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SupposeAt K is a root of some nonzero poly m(x) + Q(x] ·

Then take the smallest degree such m(x). Assuming m() is monic
,

this is the

minimal polynomial of A Coven Q)
.

It is irreducible in Q(x)·

Conversely if mix) -Q) is a monic irreducible poly , havingO as a roof
,
then it is

I

the minimal poly. of 0 .

Cover Q).

To Find m : Look at 1. 0
,203, ... until you

find a powert" which is a

linear combination of smalles powers 1
,

8
, 03 % 8".

A"= 9. 1 + a
,
0 +af+... +at E & is a

roof of -a. ,x -.. - 9
,
X-90tQ(x) /monia) ·

Straightedge- and Compass Constructions

Here we allow certain operations :
&

Given two marked points on a page,
&

we can mark the unique line through those two points.
radius to the distance AB and given a further points,

Given any pair
of points A

,
B we can

set the compass

we can them
mark the circle (or any are thereof)

with center) and radius AB.

Using these tools , we can bisect any angle : Raise a perpendicular toany live through
any given point on that line

# F U

Drop a perpendicularto a
Live from any point oa F



We can trisect any line segment. -

-
Through any point not on a given live

,
we can construct the lunique)pswalle to the given line.

T
2)

# * E
- S

Given line segments of = *length a and b ,
we can

construct a live segment of lengthab
the geometric mean of a and b) .·



Given a and b,

9)-6-

T
· #G

B
Triangle similar #*
APC r/CPB

by comparing corresponding angles &
,E

AP i.==> c=b



Using our basic constructions (above) , we can construct a regular pentagon.

&

Construct a line segment of*
-1

length cost2 = cos
#

Cos 720

circle of radiusI .

S
g2

.
25iy,

e ...=

costisin g3 ·

2018 = 3 + Ex in Q1GJ > Q
·

t-gy visin
extension of degree 4

& is a root of x= 1 = (x- 1)(x*+ 43 +y+ x + 1)

soE is a root of x4 + R + #+X+ 1 which is irreducible ; it is the mir ,poly.
of S

,
i.e. 9+g + 3+ 3 + 1 =0.



a= 9 -5
F=%2 F

is

n+ 2 = 2+ 2 + 22+ 94 93
↑

= + + (+3 +y+9+ 34)
2 E

4 + x- t = 0

= but x = 2cos > 0
So X=

At-
--

S



For whicha can we construct a regular n-gou ? (using only straightedge and compass).

We know how to construct a regular n-gou for n = 24 31517". 25765537t ko
1
,
m
,
n
,
s
,
t -> 90

, 13
j

3= 2+ 1

5=2+ /

#=24+ 1
257= 28+ 1

65537 = 214+ 1

A regular n-you is constructible using straightedge and compass iff n is a power of 2 times a product of distinct
Fermat primes . A Fermat prime is a prime that

is more than a power of 2.

The only fermat princes that are
known are 3

,

5
,
17
,
257

,
65537.

We'll show that a regular 9-you cannot be constructed using straightedge and compass o

a 1200 cannot be trisected.

A straightedge and compass construction is a sequence
of steps ,

each of which is one of the following
operations : A

,
B

· join two previously marked points by the line At

a given previously constructed points A
,
B
,
C

,

construct the circle centered at 2 with radius AB

·
mark the point of intersection of

two previously constructed lines

o
.... points

· "previouslyconstructed line cles circle
...........

-
-

-

We can assume 100) is given and 11
, 0) are given for free.

(In fact , we can see how to immediately construct any point (a ,b) -Q.



We can construct the points of intersection of the circle int 1 with the

line
y = 5(x+2) :· M+ (+ (x+2))" = 1

p + t(x+ 4x+4) = 1

9x2 +a+4x+4 = 9

10x + 4x -5 = 0

4
We started with points in F = Q.
Aftern steps , all points marked

have coordinates in Fr. EQE]
.

FFCECFC-
At step u ,

if the last operation was to
intersecttwo lives

,
then F = Fr

-- intersect a line with a circle , FI Fr
with (F : Fr1) = lowe.

----

~
-

----
intersect two circles

Intersect S(x-ap+ ly-b,)
= r ⑳i a bi r - Fr

(x-q) + (y -b) = v

x- 2a
,
x +a +y-2b,y + bi= r,

2 ~
=> 9 x- zax+a +y- zby +b2 = m

Gives at most two points of intersection (x,g)= Y- 2ax+a +y-2b,y + bi= r,E 2(a:a)x + (2) + 2(b-bly + (b,b) = =2
and they have coordinates in FF Err ,

(Fn : Fur] = low 2

F , 2 ... 2 E ? F, 2F = Q

(F : Q) = (fith] (F: Ez] ... (E : F]CF : F) where each [F : Fi) = 1 or 2

= 2 for some ke 50, !2... n3.



We'll show :

you cannot
construct a 40 angle using straightedge and compass.

-
-

So trigate1ametrut 40° angl · Lequivalentas & regular monagon
Then we can thereby construct a line segment of length as 400

we construct a= 2 cos 40
°

=· 2000
Ergon

We'll show a is algebraic of degree 3 :

its min . Poly ,

is cubic so (Q() : Q = 3.

D E
, (F : Q) = 2h (see pressa

F2Q() I Q

= Q) = 2 = [E : Q(b) [Qig
= iteger . 3




