we can evaluate at any of the p....,Br-E to get Q *Qx

①(x(f(x)x
EX ↓

E

01 -->[Bi] ((i= r)

I "E

This gives risomorphisms
E-E

. (Aut(E)) = + + 91,
2, .... 43

where w is howmany of
the roots of f(x) lie in E= Q(B).

when =n call roots of fix) lie inthentheexterion EisisextensionentdGalois
we have a one to one correspondence
Wait : what if f(x) has repeated roofs ? Is it possible for an irreducible polynomial f(x) to have

repeatedseable if every ireducible poly fF() has only simple roots C matea

therem Q is separable.

Prof Let f(x)eQ(x] be irreducible of degree 22
.
If f(x) has a repeated root- K then

f(x) = (x-2(g(x) , g(x)+(x] of degree > 2-2. Continue on Monday ...


