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A feld is a number system with + -

,

X
,
+, 0,

! in which we can divide by every
nonzero element .

R = Ereal numbers? is a field

C = Ecomplex numberss .... ↳= Gatbi : abeRY
,
F

& = Erational numbers 3 ... - Q = 55 : 9
,
b -2

,

b+03

2 = Sitges3 = E...,3,

-2
,

%
,

0
,

1
,
2

,
3

,

4, ... 5 is not a field
.

I is a commutative ring
with P I having no

amples of fields ? divisors)other ex Zero

if X > 0I f(x) = &
,

ino
# f(x) +g(x) = (x)

f+
f(x) - g(x) = x

g() = 9% f(x)g() = 0 F andg() are nonzerofunctions
# whose product is 0A (these are called zero divisors

The continuous functions R->I Form
-

a commutative wing with identity
in wing theory)

but not a field.

# = 90,
1

,
2
,

3
,
my is a field of orders RK,

Q are infinite fields :It is a finite
field.

to
In I

,
8 = 3 mods

.
(8 is congment mod?

-234 In #
,

8= 3.
st

:
:

. 23

·I 2340 ↑ 234

23 401 2413

3 4012i 40123 31 =2 3 = 2x4
3x4 = 2

2x4 = 8 = 3

3 E = 2
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The ring of polynomials in x with real coefficients is

RIx] is a commutative ring with identity having no zero divisors (if f(x),g()
are nonzers polynomials then

↑ f(x) = f(x)
F(xg(x) is a nonzero polynomial)&

R(Grational functions in x with real coefficients) ,
a field.

Eato

t R(x) = & : f(x)
,g() +R(]

, g() toy.

X .* = 1 Q = Eg : abeZ
, bto3 .

Q(E] = Eatbic : a be Q3 ,
is a field.

x+ B =(+7r) + (5-2) = 8 + GE - Q(E]

-E Q x- B = (+7)- (5-2) = -2 +8E - QUE]

xp = (3 + yE)(5-(2) = 15-38 +352 - 14 = 1 + 3252

& Q EQTEE]

Q(i) = Eatbi : abeQ3 ,
iii This is a field.

x = Hi
, P= z-i = 1+3 = 5- i =it i

x-

B = - 1 + t*
-



Example R = Great exe matrices ? = [18) : a
,

b
,

c
,
d + R3 · noncommutative ring
,

with identity
having zero divisorslab 1083/80) =

186)
I=%oi]

The subset F= 5) : a
,beR3 CR is a subring 18 % 7/08) = 188)

which is actually a field

det 1) = a+ b
=

+0 Whenever 17 + 18 :)

laby":..
F = [al + bJ : abeR] , = %] ,

J= fo] basis for F
-

als+ 670) = []
J (676] =%) = -I

(ak+bJ)(at + dJ) = acI + adj + baj +bdj2 = (a- bd)1 + (ad+ba)5EA
(c1 +dJ)(ak +bj) = (a-db)1 + (cb +da)J

All field axious hold in F ,

so I is a field.

Rename element al +bJet as altbi = atbit D

a b abi

In K : (a + bi) (c+di)= ac + adi + bci - bd = (ac-bd) + (ad+b))i

Our example F is essentially the same as K
.

More precisely , they are isomorphic : we have a

bijection F : C+ F
,
flatbil = Fo] for all abeRR suchthat

F(w) = f(z)f(w)
,

F(e +w) - f(e) + f(w) for all zwe D .



Q (i) is isomorphic to the ring F=[15] : a
,
b

, <de Q3

·
f : Qil-E, flatbi) = E)

2 : It i 41
, 13 basis for Qli) over Q

B : Eri
f(p) = [ii]

f( -1) is

+(f) = +()f(=]] ]= =] =hi)

-g : ae
f
basis fork : 1

,
5 12%, :12712= (2) = 21.

det 125] = a -262 0 if a,be Q are not both zero.

