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Informally ,
a field is a "number system" inwhichwecan add

,
subtract

, multiply ,
and dividea

Eg. Refreal numbers 3 eg .

+ ER
,

& = Grational numbers ? =+ Q
,

7-Q R
,
Q

,
I are fields

C = Scomplex numbers? = Eatbi : abeR3
,

if
5x5 = 3

2 = Sintegers3 = S...,3,
2,0

,
1
,
2

,
3
,
- .. 3 is not a field. It is a ring. solution is - Q.

&[i] = Sa+b : g
,
be Q3 is a field.

eg .
x= 3 + E

, B = 7 - 35 in QuE]

a+B = 10 -2

a- B = -4 + 48

↑B = (3+z)(7-352) = 21-98+7 - 6 = 15 -28

*
Similar : ((X] is the ring of all polynomials in x with coefficients in I

eg. 5x2+ + x + 1 - R(X]
·

This is not a field ;
we cannot divide 5x+3 by =1 in R(x) :.e

. (1)E = 5x+ 3

The unique solution to this division problem is- R(x) = Prational functions in x with coefficients in R3
· E :(, g() -R(x]

, g(x) +03 .

In R

, Q] = Q(2=

Q

-

Like Quiz] : Q1E] ,
QUES

, QUIS ,
QE], ...

If <= 352 = zi3 1/

&(2) = Q(x] = SatbatcliSarbi : ab





In Q.1c]
,

a=2 :

1

↑a +ba+
ca2 : ab

, - QY 20
= atba Find ab

It <+ c= (a+ba + c)(2+ x- 2) = ca + (a+2b) + (a + b +2) + (b +c
2a - 2b + 2 = 1

= (2a- +2x) + (a+2b -2) + +a+ b+2) ab
,c& a + 2b -2 = 1

-a + b +2 = 1

&/x] is an -dimensional
the

(There are other ways to
solve this... ) &2

Scalars

vectorspaceonaa
,
a

, ...,"
①[d]

,
Q1], ... are examples of (algebraic) number Fields

More generally ,
Q(x] = 590+ 9

.
4 + Anx + - . + a-,

&" : 90
,

9
,

92
,

... an- Q3
IC is a roof of a polynomial of degree n with rational coefficient

x2d has rootsd

X
*
-2 has roots :2

,

wa
,

was wherewei

In Q(E) : (5+ r)(7-352) = 35-152 +FE - 6 = 29-852 = I
Conjugatesto 15-2)(7+3) = 29 + 882 (Fundamental

Theorem
If f(x) -K(x] is a polynomial of degreer ,

then f(x) = a(x-r)(x-r2) ... (X-rn)
of Algebra)where atKlato) : ver.... rut K,



If f(x) + R(x] (f(x) is a poly, in x with real coefficients i
.
e. f(x) = 9+9

,
x +9.x+.. +anY

,
gitR)

x2+ 2 ER(x] has foo complex roots but no real roots.

Every f(x) R(x] of degree
3 has at least one real root.

If f(x) fR(x] has degree 4 then fix factors into quadratic x quadratic
or quadratic x linear x linear

or linear y linear x linear x linear

eg .

y+ 1 = (X + 1)(x + 1)

x
*

+ y+ 1 = (x+ x+ 1)(x-x + 1) = ((+ i+x)(i+ D -x) = (x+ 1 - x2 = y+ 2x+ 1 -y = x
+

+ xi 1

x+bx-1 has two real roots4
2

x
+
+ 1 = (x+ bx+ 1)(x- by +1) = y

+
+ 2-b + 1

,
so b=e

x"+ 1 = (x+ Ex + 1)(x-Ex + 1)
xi+ 1 = (x++ 2x+ 1) - 2x = (x+1- 2x2 = (x+ 1 - (Ex)= (x+x + 1)(x -x + 1)

x*+ 1 is reducible in R(X] but irreducible in QIx]·

There is a nontrivial factorization of x"+ 1 over R but not over Q.

In R(x)
, every irreducible poly ,

has degree + or 2
.
This can be proved using I

0.999999... = 1
,
00000...

The subset QCR can be characterized bythedecimalexpansiona
10x= 9.999999... a EIR is rational iff it has a repeating

5 = 0
.

33333 .... *0999999=
eg .

x = 1
.
362626262 ...

= 1
.
352 is rational

- = 0
.
33333 ... 1000 x =162 . 62626262 - - -

5 = 0.
3333 ...

10a = 13.
62626262-..

= 0
.525000

990x = 1349
- 0

.
5249999...#0

.
99999... =At



2 = E...,
-3

,

-2
,

-
,

0
,

1
,
2

,
3, ...3 = Call integers?

& I * & & I*
24 = 5 ....6

,
4

,
-2

,

0
,
2

,
4

,
6.... 3 CI proper subset

24 = & even integens? N = E23 natural numbers (some authors includea
Y

1221 = 121 = 1Q1 : IN1 < IRI
2= 50,

1
,

11
,

2,2
,

3
,

5, ... 3
There is no ontoone correspondence between IN and R (R is uncountable)

low any countable set
see links on website

i.e . any set whose
elements can be

Some real numbers that are irrational listed in a sequence)
- celementary ; Enlid)
# & Q I harden ; maybe 25 minutes to prove in this class)
eQ (maybe 12 minutes to prove)

He
,

He ? in-We thinkie and he are both2irrational but all we know is :

they can't both be rational.

-+ + y -j-= -
-

-
-z - -

- yun) - ---- -

Most realnumbers are irrational inthe sense that IR is uncountable and Q is countable
,

so
C

Eirrationals? = R-Q = EatR : atQ3 is uncountable .

We think of R as a way of filling in the gaps"
between the rationals.

If 0
.
29999 ... <1 = 1

.
00000 ... thene. midpoint

of this interval is the averageaa

0
.
9999... + 1 29999
-

2



The hyperreal number systemH(or R
*

~ R or ..)
the smallest field has two elements 90

, 13with lintegers mod 2)
We can't have 1+1 = 1 otherwise (1 + 1) - 1 = 1 -1 = 0

/

1 = 1+0 = H+ (1- 1)

This argumentshows that for an addition table in

The next smallest field has three elements any Ge entry can be replated in

any ror oon . .

Rename x= 1+ 1 = 2




