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Book III



We have been talking about number fields : finite extensions E2Qi.e .
IE : Q) = n < a.

↓Some are Galois
i

.

e. G : AutE satisfies 161 = n ; but in general 181En . (

Back to basics :

In a field F
, if

= 0 then the smallest for which this occurs is the characteristio
-of F.

If F has

characteristicnotemineEnab
,
aba

By minimality of n
,

n is prime.

Ift to For any
n 1

,
ther we say
a

has dracteristing

Given a field F
,
chart = characteristic of F is either 0 or p (sore prime p).

a If Clar F=

p then F2# = field of order p (#p=*/*
= 30

,

1
,

2
, ..., p-13 = "integers modp").

eg. #p , # , # , # ,

"

, #(x) = Sall rational functions in x with coefficients in #pY, . .

· If char F = 0 then F2Q . Eg .

R
,
K

,
Q

,
numberfields

,

A = Salgebraic numbers& [C
eg.
Q(E]

In either case I has a unique smallest subfield ,

either # or Q
,
called the prime subfield of

F.



All fields of characteristic O are infinite . (They are extensions of Q
,

hence vector spaces over Q)
If ELF is a field extension Cie . E

,

F are fields with F a subfield of E) then

E is a rector space over F
.

The dimension of this vector space is the degree (EiF] of

this extension eg.

[C : R] = 2 [R : Q)= [D : Q] =

KIRD-91
, 13 basis ,,,,, To

,
i, .-

are liv . indep

For fields of characteristic a prime p ,
some are finite

,
some are infinite

Givenp prime and h1 (positive integer) ,

there is a unique field of order g-ph (up to isomorphisa)
Finite fields : E,,, ,,, , E,

Fir
,
Fa , Fi ...

car # = 2
.

# # of degree [Fp : ) = 2

# 10, 19,

13 with basis 1
.
2

20I
# = Sa . 1 +ba : a

,be 3
- 90 ,

1
,

6
, 13 where = x+ 1.

= 50
,

1
,

2
,02 B

F: []
The minimal poly of < over t is *+ X+

1.



Irreducible polynomials over F = 30, 13 There are 2 polynomials ofdegree n : X + c.,

x+...+ 44 +

degree 1 : X
,

X+ 1 (both irreducible
and they are all monic

Co
,

4
, ..., C-1#z

degree 2 : x
,

X+ 1
,
x+x

,
x+ x+ Let a be a root of x+ X+ 1

·

The other roof is 9+ 1·

If Il Il

x.x(x+1)(x+1) X(x+1 Tirreducible
a+ x + 1 = 0 =7 a= - x- 1 = x+ 1

-reducible
degree : 72 = X. X. X Note : The roots of ax+bx +c = 0 areian

x+ 1 = (x+1)(x+ x+ 1)
except in characteristic 2.

Y+ x = x. (x+ 12
y+ X+ 1 irreducible
(3+y = x. x.(x+1) = #(8] where V is a rootof x+ X + 1 :

.
e .
Y= #+

y +x+1 irreducible
= Ea . l + b . U+ c+2 : a

,
b

,
c 3. j= 1

p+ m+x
= x(x+ x +1

y+ x+x+ 1 = (x+1)
= 50

,

1
,

0
,

%, 1,
83

, 87 1,
878,83. v'= y

g3 "j6 "4 "5 ,
Ingeneralthe nonzer elementsof + X+ 1 has three roots in Eg : yt = By

Uhthree roofs in #s :

u5= 8+ j2 = j8+

u3= 3+871= (+)+ 12
There is only one finite field of each order q= p" 23

, 2526= y
+

=+ 1

C prime, =1) up to isomorphism. j7 = 13+y= (N+ 1) +V= 1

If Eg is a finite field then it must have char= p for some prince p

=9Soisanexterhaveto spacof some derlina
q

= ((q) = ph



#q = Fli] compare : ( = Mli)
,Q 91

, 13 is a basis of the extension
in each case.

= Eatbi : a
,beF3

= 50,
1

,
2

,
i It i

,
2+ i

,
zi

,
Hi

,
2+2 is =F=2 #Fli)=]

If Il Ilis· ⑳3 05 po = /

A = p = A + i

= (+ i)=A+ 2i +Y= 2i

= ↳ii)
= Etzi =i

p=0 = (1+zi) (iti) = 1 -2 = -1 =2

03 = 04. F = - p = 28 = 2 + 2i

03=!02 = -pr

07 = 0% p3 = -f

08 = 04.84 = - 84