19by"
Note : [b] : sbeRY is a commutative ring with identity having zero divisors

Ir ]Cy =%]
baby = at + bJ,=), 120S] = 152) = 21



1
,

9
,

42 is a basis : every
element of QK] is uniquely expressible as a linear combination

2=3=2 9. 1 + b .a + 2:
2

↑ (a) = Sa + ba + 25 : a
,
b

,

ce@, 3 Compare Qi] : Satbic : a
,beQ3 ab,ce

(Fields
Ifield) 2= 2

a= 2x= 2 25= 2x2
Q () is a 3-dimensional vertor space over the

2= 4 scalars a
,

b
,
ceQ

u = 2 + x + q2 If E?F is a field extension It is a subfield of E

v = 1 - x + x2

u + v = 3 + 2x

u- V = 1 + 29

uu = (2+ s + x2)(1-x+ x4) = 2 - a + 2x2 + at= 2- x+ 2x2+ 2x = 2 +4 + 222

* a + bat2(latba

xyx = a + (b -a) + (a-b +2) + (b-c)a3 + x4

rational numbers =
a + (b -aix + (a-b+x + 2(b-c) + 2

a + 2b- za = 2
= (a+2b-2) + ( - a+b+2x + (a-b +c)

-a+ b + 2 = 1

a - b + c = 1

-I
a b

a

O

I~1 =
21752

Check : 9 : 1
.25992104989 * 3

.6515217512 A good way to check !
n = 4

.
84732210186

Val
.32748000207



(PattbAcA : ab() : abQQA
A = 1

,
000) An isomorphism f : @

, ()-> Q(A)
A 18802] is given by flatbatct = al+ bA + 2A

A3 = 100 = 2 eg .

F(u) = f(z+ a + at) = 21 + A+ An = 1)
At = 2A fx) = f(l- s+2) = 1- A +AE[]

f(uv) = f(u)f() =(2 = (2 = 2 + A + 2A

f() = f(u)f() = (?2
-

C) R is a field extension

K = Pli] = Eatbi : abeR3 has basis 31 , 13 over I

R Q I
,
1

,

15
,
55

,

15
,

Je
,

vo, ...

QCE]



Consider the prime field I "90
,

1
,
2, ..., 1003 with 2 = 89

, B= 23. /Addition, multiplication,
et . mod 101

a+ B
= 112 = 1

101 is prime
X- B = 66 Br = B ?

<B
= 2047 = 24

D . x = 1 ?
F =

How do we compute inverses in # = 50
,

1
,

2, .... p-13 , ↑ price?

Review : basic properties of 1 1 handout on website)

gad (89,
101) = 1 89 has (positive) divisors $89

101 .... "Q,
101

The only common
number is I

E common divisor of 89 and 101)
9.5 3.7 If be ra (abret) then we say

gad (ie* = 3
.

· a divides b
1-

Divisors of 15 : -15
,
-5

,
-3

,

-1
,

1
,

3
,

5
,

15 · a is a divisor of b

· b is a multiple of a
Divisors of 21 : -21

,
-7

,

-3
,

%
,

1
,

3
,
7

,
21

· a is a factor of b
Common divisors of 15 and 21

: -3
,

-1
, 13

· alb
greatest common divisor of 15and 21 : 3.

W vertical bar

3/15 7/15 A does not divides

315845
do Divisors of 1 : -1,

Divisons of 0 : ....
-3

,

12,1, 0
,

1
,
2

,

3, ...

0 = -17 . 0
-> o because 0 = 0. 3



Fact : Given a
,
beX

,
not both zero

, gad(a, b) = ratsb for some r,sel.

We caneasily" compute gad(ab) ,
v
.
s

, using
the extended Enclidean algorithm.

eg. gad 189,
1017 = D = # . 89 +E. 101

.

21 = (x15 + 6

101 = 1189 + 12 15= 2x6 + 25 ged (21
,
15) = 3

89 = y + 12 + 5 6 = 2x3 + 0

12 = 2x5 + 2 21+⑮45 ?

5 = 22 + [2gcd (101
,
89) = 1

2 = 2x1 + 0 3 = 15- 2x6
= 15- 2x(21-15)

1 = 5-2x2 = 3x15 - 2x21

= 5 - 2x(12- 2x5) Check : 45 -42 = 3.

= 545 -2412

= 5x(89-7x(2) - 2x12

= 5489 - 37412

= 5x89 - 37x(101- 89)
= 42x89 - 37x101




